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A BC DE A BF G H

1.1

I JK L

0

�Y  MN ' 7

x, x′ ∈ Rm+1 − {0} �  � O PQ R

∼

� ?� ST 	 


x ∼ x′ ⇐⇒ ∃λ ∈ R− {0} : x = λx′

� E O PQ R � U 	 V� � �

m

?W X ��  � A   $ Pm

� Y � 


Pm = Rm+1 − {0}/ ∼

Z[ Y \]

Rm+1 − {0} → Pm

�

p

� Y � 
 [x] = p(x)

A ^_ 


Rm+1 E 45 � $ (x0, x1, . . . , xm)

A �	 A � $

Ũi = {(x0, . . . , xm) : xi 6= 0}

A #` a�

Rm+1 − {0} =
m⋃

i=0

Ũi

Pm =
m⋃

i=0

Ui Ui = p(Ũi)

Ui

��� Rn

A bc O d � �	 
 ef � ? � bc O d A Y 	 


Ui → Rn, [x0, . . . , xm] 7→
(

x0

xi
, . . . ,

(̂
xi

xi

)
, . . . , xn

xi

)

(y1, . . . , ym) ← [y1, . . . , yi−1, 1, yi, . . . , ym]gh

1.1. U

�

Rm E i 4j A �	 
 \]

f : U → Pn, f(t) = [f0(t) : f1(t) : · · · : fn(t)]

3

�  �

rank(df)P = rank(f,
∂(f0, . . . , fn)

∂(t1, . . . , tm)
)− 1

kl

. U

� m PE no A � � $ m PE p � � �q �	 @ f(0) ∈ U0

A �	 @ ?E \] E r

s � �q � 2 a U  @

g : U → Rn, t 7→ (g1(t), . . . , gn(t)) =

(
f1(t)

f0(t)
, . . . ,

fn(t)

f0(t)

)

j

tu E � T �

ti

� v S T �	 A $
∂gj

∂ti
=

∂

∂ti

(
fj(t)

f0(t)

)
=

1

f0(t)2

(
f0(t)

∂fj(t)

∂ti
− ∂f0(t)

∂ti
fj(t)

)

Y E � $




f0
∂f0

∂t1
· · · ∂f0

∂tm

0 ∂g1

∂t1
· · · ∂g1

∂tm

...
...

...

0 ∂gn

∂t1
· · · ∂gn

∂tm




=
1

f0
2




f0
2 0 0 . . . 0

−f1 f0 0 · · · 0
−f2 0 f0 · · · 0

...
...

...
...

−fn 0 0 · · · f0







f0
∂f0

∂t1
· · · ∂f0

∂tm

f1
∂f1

∂t1
· · · ∂f1

∂tm

...
...

...

fn
∂fn

∂t1
· · · ∂fn

∂tm




A Y � wx � y	 @

gh
1.2. fi(t)

�

t0, t1 . . . , tm

E

d

? O ? � c @A �	 @ \]

f : P m → P n, f(t) = [f0(t̃) : f1(t̃) : · · · : fn(t̃)], t̃ = [t0 : · · · : tm]
�  �

rank(df)P = rank ∂(f0,...,fn)
∂(t0,t1,...,tm) − 1

kl

. fi(t)

�

t0, t1 . . . , tm

E

d

? O ? � c @Y E � $

t0
∂fj

∂t0
+ t1

∂fj

∂t1
+ · · ·+ tm

∂fj

∂tm
= dfj

t0 = 1

A �	 A

∂fj

∂t0
(1, t) + t1

∂fj

∂t1
(1, t) + · · ·+ tm

∂fj

∂tm
(1, t) = dfj(1, t)

� 2 U �

rank




f0
∂f0

∂t1
· · · ∂f0

∂tm

f1
∂f1

∂t1
· · · ∂f1

∂tm

...
...

...

fn
∂fn

∂t1
· · · ∂fn

∂tm




= rank




∂f0

∂t0

∂f0

∂t1
· · · ∂f0

∂tm
∂f1

∂t0

∂f1

∂t1
· · · ∂f1

∂tm

...
...

...
∂fn

∂t0

∂fn

∂t1
· · · ∂fn

∂tm
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(n + 1)× (n + 1)

0�

C

� �� �Y , a$ ?E \] � �� 	 � A � �� 	 @

c : Pn → Pn, [x] 7→ [Cx]

� 2 � �� � � $ �� O d A � a 2	 @

� 	

1.3. Pn E

n + 2


 E P � ��  �

(fundamental set)

� �	 A �$ � E � E

n + 1
 E P � Y � MN ' 7 � � ?� � E A � � �� @

gh

1.4. P0, P1, . . . , Pn+1,

A

P ′
0, P ′

1, . . . , P ′
n+1

�

Pn E => 4j � �	 A � $ �

Pi�

P ′
i

� � � �� O d � �� �	 @ � E U � Y �� O d � � �X � � 	 @

kl

. Pi = [vi], P ′
i = [v′

i] (i = 0, 1, . . . , n + 1)

A � 	 @ � 	 A

v0, . . . ,vn

# U �

v′
0, . . . ,v

′
n

�

Rn+1 E =� � � � $

vn+1 =
n

X

i=0

λivi v′
n+1 =

n
X

i=0

λ′
iv

′
i

A ^` 	 @ => 4j � �	 � A + , $ �

λi, λ′
i

�

0

�Y  @ ui = λivi, u′
i = λiv

′
i

A #

_ A

u0, . . . ,un

# U �

u′
0, . . . ,u

′
n

�

Rn+1 E = � � � 	 @ f(ui) = u′
i (i = 0, 1, . . . , n)Y 	 F ? \ ]

f

� A 	 A

f(vn+1) = f(u0 + · · ·+ un) = u′
0 + · · ·+ u′

n = v′
n+1Y E � $ f

� � T 	 �� O d � �� �	 @� E � Y � � O d �

f1, f2

A �	 @ f−1
2 ◦f1

� = > 4 j

P0, . . . , Pn+1

�� S �	 @U! � ?E { | U �

f−1
2 ◦f1

� " # \] @ U! �

f1 = f2.

gh

1.5. P0, P1, . . . , Pn+1

�

Pn E => 4j � �	 A � $ α(Pi) = Pi (i = 0, 1, . . . , n+1)A Y 	 Z$ O d

α

� " # \] � %	 @

kl

.

F ? O d \ ]

Rn+1 → Rn+1

�

n + 2


 E � & M N ' 7 � '( $ � E � ( E � E
n + 1


 � � ?� �Y , a$ " # \] E S s) �Y ` 2 aY ,Y  @

1.2

*+ ,- . /0 1

M N ' 7 � �

Rn+1

� E

k + 1

? W 2 T� � �� � � � � � � � � � A   
G(k +

1, n + 1)

� Y � @ Pn = G(1, n + 1)

� � 	 @ Rn+1 E 3 ?W

1

E M N ' 7� � �� � �

E d MN ' 7 �4  � $ Y �b � �� 	 @

Pn → G(n, n + 1), [x] 7→ 〈x〉⊥

5

� 2 � �� � � �	 @ � a � a

Pn+1∗ = G(n, n + 1)

A ^_ @

� ? � �Y M N ' 7

v0,. . . ,vk

E 5 � �	 2 T� �

〈v0, . . . ,vk〉
A ^ � $ 6 �	 �

�� � � � ��

G(k + 1, n + 1)

E P �

[v0, . . . ,vk]

A ^_ @
G(2, 4)

�

P3

� E �F �� E� � A 7Y 8	 @
G(2, 4)→ {P3

� E �F
} V 7→ π(V )

〈v0, . . . ,vk〉⊥

� 〈v0, . . . ,vk〉

E �9 { � � � Y � $ 6 �	 ��� � � ���

G(n−
k, n + 1)

E P �

[v0, . . . ,vk]⊥

� Y � @
(n + 1)× (n + 1)

0�

C

� �� �Y , a$ ?E \] � �� 	 � A � �� 	 @

κ : Pn → Pn∗, [x] 7→ [Cx]⊥

[y] ∈ κ([x])

E A �

[y]
�

[x]
� :; � �	 A  � @ � E A �

tyCx = 0

C

E <= 0�
tC

� > �

tκ : Pn → Pn∗, [x] 7→ [tCx]⊥

� ST 	 @ κ = tκ

Y 	 A �

tC = ±C

� �	 @

C

� ? 0� E A � $ Z$ : ; Y

x

�� �

C

� U! � S@ 	

2

AB CL A   

Φ

�

Y � @ � 2 � ? � D3 �

x

�� � �	 @

txCx = 0

C

� � � �  ? 0 � A �	 @ \ ]

κ : Pn → Pn∗

�

κ : G(1, n + 1) → G(n, n + 1)

A E

	 @ � 2 � Z[ � \]

κk : G(k + 1, n + 1)→ G(n− k, n + 1), [v0, . . . ,vk] 7→ [Cv0, . . . , Cvk]⊥

� FG �	 � A � �� 	 @

G(k + 1, n + 1)

E W �

[a1, . . . , an−k]⊥

� Y : 2 �  	 A � $

κk : [a1, . . . , an−k]⊥ 7→ [tC−1a1, . . . ,
tC−1an−k]

A Y 	 @Y HY ,

x ∈ 〈Cv0, . . . , Cvk〉⊥ ⇐⇒ t(Cvi) · x = 0 i = 0, 1, . . . , k

⇐⇒ tvi
tCx = 0 i = 0, 1, . . . , k

6



⇐⇒ tCx ∈ 〈a1, . . . , an−k〉
⇐⇒ x ∈ 〈tC−1a1, . . . ,

tC−1an−k〉

A Y 	 + , � �	 @2T� �

G

�

2

?� BC

Φ

� P

x

� � � �  	 A �$ ? � � � � � A � �  � @

x ∈ G ⊂ κ(x)(= Φ

E

x

� E � � �C

)

gh

1.6. G

�

Rn+1 E

k + 1

?W 2T MN ' 7� � A �	 @

• G

�

Φ

� � �	

(∃x 6= 0: x ∈ G ⊂ κ(x)) ⇐⇒ G ∩ κk(G) 6= ∅
• G ⊂ Φ ⇐⇒ G ⊂ κk(G)

kl

. x ∈ G, x 6= 0

A �	 @ G = 〈x,v1, . . . ,vk〉

A ^_ A

x ∈ τ(G)⇐⇒ x ∈ [Cx, Cv1, . . . , Cvk]⊥

⇐⇒ txCx = 0, tviCx = 0 (i = 1, . . . , k)

⇐⇒ G ⊂ κ(x)

G ⊂ κk(G)⇐⇒ x,v1, . . . ,vk ∈ τk(G)

⇐⇒ x,v1, . . . ,vk ∈ [Cx, Cv1, . . . , Cvk]⊥

⇐⇒ txCx = 0, tviCx = 0, tviCvj = 0 (i, j = 1, . . . , k)

⇐⇒ G ⊂ Φ

2

�� � � � �	 E 
� � � ��

2.1

�� � ��� ��

� �

R3 E

2

P

a, b

�� 	 �F

L

� �� 	 @ � E �F E �� MN ' 7 �

v

A �	 A $
v = b− a

A # _ � A � �� 	 
 �� MN ' 7 �

v

�� �

R3 E P

a

�� 	 �F

L

� �

� 	 @ [v : a× v]

� ST 	

P 5(R)

E P @

(
1 a1 a2 a3

1 b1 b2 b3

)

E � 0� @ � �� �

(b1 − a1, b2 − a2, b3 − a3, a2b3 − b2a3, a3b1 − b3a1, a1b2 − b1a2)

7

� S7 �	 @ �  E

3

� E � T � � E �F E ! "# ( $ . $ %E
3

� E � T �, $ &+

$ A  � @ � 2 ' 2

l, l̄

� Y � @� E S 7 � � � � � 	 � A � � � 	 @ � � � �

P3 E
2

P
a = [a0 : a1 : a2 : a3],

b = [b0 : b1 : b2 : b3]

�� 	 �F E /0"1 2%3 45 �
(

a0 a1 a2 a3

b0 b1 b2 b3

)

E � 0� @ � �� �

(a0b1 − b0a1, a0b2 − b0a2, a0b3 − b0a3, a2b3 − b2a3, a3b1 − b3a1, a1b2 − b1a2)A ST 	 @ � 2 �

a ∧ b

@ 3 �
(l, l̄)

A Y � @\]

G(2, 4)→ P5, 〈a,b〉 7→ a ∧ b

E ] �

M

� Y � 


gh

2.1.

() �Y  P
[l, l̄]

� �	 �F E /0"1 2%3 45 �Y 	 � A A ? � O P @

l · l̄ = 0

kl

. [l, l̄]
� �	 �F E /0"1 2%3 45 � � 2 a$

l · l̄ = v · (a× v) = det(v a v) = 0

�� MN ' 7
l

*3 + � '

l̄

E �F � �� �	 3 T � �$ ?E � ? �, @ � !` 2 a U  @

l× x =




0 l3 −l2
−l3 0 l1
l2 −l1 0






x1

x2

x3


 =




l̄1
l̄2
l̄3




� 2 �$ ! � ' � -. �$ /0 E 0� E r s �

2

Y E � $

rank




0 l3 −l2 l̄1
−l3 0 l1 l̄2
l2 −l1 0 l̄3


 = 2

A Y 	 @ � E 0� E

3

?E � 0� @ � 12 �	 A $ 3 �

0, l3(l · l̄), −l2(l · l̄), l1(l · l̄)Y E � $ l · l̄ = 0

� � T 	 -. �Y 	 @

DE 45 5 E 12 U � $ ? �1 +	 @

∣∣∣∣∣∣∣∣

0 l̄1 l̄2 l̄3
−l̄1 0 l3 −l2
−l̄2 −l3 0 l1
−l̄3 l2 −l1 0

∣∣∣∣∣∣∣∣
= (l · l̄)2

8



F ? 4 5 [� � / 0 1 2 3 4 5 � � E U � � [ 1 	 + � � � � 7 U � @ e0, e1, e2, e3�

R4 E =� $ v0, v1, v2, v3

�

R4 E � E =� A �	 @

(
e0 e1 e2 e3

)
=
(
v0 v1 v2 v3

)
C

� =� E [� 0�

C

� ST 	 @

(
a b

)
=
(
v0 v1 v2 v3

)
C




a0 b0

a1 b1

a2 b2

a3 b3




0�

C




a0 b0

a1 b1

a2 b2

a3 b3




3 � �

C =




c00 c01 c02 c03

c10 c11 c12 c13

c20 c21 c22 c23

c30 c31 c32 c33




E

2

? E � 0 � @ � 1 2 � � $ = �

v0, v1, v2, v3

� Q � 	 / 0 1 2 3 4 5 � y	 @

0 ≤ i < j ≤ 3

E A �

det

(
ci0 ci1 ci2 ci3

cj0 cj1 cj2 cj3

)



a0 b0

a1 b1

a2 b2

a3 b3


 =

∑

0≤k<l≤3

∣∣∣∣
cik cil

cjk cjl

∣∣∣∣
∣∣∣∣
ak bk

al bl

∣∣∣∣

� y	 @
gh

2.2.

�F

L

�

2

P

a, b

�G 	 A E	 � A � �� 	 �

2

�C

〈u〉⊥, 〈v〉⊥ E :� 2

T A E	 � A � �� 	 @ � E A �

2

P

u, v

E G 	 �F E /0"1 2%3 45 �

[̄l : l]

� �	 @
kl

.

@ � ?E U � � = _ @

s0 =(0, l1, l2, l3) f0 =(0, l̄1, l̄2, l̄3)

s1 =(−l1, 0, l̄3,−l̄2) f1 =(−l̄1, 0, l3,−l2)

s2 =(−l2,−l̄3, 0, l̄1) f2 =(−l̄2,−l3, 0, l1)

s3 =(−l3, l̄2,−l̄1, 0) f3 =(−l̄3, l2,−l1, 0)

9

det(s0 s1 s2 s3) = (l · l̄)2 = 0

� � E 0 � E r s �

2

Y E � $ 4

P
s0, s1, s2, s3

� �F

D � � 	 @ s0, s1, s2, s3

E � (

2

� �� � � /0 1 2 3 4 5 � 1 2 �	 A $ � E �F �

L

� �	 � A �1 +	 @

si ∈ 〈fj〉⊥

�

det(f0 f1 f2 f3) = (l · l̄)2 = 0

� � E 0� E r s �
2

Y E � $ f0, f1, f2, f3E �� � 1 2 � 2 a U  @

f0 ∧ f1 =

∣∣∣∣
a2 a3

b2 b3

∣∣∣∣ (̄l, l) f0 ∧ f2 =

∣∣∣∣
a3 a1

b3 b1

∣∣∣∣ (̄l, l) f0 ∧ f3 =

∣∣∣∣
a1 a2

b1 b2

∣∣∣∣ (̄l, l)

f1 ∧ f2 =

∣∣∣∣
a0 a3

b0 b3

∣∣∣∣ (̄l, l) f3 ∧ f1 =

∣∣∣∣
a0 a2

b0 b2

∣∣∣∣ (̄l, l) f2 ∧ f3 =

∣∣∣∣
a0 a1

b0 b1

∣∣∣∣ (̄l, l)

2

P

(x0,x), (y0,y)

� w	 �F E /0"1 2%3 45 �

[x0y − y0x, x× y]

� � 3 @
gh

2.3.
�F

L

E /0"1 
 2%3 45 �

(l, l̄)

A �	 @

1.
P

[(x0,x)]

� � �C

[(u0,u)]⊥

D � �	 b � ?A O P @

u0x0 + u · x = 0

2. 2

P

(x0,x), (y0,y)

� w	 �F E /0"1 2%3 45 �

[x0y − y0x, x× y]

3. 2

�C

[(u0,u)]⊥, [(v0,v)]⊥

E 9 PA � � � 2	 �F E /0 1 2%3 45 �

[u× v, u0v − v0x]

4.

�F

L

� P

(x0,x)

� �b � ?A O P @

x · l̄ = 0, −x0̄l + x× l = 0

5.

�F

L

� �C

(u0,u)⊥

� �@ 2	 b � ?A O P @

x · l = 0, −u0l + u× l̄ = 0

6. L

D �Y  P

(x0,x)

� A 	 @ � E A � �F

L

A P

(x0,x)

E G 	 �C �

(x · l̄,−x0̄l + x× l)⊥
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kl

. 1, 2

� 5 , + @ 3

�

2

E �  @ 4

�

L = [a,b]

A �	 A $

(x0,x) ∈ L ⇐⇒ (x0,x) ∧ a ∧ b = 0

� � � @ a ∧ b

E I i �

l, l̄

� Y 2	 � A � � � @ 5.

�

4

E �  @ 6.

�

1

A

5

� 4  

	 @ � � � �� A �	 @

gh

2.4. 2

�F

G, H

E /0"1 2%3 45 � $ � 2 ' 2

[g : ḡ], [h : h̄]

A �	 @ � E A � $? � � � � � 


G ∩H 6= ∅ ⇐⇒ g · h̄ + ḡ · h = 0

kl

. g · ḡ = 0, h · h̄ = 0

U �

g · h̄ + ḡ · h = (g + h) · (ḡ + h̄)

45 � [� � � �

(g + h) · (ḡ + h̄)

�

0

�Y 	 + �� + � [ 1 ,Y  @ U! � �F

G, H� N �Y � E � � � U  @ G = 〈e0, e1〉

A �	 A

[g, ḡ] = [1 : 0 : 0 : 0 : 0 : 0]

H = 〈e0, e2〉

E A � �

[h, h̄] = [0 : 1 : 0 : 0 : 0 : 0]

[g + h, ḡ + h̄] = [1 : 1 : 0 : 0 : 0 : 0]

Y E �

(g + h) · (ḡ + h̄) = 0

H = 〈e2, e3〉

E A � �

[h, h̄] = [0 : 0 : 0 : 1 : 0 : 0]

[g + h, ḡ + h̄] = [1 : 0 : 0 : 1 : 0 : 0]

Y E �

(g + h) · (ḡ + h̄) 6= 0

P5

� � ?� S@ 	 BC � N � � � � ?� BC A   $ M

� Y � @

x · x̄ = 0, x = (x1, x2, x3) x̄ = (x̄1, x̄2, x̄3)

�F E U V W

(Line geometry)

� NE 4 � � " 5 � U � @�F 	

(pencil) 1

P �� 	 �C DE �F ��




(field)

�	 �C D E �F ��

	

(bundle) 1

P �� 	

R3 E �F ��

� 2 , � �� E UV W� � � 3 � � 4  , 2	 � A � � � @

g h

2.5.

N � � � \ ]

P

�$ �F 	 � �F � � � @ � � $ N � � � \ ] � �F � �	

� E � �F 	 � %	 @

11

kl

.

�F

G, H

E /01 2%3 45 � $ � 2 ' 2

[g, ḡ], [h, h̄]

A �	 @ [λg+µh, λḡ+µh̄]�N � � � * �7

M

� � �  	 -. �

g · ḡ = 0, h · h̄ = 0
U �

0 = (λg + µh) · (λḡ + µh̄) = λµ(g · h̄ + ḡ · h)

� � $ [g, ḡ], [h, h̄]

� � �F �N � � � * �7
M

� �	 3 T E �� � T -. �

g · h̄ + ḡ · h = 0

� 2 �

G

A

H

�9 1 	 � A � �  �	 @

g h

2.6.

N � � � * �7

M

�$ 2
� E �C E

3

� s�

Πb, Πf

� �  @ � 2 , � � 2

' 2$ 	$ 
 � 6 � �  	 @ � 2 � � � �$ N � � � * �7

M

� �C � �@ Y  @

• Πb

E

2

� E �C � � �
1

P� 9 1 	 @

• Πf

E

2

� E �C � � �
1

P� 9 1 	 @

• Πb

E �C A
Πf

E �C �$ 9 1 ,Y  +$ �F � 9 1 	 @

kl

.

N � � � * �7
M

� � � � �@ 2 �  	 �C �$ 	 + 
 � 6 �	 � A � � � @

P5 E P� $ � E �Y �C � G 	

3

P � �	 @ � E  � 2 E

2

P � $ M

� �@ 2	 �F �

G 	 + , $ 9 1 	
2

> E �F � 6 �	 @ � E U � Y

3

> E �F � �	

1

P �� 	

3

> E

�F +$ O � �C D � � 	

3

> E �F � � 	 @ � 2 �$ { | E �  E 2T E ; G � � 	 @� � E ; G � ?Eb e + , �( � �� @

• 2

� E 	 � � �

1

� E �F � : & �	 @

• 2

� E 
 � � �

1

� E �F � : & �	 @

•

	A 
 � � E �F � : & �Y  +$ �F 
 � : & �	 @

��

2.7. P5 E �� Z $ O d �

M

� � � � E �$ M

�

P3 E �F �� E� � A E3 A

� $ P3 E Z$ O d � �� �	

M

E Z$ O d � %	 @

kl

. P5 E �� Z$ O d

α

�

M

� � � � E �$ M

� �@ 2	 2T� �

Πb, Πf

� � �

+ � 2 �� 	 + �	 @ 2

�C E :� 2T � � q �	 � A � U �

Πb

E W A

Πa

E W � H

� � �b �Y  @

α

�

Πb, Πf

� � � A � $ 	E � E \] � E 2 a �� �

κ : P3 → P3

� ST 	 �$ O ��F D � � 	 P � O � �F D � � 	 P � � :Y ` 2 aY ,Y  @ ! � � �$ " # � � = >

4j �4  3 �q � �	 @ $

12



α

�

Πb, Πf

� � 2 �� 	 A � $ �� �

P3 → P3∗

� ST 	 @ z A O� �� � � 2 � �

� Z$ O d @

2.2

� *� ,

3

> E �F

L1, L2, L3

� �  � � 2 E b = � �	 A �	 @ � E

3

> E �F � � � � 9

1 	 �F �� �� �. 	 A  � @




2.8.

\]

s : P1 × P1 → P3,

[x0 : x1]× [y0 : y1] 7→ [z0 : z1 : z2 : z3] = [x0y0 : x0y1 : x1y0 : x1 : y1]

E ] �

P3

� �

z0z3 − z1z2 = 0

� S7 : 2	 BC �

[x0, x1]

@ 3 �

[y0, y1]

�� S � 3

A � E ] � �� 2 a

2

�FM C � � � $ 6 �7� � � 	 @

��

2.9.

6 �7� � �	 FM

2

? BC D � � �  	 @

kl

.

� P

P ∈ L1

�  � $ P

� � 7 �F

L2

A 9 1 	 �F �

P

A

L2

E G 	 �C D �

� � $ : , � �F

L3

A 9 1 	 U � Y �F

LP

�$ � E �C A �F

L3

A E 9 P �� 	 �

E � � � $  � � S@ 	 @

LP = 〈P, L2〉 ∩ 〈P, L3〉

L1

D �

3

P

P1, P2, P3

� �	 @ L1

A

LP1

E G 	 �C � P

LP2
∩L2

� �� �Y  @YHY , $ � � $ L1

A

LP1

E G 	 �C � P

LP2
∩ L2

�� 2 a$ P

LP1
∩ L2

� � � � +

, $ L2

� � E �C D � �	 @ U! �

L1, L2

� O � �C D � �	 � A �Y � $ � 2 E b=

� �	 A  � � S � � �	 @

L1

L2

L3

P1 P2 P3

LP1
LP2

LP3� E U � Y �� � �` 2 a

5

� E P

P1, P3, LP2
∩L2, LP1

∩L3, LP3
∩L3

� => 4j

� �	 � A �1 +	 @

13

FM

2

? BC D � �	 �  � 9 1 ,Y  

3

> E �F

L′
1, L′

2, L′
3

� A � $ D A O � � �

� = > 4 j � �	 � A � � � 	 @ � E � � E = > 4 j � \ � U � Y �� [� � �� 2 a$6 �7� �FM

2

? BC D � � �  	 � A �1 +	 @

�F

L1, L2, L3

E /0"1 2%3 45 � $ � 2 ' 2
[l1, l̄1], [l2, l̄2], [l3, l̄3]

A �	 @

��

2.10. 3

P

[l1, l̄1], [l2, l̄2], [l3, l̄3]

E G 	 �C �
G

A # _ @ µ : P5 → P5, [x : x̄] →
[x̄ : x]

A �	 A � 6 �7� E /0"1 2%3 45 �� E 4j �

µ(G)⊥ ∩M

� Y : 2	 @ : ,

� �C

µ(G)⊥

�

M

� �� X � 9 1  �  	 @

kl

.

P

[x : x̄]

� � 	 �F E /0"1 2%3 4 5 � $ � E �F � �F

Li (i = 1, 2, 3)

A 9 1

	 -. � ?E U � � ^` 	 @
x · x̄ = 0, l̄i · x + li · x̄ = 0 (i = 1, 2, 3)

� 2 �$ [x : x̄] ∈M ∩ µ(G)⊥

A O P � �	 @� 2 �

M

A �� X � 9 1 	 �C A E 9 P � � � $ � NO BF � S7 �	 � A � � � @

rank




l̄1 l1
l̄2 l2
l̄3 l3
x̄ x


 = 4

� � 8 a U  @ � E r s �

3

� A �	 A $ x = λ1l1 +λ2l2 +λ3l3, x̄ = λ1̄l1 +λ2̄l2 +λ3̄l3A Y 	
λ1, λ2, λ3

� �� �	 @ � 2 �




x1

x2

x3


 =




l11 l21 l31
l12 l22 l32
l13 l23 l33






λ1

λ2

λ3







x̄1

x̄2

x̄3


 =




l̄11 l̄21 l̄31
l̄12 l̄22 l̄32
l̄13 l̄23 l̄33






λ1

λ2

λ3




A ^  � $ x · x̄ = 0

A




l̄11 l̄12 l̄13
l̄21 l̄22 l̄23
l̄31 l̄32 l̄33






x1

x2

x3


+




l11 l12 l13
l21 l22 l23
l31 l32 l33






x̄1

x̄2

x̄3


 = 0

� � � �	 A

(
λ1 λ2 λ3

)



l11 l12 l13
l21 l22 l23
l31 l32 l33






l̄11 l̄21 l̄31
l̄12 l̄22 l̄32
l̄13 l̄23 l̄33






λ1

λ2

λ3


 = 0






l̄11 l̄12 l̄13
l̄21 l̄22 l̄23
l̄31 l̄32 l̄33






l11 l21 l31
l12 l22 l32
l13 l23 l33


+




l11 l12 l13
l21 l22 l23
l31 l32 l33






l̄11 l̄21 l̄31
l̄12 l̄22 l̄32
l̄13 l̄23 l̄33








λ1

λ2

λ3


 = 0

14



� E /0 E 0� �




0 l̄1 · l2 + l1 · l̄2 l̄1 · l3 + l1 · l̄3
l̄2 · l1 + l2 · l̄1 0 l̄2 · l3 + l2 · l̄3
l̄3 · l1 + l3 · l̄1 l̄3 · l2 + l3 · l̄2 0




� � E 0� @ �

2(̄l1 ·l2+l1 ·̄l2)(̄l1 ·l3+l1 ·̄l3)(̄l2 ·l3+l2 ·̄l3) 6= 0.

U! �

λ1 = λ2 = λ3 = 0A Y � $ x = 0, x̄ = 0

� y	 @ � 2 � � � @

2

?FM C �

2

�FM C � � � $ 6 �7� �

2

?FM C � �	 + , $ 6 �7� � �	 A $� 2 � �  XY 6 �7� � � 	 @

��

2.11. Li (i = 1, 2, 3)

E /0 1 2%3 4 5 �

(li, l̄i)

A � $ Li ∩ Lj = ∅ (i 6= j)

A �

	 @ G

�

(li, l̄i) (i = 1, 2.3)

E 5 � �	 �C �

G

A �	 @ G∩M

�$ L1, L2, L3

E S

T 	 6 �7� E �  6 �7� E /0"1 2%3 45 � �	 @

kl

. L1, L2, L3

E ST 	 6 �7� E /0"1 2%3 45

(m, m̄)

�$ ?E Q R @ � S@ 	 @

m · m̄ = 0, l̄i ·m + li · m̄ = 0, i = 1, 2, 3

� 2 � D3 �

3

� E / 0 1 2%3 4 5

(mi, m̄i)

� A 	 @ /0 1 2 3 4 5 �

(m̄i,mi)

� �

	 �F �

L′
i

A �	 @ L′
1, L′

2, L′
3

E ST 	 6 �7� E /0"1 2%3 45

(l, l̄)

�$ ?E Q R

@ � S@ 	 @

l · l̄ = 0, l̄ ·mi + l · m̄i = 0, i = 1, 2, 3

� 2 � $ N � � �

2

? � B C

M

A $ �C A E � C � S T 	 �$ � � d U � � E �C �

(l, l̄i) (i = 1, 2, 3)

� G , 2 �  	 @

3

�� F G H� �

3.1

�

1

�	 
 �� �

2

�	 
 �

U

�

R2 E i 4j A � $ BC E � s Y �

x : U → R3, (u, v) 7→ x(u, v)

� �� 	 @ � E A � $ � 2 �

u, v

� v ST � � y , 2	 MN ' 7

xu, xv
� BC E � MN

' 7 � �	 @

|x(u + ∆u, v + ∆v)− x(u, v)|2 ∼|xu∆u + xv∆v|2

15

=E∆u2 + 2F∆u∆v + G∆v2

3 � �

E = xu · xu, F = xu · xv, G = xv · xv

� � � $ ?E ? ST? @ � <

1

=> ? @A �	 @
I = ds2 = E du2 + 2Fdudv + Gdv2

BC E � b d MN ' 7 � ?� � , 2	 @
n =

1

‖xu × xv‖
xu × xv

x

E

2

r� ST � �� � E = �
xu, xv

A d� � E =�

n

E � ? wj A � � Y � @

xuu =Γu
uuxu + Γv

uuxv + Ln

xuv =Γu
uvxu + Γv

uvxv + Mn

xvv =Γu
vvxu + Γv

vvxv + Nn

� � �
Γu

uu, Γu
uv, Γu

vv, Γv
uu, Γv

uv, Γv
vv, L, M , N

�

(u, v)

E Q s � �	 @ Γu
uu, . . . Γv

vv

�

Christoffel

E �� A  � @

L = xuu · n, M = xuv · n, N = xvv · n
� � � � � # � � @

Ldu2 + 2Mdudv + Ndv2

� <

2

= > ? @ A  � @ Ldu2 + 2Mdudv + Ndv2 = 0

Y 	 � �

(du, dv)

� � n � �

(asymptotic direction)

A  � @

Γu
uu, . . . , Γv

vv

�� � X � 12 � � # � � @

gh

3.1.

Γu
uu =

GEu − 2FFu + FEv

2(EG− F 2)
Γv

uu =
2EFu −EEv − FEu

2(EG− F 2)

Γu
uv =

GEv − FGu

2(EG− F 2)
Γv

uv =
EGu − FEv

2(EG− F 2)

Γu
vv =

2GFv −GGu− FGv

2(EG− F 2)
Γv

vv =
EGv − 2FFv + FGu

2(EG− F 2)

16



kl

.

@ �$ ? � � � �	 @

xuu · xu =
1

2
(xu · xu)u xuu · xv =(xu · xv)u −

1

2
(xu · xu)v

xuv · xu =
1

2
(xu · xu)v xuv · xv =

1

2
(xu · xv)u

xvv · xu =(xv · xv)v −
1

2
(xv · xv)u xvv · xv =

1

2
(xv · xv)u

� 2 U � $

1

2
Eu =Γu

uuE + Γv
uuF Fu −

1

2
Ev =Γu

uuF + Γv
uuG

1

2
Ev =Γu

uvE + Γv
uvF

1

2
Gu =Γu

uvF + Γv
uvG

Fv −
1

2
Gu =Γu

vvE + Γv
vvF

1

2
Gv =Γu

vvF + Γv
vvG

� 2 � 0� E? � ^_ A

(
E F
F G

)(
Γu

uu Γu
uv Γu

vv

Γv
uu Γv

uv Γv
vv

)
=

1

2

(
Eu Ev 2Fv −Gu

2Fu −Ev Gu Gv

)

(
E F

F G

) E � 0 � � / + , +` � $ wx � y	 @

(
Γu

uu Γu
uv Γu

vv

Γv
uu Γv

uv Γv
vv

)
=

1

2(EG− F 2)

(
G −F
−F E

)(
Eu Ev 2Fv −Gu

2Fu − Ev Gu Gv

)

3.2

� � �� � �� � � � ��

γ(t)

� B C D E B F A �	 @ γ(t)

E � � M N ' 7 $ � � � M N ' 7 � = �

xu, xv, n�4  � Y � � @

dγ(t)

dt
=x

du

dt
+ xv

dv

dt
d2γ(t)

dt2
=xu ·

d2u

dt2
+ xv ·

d2v

dt2
+ xuu

(du

dt

)2

+ 2xuv

du

dt

dv

dt
+ xvv

(dv

dt

)2

=

(
d2u

dt2
+
(du

dt

)2

Γu
uu + 2

du

dt

dv

dt
Γu

uv +
(dv

dt

)2

Γu
vv

)
xu

+

(
d2v

dt2
+
(du

dt

)2

Γv
uu + 2

du

dt

dv

dt
Γv

uv +
(dv

dt

)2

Γv
vv

)
xv

17

+

((du

dt

)2

L + 2
du

dt

dv

dt
M +

(dv

dt

)2

N

)
n

t

� �	 � s

(s

� Y �

)

A � 3 A � $ � � � MN ' 7 d2γ
ds2

E d �� E �T � 
 C�

(normal

curvature)

A U �$ κn

� Y � @

κn =
(du

ds

)2

L + 2
du

ds

dv

ds
M +

(dv

ds

)2

N

=
Ldu2 + 2Mdudv + Ndv2

ds2

=
Ldu2 + 2Mdudv + Ndv2

Edu2 + 2Fdudv + Gdv2d B G E � / P � � P � � � U � @ Edu2 + 2Fdudv + Gdv2 = 1

D � � P � � � 2 a U

 + ,

Ldu2 + 2Mdudv + Ndv2 − λ(Edu2 + 2Fdudv + Gdv2 − 1)

A =  � $ du, dv

� U 	 v ST �

0

� �	 -. � E	 @ /0 �

du, dv

� v ST �	 A $

Ldu + Mdv =λ(Edu + Fdv)

Mdu + Ndv =λ(Fdu + Gdv)

^ � � � �

(1)

(
L− λE M − λF
M − λF N − λG

)(
du
dv

)
= 0

U! � $ λ

� d BG E � / P � � P � � 2 a$ ? � D3 � @

∣∣∣∣
L− λE M − λF
M − λF N − λG

∣∣∣∣ =
∣∣∣∣
E F
F G

∣∣∣∣λ
2 −

(∣∣∣∣
L F
M G

∣∣∣∣+
∣∣∣∣
E M
F N

∣∣∣∣
)

λ +

∣∣∣∣
L M
M N

∣∣∣∣ = 0

� 2 � D3 �

λ

� ; BG A  � @ � E

2

? �, @E

2

 �

λ1, λ2

A � 3 A �

K =λ1λ2 =
LN −M2

EG− F 2

H =
1

2
(λ1 + λ2) =

EN − 2FM + GL

2(EG− F 2)A Y 	 @ � � �

K

� �� 	 C �

(Gauss curvature), H

� � � C �

(mean curvature)

A

 � @

λ

� ; B G E A � $ (1)

� D 3 �

(du, dv)

� � ! "

(principal direction)

A  � @

(du, dv)

� ; �� � � 2 a$ (1)

U � $

(L− λE, M − λF ) = µ1(dv,−du) (M − λF, N − λG) = µ2(dv,−du)

18



� D3 � e s

µ1, µ2

� �� � �	 @ µ1 = dvµ, µ2 = −duµ

A = ` �

(L− λE, M − λFN − λG) = µ(dv2,−dudv, +du2)

(L, M, N) = λ(E, F, G) + µ(dv2,−dudv, +du2)

� y	 @ U  �

∣∣∣∣∣∣

E F G
L M N

dv2 −dudv du2

∣∣∣∣∣∣
= 0

� � 	 @ � 2 � ; �� E �, @ � �	 @

��

3.2.

��� BG

K

� <

1

=>? @ A � E

2

r@ � E v ST � Y � � A � � � 	 @

K =
1

4(EG− F 2)2




E(EvGv − 2FuGv + Gu
2)

+F (EuGv − EvGu − EvFv

−2FuGu + 4FuFv)

+G(EuGu − 2EuFv + Ev
2)


−

Evv − 2Fuv + Guu

2(EG− F 2)

kl

.

{ |

3.1

E 45 U � $

1

2
Eu =Γu

uuE + Γv
uuF Fu −

1

2
Ev =Γu

uuF + Γv
uuG

1

2
Ev =Γu

uvE + Γv
uvF

1

2
Gu =Γu

uvF + Γv
uvG

Fv −
1

2
Gu =Γu

vvE + Γv
vvF

1

2
Gv =Γu

vvF + Γv
vvG

� � 3 @ xuuv · xv = (xuu · xv)v − xuu · xvv

Y E �

xuuv · xv ={(Γu
uuxu + Γv

uuxv + Ln) · xv}v
− (Γu

uuxu + Γv
uuxv + Ln) · (Γu

vvxu + Γv
vvxv + Nn)

=(Γu
uuF + Γv

uuG)v − (Γu
uuE + Γv

uuF )Γu
vv − (Γu

uuF + Γv
uuG)Γv

vv − LN

=(Fu −
1

2
Ev)v −

1

2
EuΓu

vv − (Fu −
1

2
Ev)Γ

v
vv − LN

� 2 � { |

3.1

E wx � � � � � �� � 2 a

xuuv · xv = Fuv −
1

2
Evv

+
1

4(EG− F 2)

(
E(EvGv − 2FuGv) + G(EuGu − 2EuFv)

+F (EuGv + EvGu − 2FuGu − 2EvFv + 4FuFv)

)
− LN

19

A Y 	 @ O � � $ xuvu · xv = (xuv · xv)u − xuv · xuv

Y E �
xuvu · xv =

1

2
Guu −

EGu
2 − 2FEvGu + GEv

2

4(EG− F 2)
−M2

xuuv = xuvu

U � $ � 2 , � # � _

LN − M2

�
E, F , G

� Y � @ � y	 @ K =

(LN −M2)/(EG− F 2)

U � ; G � y	 @
d2γ
dt2

E BC E � �� E � T �

0

A Y 	 A �
γ(t)

� �� J

(geodesic)

� �	 A  � @ �

�F � �	 3 T E -. �

d2u

dt2
+
(du

dt

)2

Γu
uu + 2

du

dt

dv

dt
Γu

uv +
(dv

dt

)2

Γu
vv =0

d2v

dt2
+
(du

dt

)2

Γv
uu + 2

du

dt

dv

dt
Γv

uv +
(dv

dt

)2

Γv
vv =0

� �	 @
gh

3.3.

B F
γ(t)

� � �F Y , a$ |dγ(t)
dt
| � S s @ �Y 1 ( � s

t

� � 	 � } f �	 @

kl

.

BF
γ(t)

� � �F � �	 A �	 A $ d2γ
dt2

E � � T � " # X �

0

� �	 @ �	 A dγ
dt

,
d2γ
dt2

� �9 �	 @ U! �

d

dt

〈dγ(t)

dt
,
dγ(t)

dt

〉
= 2

dγ

dt
· d

2γ

dt2
= 0

v =

S s$ A Y 	 BF � � �F � � 2 a

Γv
uu = 0.

U! �

(2) 2EFu − FEu −EvE = 0

� � � � � @

3.3

�	 �

B C � � �F E

1

� s� A � 2 � � 9 �	 U � Y B F E

1

� s � �  � , 2 �  	 A

�	 
 � 2 , E BF � � � s BF � A � � � 2 , � � 2 ' 2

v =

S s$ u =

S sY 	 � s

BF A � 2 a� <

1

=>? @ �

I = E du2 + G dv2

20



A Y 	 
 F ≡ 0

� � � � 	 @ v =

S s � Y 	 B F � � �F � � 	 + , � - .

(2)

U �

Ev = 0

� � � � E

�

u

E 7 E Q s � �	 @

ū =

∫ √
Edu

� � �  

u

A � � A 2 a$ <

1

=>? @ � ?E U � �Y 	 


I = du2 + G dv2

BC D E

1

P

O

+ , � � �F � � � $ P

O

�� � � E � �F A P

O

� � �

v

� 9 1 	

� �F � � �

u

�` � � � P �

P

A � U � 
 � E A � �

gh

3.4. G(0, v) = 0, ∂
∂u

√
G|u=0 = 1.

kl

. u = 0

E A � <

1

=>? @ � � �� �  	 E � � G(0, v) = 0.

: � � u =

S s� Y	 BF � � � BF E 	 : � �	 A � � E 	 : �

∫ v

0

√
Gdv

A Y 	 
 : � �� 	
�� → 5  �

(

� �

→ 0)

Y E �

lim
u→0

1

u

∫ v

0

√
Gdv = v

� ��

lim
u→0

1

u

∫ v

0

√
Gdv = lim

u→0

∫ v

0

∂

∂u

√
Gdv =

∫ v

0

(
∂

∂u

√
G)|u=0dv

� �	 + , � ∂
∂u

√
G|u=0 = 1

� y	 


� E A � E ��� BG �$ S�

3.2

U �

K =
Gu

2 − 2GGuu

4G2
= − 1√

G

∂2
√

G

∂u2

��� BG � � �

0

� � 2 a� ST � , @

∂2
√

G

∂u2
= 0

� y , 2$ � T � U! �

√
G = A(v)u + B(v)
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A Y 	 
 { |

3.4

U �

A(v) = 1, B(v) = 0

A Y � √
G = u

�Y 1 ( �
I = du2 + u2 dv2

� y	 
 U  � ?E S� � � � 3 @

��

3.5.

��� BG � " # X �

0

� � 2 a �C � I i H �� �	 @ � ( $ <

1

=>? @

�

du2 + dv2

A Y 	 � s

(u, v)

� � � �	 @ � E � A �$ �C + , � E BC � 	 : � [

� Y  \ ] � � � �	 � A � �  � �  	 @ � E A � $ � E BC � �� L

(developable

surface)

� �	 A  � @

< �
��� BG � " S s �

K = 1/k2
� � 2 a� � s � � � �� �

I = du2 + k2 sin2 u

k
dv2

A �� 	 
 � 2 � �C � I i H �� �	 � A � � � �  	 @��� B G � � S s �
K = −1/k2

� � 2 a� � s � � � �� �

I = du2 + k2 sinh2 u

k
dv2

A �� 	 
 � 2 � � BC � I i H �� �	 � A � � � �  	 @

4

�� �

4.1

�� � � �� �

�F E

1

� � + 3 � � �Y � BC E � A � JKL

(ruled surface)

A � � 
 R3

� ��� 2P

a, b

�� 	 �F �

x(u) = (1− v)a + vb (v ∈ R)

A ^` 	 E � � FM C �

1

� s�

a(u), b(u)

� 4  �

I × R→ R3, (u, v) 7→ x(u, v) = (1− v)a(u) + vb(u)

A ^_ � A � �� 	 
 3 � � � I

� � � A �	 


rank
(
a′ + v(b′ − a′) b− a

)

FM C � Y � �	 E � 4  3

a(u)

E Y � BF �  C J

(directrix)

A  � 
�� �� �

I × P 1 → P 3, (u, [λ0 : λ1]) 7→ λ0ã(u) + λ1b̃(u)
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A ^  � � U  
 N � � � * �7 � E \]

R

� ?E U � �Y 	 


R : I × P 1 → R5, [r1(u) : r2(u)] = [ã ∧ b̃] = [v : a× v] v = b− a

� 	

4.1 (

gh � J�� � � J

). v = b− a

A # _ 


• rank(a′,v,v′)|u=u0
= 1

E A �

R(u0)

� gh � J

(singular generator)

A  � 


• rank(a′,v,v′)|u=u0
= 2

E A �

R(u0)

� � � J

(torsal generator)

A  � 


• rank(a′,v,v′)|u=u0
= 3

E A �

R(u0)

� � � � J

(non-torsal generator)

A  � 


• rank(v,v′)|u=u0
= 1

E A �

R(u0)

� �� � J

(cylindrical generator)

• rank(v,v′)|u=u0
= 2

E A �

R(u0)

� � � � � J

(noncylindrical generator)

A

 � 

?E @ � E 2 a� � 2 , E �	 �

a, v

E � � � � U , � � �F E � E 7 + , S@ 	 b

�1 +	 
 
 �

h

�

C1

Q s 


(
v (a + hv)′ v′

)
=
(
v a′ v′

)



1 h′ 0
0 1 0
0 h 1




(
hv a′ (hv)′

)
=
(
v a′ v′

)



h 0 h′

0 1 0
0 0 h


 h 6= 0

FM C E �F E /0"1 2%3 4 5 � �� 	 


R(u) = [v : a× v]

��

4.2.

?E -. � O P � �	 


• R(u0)

� NO �F

⇐⇒

\]

R : I →M

�

u = u0

� NO P � ' � 


• R(u0)

� � �F

⇐⇒ R′(u0) ∈M .

kl

. R(u) = [v : a× v]

Y E �

R′(u) = [v′ : a′ × v + a× v′].

\]

R : I →M

�

u = u0

� NO P � ' � 


⇐⇒ dim〈R(t), R′(t)〉 = 1

⇐⇒ ∃k (v′, a′ × v + a× v′) = k(v, a× v)

⇐⇒ ∃k v′ = kv, a′ × v + a× v′ = ka× v

⇐⇒ ∃k v′ = kv, a′ × v + a× kv = ka× v

⇐⇒ ∃k v′ = kv, a′ × v = 0

23

⇐⇒ rank(a′,v,v′) = 1 (i.e.

NO �F

)

R′(u) ∈M ⇐⇒ 〈v′, a′ × v + a× v′〉 = 0

⇐⇒ 〈v′, a′ × v〉 = 0

⇐⇒ det(a′,v,v′) = 0

⇐⇒ rank(a′,v,v′) ≤ 2 (i.e.

� �F @ 3 � N O �F

)

l · l̄ = 0

U �

l′ · l̄ + l · l̄′ = 0

� �	
.

(λl + µl′) · (λ̄l + µ̄l′) = λ2(l · l̄) + 2λµ(l′ · l̄ + l · l̄′) + µ2(l′ · l̄′) = µ2(l′ · l̄′)

U  � $ � �F � � 	 � A �$ 6 �	 P � /0 1 2 3 ] E �F �N � � �

2

? BC

M� �@ 2	 b A O P � �	 @

��

4.3 (

JKL � gh i
).

FM C E NO P � �  � � ? � � � � � 


•
NO �F E � P �$ FM C E NO P� � 	 


•
� � �F E � P �$ FM C E "  P� � 	 


•
� N O Y � �F �$ �� � �F Y , aFM C E N O P � � �

1

� $ � � �F Y , N

O P �Y  


kl
.

FM C

x = a + vv

E NO P ��� 0�

(
xu xv

)
=
(
a′ + vv′ v

)

E r s � �( 	 A � � � �	 
 NO P� ��� ? � 7 3 �

(a, b) 6= (0, 0)

� �� �	 


a(a′ + vv′) + bv = 0

NO �F E � P� � rank(a′,v,v′) = 1

Y E � � a′ + vv′, v

�

1

? �� A Y � $ NO P�

�	 � A �1 +	 @� �F � �

rank(v, a′,v′) = 2

Y E �

xa′ + yv + zv′ = 0

�

R3 E m P � �  �F �

ST 	 
� �F �� �Y , a

v

A

v′

�

1

? � � � � E �F �

(0, p, q)

� G , 2	 
 � E 
 j

��� F ? \ ]

(a, b) 7→ (a, b, av)

E ] � � E �F � � U � �

(a, b, v)

� � � Y  � 	 A

q = 0

A Y � $ v = 0

� � w � � � @
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� �F � �� �Y , a

v

A

v′

�

1

?� � �

x 6= 0.

F ? \]

(a, b) 7→ (a, b, av)

E ]

� � E �F � �  U � �

v

�� 	 � A � � � 	 @ : , � � E U � Y

v

� � � X � � 	 
� E

v

� 6 �	 P � N O P� �	 
� � �F E � P � � a′, v, v′

�

1

? � �Y E � � � E U � Y

(a, b) 6= (0, 0)

� � � 8

�� � NO P� �	 � A �1 +	 


•

� � � E �F � � �F � �	 U � Y FM C � �� �� � � �� CL

(torsal surface)

A  � 


•

� BC �Y  FM C � � � �� � � �� CL

*1(skew surface)

A U 	 


��

4.4. • 2

� E FM C � 6 /0 1 2 3 45

R1(u), R2(u)

�

k

bE �	 � � 2

a� FM C � 6 �	 �F � � �

k − 1

bE �	 � �	 @

• 2

� E F M C � 6 �	 �F E � P �

k

b E � 	 � � 2 a � � E / 0 1 2 3 4 5

R1(u), R2(u)

�

k − 1

bE �	 � �	 @

kl

.

/0 1 2%3 4 5 + , FM C E � � + 3 � Y � � y	 � �$ { |

2.2

E 4 5 5 � � 2

3

s0, s1, s2, s3

� > � y , 2	 �F E ?E Y � @ � >� @

− 1

l1
(0, l̄3,−l̄2) + v(l1, l2, l3) (l1 6= 0

E A �

)

− 1

l2
(−l̄3, 0, l̄1) + v(l1, l2, l3) (l2 6= 0

E A �

)

− 1

l3
(l̄2,−l̄1, 0) + v(l1, l2, l3) (l3 6= 0

E A �

)

<

1

c E V E

k

rE ST �$ T � T 
 E

k

r@ � E S T � Y : 2	 E � �  E ; G � 5

, + @�F

a + tv

E /0"1 2%3 45 �

(l, l̄) = (v, a× v)

Y E � $ 2

� E FM C � 6 �	 �F E � P�

k

bE �	 � � 2 a� a

�

k

b@ � E ST

� � � � $ v

�

k− 1

b@ � E ST � � � �	 @ U! � $ (v, a× v)

�

k− 1

b@ � E v

ST � � � �	 @

*1

� � �� �
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4.2

� � �

�3 N 0 
 �� �

R3

� ?� Y : 2	 FM C � �� 	 

x(u, v) = a(u) + vv(u)

x

� v S T �	 A � xu = a′ + vv′, xv = v

Y E � $ d M N ' 7

n(u, v)

� ? �  � ,

2	 


n = xu × xv = (a′ + vv′)× v

• c(u, v) = vv(u)

� S@ 	 BC �  � L
(director cone)

A  � 


•

P

a(u)

� � � � M N ' 7
v(u), v′(u)

� G , 2 	 � C � � � �L

(asymptotic

plane)

A  � @
•

�F

R(u)

� � 7$ � n �C � �9 �	 �C � �� �L

(central plane)

A  � 
 5 �C � P
a(u)

�� � � MN ' 7

v(u), v′(u)× v(u)

� G , 2	 �C � �	 


5  �C E d MN ' 7 �

v × (v′ × v)

� � , 2	 
5  � C � B C E � � C A Y 	 U � Y P � � F E � � i

(striction point)

@ 3 � �

�

(center)
A  � 
 x(u, vs(u))

� Q R P � A �	 A

0 = 〈n,v′ × v〉 = 〈(a′ + vsv
′)× v,v′ × v〉 = 〈a′ × v,v′ × v〉+ vs〈v′ × v,v′ × v〉

U � �� � �F E A � � � 2 � !_ b � �� �

vs = −〈a
′ × v,v′ × v〉
‖v′ × v‖2 = −〈a

′,v′〉‖v‖2 − 〈a′,v〉〈v′,v〉
‖v‖2‖v′‖2 − 〈v′,v〉

‖v(u)‖ ≡ 1

E A � � � E Y � � U � � � �Y 	 
 e1 = v

A ^_ A � 〈e′1, e1〉 ≡ 0

Y E �

vs = −〈a
′, e′1〉
‖e′1‖2�� � �	 A � n �C �

ã(u) = (1, a(u))

A

ṽ(u) = (0,v(u)), ṽ′(u) = (0,v′(u))

E G 	

�C � 6 �	 @Q R PE �� � � � J

(strictiion curve)

A  � 


s(u) = a + vsv = a− 〈a
′, e′1〉
‖e′1‖2

e1

 !

4.5.

FM C E �F E /0"1 2%3 45 �

(r, r̄)

� � , 1 : 2 �  	 A � Q RF �

s = ((r× r′)2, det(r, r′, r̄′)r + det(r, r̄, r̄′)r̄ + (r̄ · r′)(r× r′))
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F M C

S

� � 	 � N O B F E � HI C A

2

b � D E � 	 � � 2 a� � � � � 2 , E Q

RF �

1

bE �	 � �	 E � � S

E Q RF � � NO � �	 
FM C

x(u, v) = a(u) + ve1(u), ‖e1(u)‖ = 1

� �� 	 
 �F E /0"1 2%3 ]

R

�

R(u) = [R1(u) : R2(u)] = [e1 : a× e1]

A Y 	 
 � E A � �9 ��

(distribution parameter) δ

� ?� S T 	 


δ =
‖R1‖2〈R′

1, R
′
2〉

‖R1 ×R′
1‖2

=
‖e1‖2〈e′1, (e1 × a)′〉
‖e1 × e′1‖2

=
det(e′

1, e1, a
′)

‖e′1‖2

4.3

�� � � �� �� �� 	
 ��

s(u)

 � �� � �� � ��

x(u, v) = s(u) + ve1(u), ‖e1(u)‖ = 1

 �� ��� u

 � �

� � � 	 �� � ����

e2 =
e′1
‖e′1‖

, e3 = e1 × e2 =
e1 × e′1
‖e′1‖� � �� e1, e2, e3

 � ! " #

(Sannia frame)

�$ %� &'

κ

� ('

τ



κ = ‖e′
1‖, τ =

det(e1, e
′
1, e

′′
1)

‖e′1‖2

) *+ ��� , � � -




e′1
e′2
e′3


 =




0 κ 0
−κ 0 τ
0 −τ 0






e1

e2

e3




./

. e′i = ai1e1 + ai2e2 + ai3e3 (i = 1, 2, 3)

� �$ 0 1 �

aij

 2 + 3 45 $ �
e′1 = ‖e′

1‖e2 = κe2

5 6

a11 = a13 = 0, a12 = κ.

78

a23 = 〈e′
2, e3〉 =

〈
e′′1‖e′1‖ − e′

1‖e′1‖′
‖e′1‖2

,
e1 × e′1
‖e′1‖

〉
=

〈
e′′1‖e′1‖
‖e′1‖2

,
e1 × e′1
‖e′1‖

〉
= τ

〈ei, ej〉 = δij

 9: ; 0 <= 3� >@?

〈e′i, ej〉+ 〈ei, e
′
j〉 = 0

5 6

aij + aji = 0

� A 6 BC D EF �

.

27

� �� � 9: GH IJ A K �L  MN ; 0 � , %@O� �� � PQ R

s′

� S� � Q R

e1

� A � T  U VW

(striction)

�$ $
σ(u)

) X �O

s′(u) = ‖s′‖(cos σ(u)e1 + sinσ(u)e3)

�� �

‖s′‖ sin σ = 〈s′, e3〉 =

〈
s′,

e1 × e′1
‖e′1‖

〉
=

det(s′, e1, e
′
1)

‖e′1‖
= κδ

 <��� � ��

x = s + ve1



u, v

) Y 9: �� �

xu =s′ + ve′
1

=‖s′‖ cosσe1 + vκe2 + ‖s′‖ sinσe3

=‖s′‖ cosσe1 + vκe2 + κδe3,

xv =e1

A � ) ?

(3) E = 〈xu,xu〉 = ‖s′‖2 + v2κ2, F = 〈xu,xv〉 = ‖s′‖ cosσ, G = 〈xv,xv〉 = 1

� A 6
EG− F 2 = ‖s′‖2 sin2 σ + v2κ2 = κ2(δ2 + v2)

 <���

Z[
4.6.

� �� \ $ 0 X] ^ 3_

2

` � � ��

x1(u, v) = s1(u) + vv1(u) x2(u, v) = s2(u) + vv2(u)

� & ' 

κ1(u), κ2(u)? � � T 

σ1(u), σ2(u)

� � ��� κ1(u) = κ2(u), σ1(u) = σ2(u)A = 4�? ab

x1(u, v) 7→ x2(u, v)

c de fg h ) i ���

jk lm n op

n

c q �5 % 8 A ���

n =
xu × xv√
EG− F 2

=
κδe2 − vκe3√

κ2(δ2 + v2)
=

δe2 − ve3√
δ2 + v2

δ ≡ 0

� � - c & � c rs � )

n = e3

D jk l m n op 8 A � O

x

�

2

t Y 9: c

xuu =(‖s′‖ cosσ)′e1 + vκ′e2 + (κδ)′e3 + ‖s′‖ cos σ e′
1 + vκe′

2 + κδe′
3,

=((‖s′‖ cos σ)′ − vκ2)e1 + (vκ′ + κ‖s′‖ cosσ − κτδ)e2 + ((κδ)′ + vκτ)e3

xuv =e′1 = κe2

xvv =0

28



� A � � ) ? �

2

�� � > � 1� c

L =〈xuu,n〉 = (vκ′ + κ‖s′‖ cosσ − κτδ)δ − ((κδ)′ + vκτ)v√
δ2 + v2

(4)

M =〈xuv,n〉 = κδ√
δ2 + v2

(5)

N =〈xvv,n〉 = 0(6)

� A ���
Z[

4.7 (E. Larmarle).

� ��

x = s(u) + ve1 (s(u)

c � �� ? ‖e1‖ = 1)

� �� �

&'

K(u, v)

c ? �: ��

δ

\ $ 0 q �5 % 8 X ^ 3���

K(u, v) = − δ2

(δ2 + v2)2

./

. (3)

�

(5), (6)

8 	 K = LN−M2

EG−F 2

 
� 45 $ O

, 35 6

δ ≡ 0

� � - c & � c rs � ) i � � D F �� O

 � &'

H

� �� � � MN ) - � O

H =
EN − 2FM + GL

2(EG− F 2)

=
−2‖s′‖ cosσκδ/

√
δ2 + v2 + L

2κ2(δ2 + v2)

=
(vκ′ − κ‖s′‖ cosσ − κτδ)δ − ((κδ)′ + vκτ)v

2κ2(δ2 + v2)

��

L, M , N

� X ] 5 6

(du, dv) = (0, 1)

c � r s � ) A$ � � � � � � �Q R ) i

� O � %�� ` � � �Q R � 9 : Q � > c

Ldu + 2Mdv = 0

) i � O , 3 c q � �� ��  � 9: Q � >8 A � O

dv

du
+ Pv2 + 2Qv + R = 0

, , ) 	 P . Q, R

c

u

! " � # � ) i � O $ �

4

` � %

v1, v2, v3, v4

� & 8
v1 − v3

v2 − v3
:

v1 − v4

v2 − v4
=

*�

A � # 1 D i � O 5 ' 0 q � *(  <� O

29

Z [

4.8 (Serret).

) & � �

4

` � � � & � D S � * �

4

+ � ,- c 	 . � S � 8 `

$ 0 �/ � ) i � O

Z[

4.9.

� �� D i 3 4 0 ( S � 8 1 ' 0

2

k � P2  � � 3 4p � D 56 ; 	 , � 3

4p � � 0 ( S�  78 A$ Q � 9� : c 	 0 ( S� 8 1 ' _ 	 ; � � �� � S� Q R )

A$ � � 9 � ) i � O

./

. M̃

� l � Q R c

(̄l, l)

) <= 3� � ) 	 m n op

(x, x̄)

� n= >?

2

q@ & �

� lm n o p

(̄l, l)

Q RA � 9B CD c
x · l̄ + x̄ · l
l · l + l̄ · l̄ (̄l, l)

� A � O E �GF �IH JK

(l, l̄)
c

l · l̄ = 0

 L_ �O 5 ' 0

l′ · l̄ + l · l̄′ = 0 l′′ · l̄ + 2l′ · l̄′ + l · l̄′′ = 0

( S� ) i � , � 5 6
l′′ · l̄ + l · l̄′′ = −2l′ · l̄′ 6= 0

) 	 (l′′, l̄′′)

� l Q R A � 9 B CD D

0

) A$ O 5 ' 0

(l, l̄), (l′, l̄′), (l′′, l̄′′)

� <�  �

c 	 M
8 MN J 8 B F � O * (

4.4

5 6 	 , � � N � 8 ab � � 3 4p � D O + � � �

) i � O 2

k � P 2  � � & � � 	 P2 + ) � � � 9 � c� P � � � 	 �5 Q 3 4p � �

� � 9� c S� ) i � �5 6 	 R S � T < � U %@O

T Q R � Q � > c

∣∣∣∣∣∣

E F G
L M N

dv2 −dudv du2

∣∣∣∣∣∣
= 0

) i ' _ O rs � � � - c

δ = 0, σ = 0

) i 6 	 T Q R � Q � > c

∣∣∣∣∣∣

‖s′‖2 + v2κ2 ‖s′‖ 1
±κτ 0 0
dv2 −dudv du2

∣∣∣∣∣∣
= ∓κτdu(‖s′‖du + dv) = 0

� A � O 5 ' 0 S� D 	 &' � ) i � O � %�� ` � &' � c

dv

du
= −‖s′‖

 %$ 0 < = 3� O

v = −
∫
‖s′‖du

30



Z [

4.10 (Sannia).

� &

I

) * � ^ 3 _

C1

� � # �

κ(u), C0

# �

τ(u), C1

# �

σ(u)

8 a ; 	 κ(u)

 &' ? τ(u)

 (' ? σ(u)

 � � T � ��

C2

� �� )

u

 � ��

� �� �� � �� � � D �� ` 56 ��

.

./

.

� 9: Q � >




e′1
e′2
e′3


 =




0 κ 0
−κ 0 τ
0 −τ 0






e1

e2

e3




 %$ 0 ? �

e1, e2, e3

 	
 �� � ? 1� �� D  a� ) i � � � = 	 , 3 c 9B � )

i � � DF ���� q8 � 9: Q � >

s′(u) = cos σ(u)e1 + sin σ(u)e3

 �� ��

s(u0) = s0

� � ) %$ 0 ? � ��

s

 <��� s

 � & � 	 e1

 Q R & � � �

� � � � c ? & '

κ,

( '

τ ,

� � T

σ

 � `� � 9 : Q � > � % �� �� 5 6 , �5 %

A � �� c �� ` 8 * 8 ���

� ` � & � 8 � � � �  � ; 0 < = 3 � & �  � � & � � $ % O � � & � c � � � )

i � O

•

Q R & �

v

D � �8 i � � ��  �� ��  !

(conoidal surface)

�$ %� , �

� - ? Q R m n op c i � �

ε

8  � ) i ��� ^ = 8 ? �" 0 � � � � c

ε

8

 � ) ? �" 0 � #$ � c

ε

8 % 9 ) i ��� #$ rs � c &' ) i 6 ? � �� c

ε

A � 9B CD � � �� A � () � *+ +, - ) i � �

•

� & � D 9� 8 78 3� � - �� �.

(conoid)

�$ %�

•

� & � D

ε

8 9 B � � /0 12  3 � � � .

(right conoid)

�$ %� � / 0 1 2 �

� � � c � & � 8 78 3���

4

4.11 (

3 �� �. 5 4

). • a = (0, cosφ, 0), v = (d, 0, sinφ)

• Zindler

� /0 12

a = (0, 0, tan 2φ), v = (cos φ, sin φ, 0)

• Plüker

� /0 12

a = (0, 0, sinφ), v = (cosφ, sin φ, 0)

4.4

67 89 :; <9 = >

� � �

x(u, v) = s(u) + ve(u)

 � � � O ? ;

s(u)

c � � � ) ‖e(u)‖ ≡ 1

� � � �& ' S � 8 c * + + c A$ � ) 	 & ' S � c A$ � ; 0 � � � O � � �
e′(u) 6= 0

A �

31

) 	 ��

u

 @ 6 A� 0 ‖e′(u)‖ = 1

� B * ; 05 $ O

e1 =e

e2 =e′

e3 =e1 × e2

� ; 0 	 � C 9B �  D� � 	




e′1
e′2
e′3


 =




0 1 0
−1 0 k
0 −k 0






e1

e2

e3




� A � # �

k

D 5 6 � � , � DF �� O s′ = a1e1 + a2e2 + a3e3

� � � � 	 � � � ) i

� , � � =

a2 = 〈s′, e2〉 = 〈s′, e′〉 = 0

DF ����
Z[

4.12. • (u, v)

D

x

� *+ +

⇐⇒ v = a3 = 0

• (u, v)
D

x

� B EF G �H >� oI H � J �O ⇐⇒ v = a3 = 0, a′
3 6= 0.

./

. x(u, v)

� Y 9 :  MN �� �

(
xu xv

)
=
(
e1 e2 e3

)



a1 1
v 0
a3 0




� A � O *(

6.2

5 6 	 ∂(a3,v)
∂(u,v) = a′

3 6= 0

DB EF G �H >� oI H � J � � A � � � )

i � O

a3 ≡ 0

� � -

x

c r s � � A 6 	 *K 8 LM D i ��� , � � - c

xu × xv = (a1e1 + ve2)× e1 = −ve1 × e2

� A 6 	 j k lm n op

n = e1 × e2 = e3

c & � � *+ +8 � NO 8 P < ^ 3� O

L : U → T ∗R3, (u, v) 7→ (x(u, v),n∗(u, v))

� � � � q � rQ R >  L_ �O

U

�L

T ∗
1 R3⊂ T ∗R3

-x
R3

?

32



T ∗R3 � �Q R � JK 

(x1, x2, x3),

�� >� H � JK 

(p1, p2, p3)

� ; 	 ω = p1dx1 +

p2dx2 + p3dx3

� � � O

L∗ω = n · xudu + n · xvdv = 0

A � ) 	 r s � � * + + c

Legendre

* + +� � � � a� ) i � O y = (y1, y2, y3)

�

; 0 	

Φ(u, v,y, t) = (y − x(u, v)) · n(u, v)− t

� � � O

Φu =(y − x) · nu − xu · n = (y − x) · e3u = −k(y − x) · e2 = −k(y − s) · e2

Φv =(y − x) · nv − xv · n = 0

A � ) 	 
 ; _

Legendre

*+ + ) i � O

Z[

4.13.

rs � � *+ + c 	 � �� ) i � O ^ = 8 	

• v = 0, a1 6= 0

A = 4 �' + � � A F � 	 � A JK )

f(u, v) = (u2, u3, v))

• v = a1 = 0, a′
1

A = 4 � � � * + + � � A F � 	 �  A J K )

f(u, v) = (3u4 +

u2v, 4u3 + 2uv, v))

• v = k = 0, a1 6= 0, k′ 6= 0

A = 4 �B �F G

(cuspidal cross cup)

� � A F � 	 �

 A JK )

f(u, v) = (u, v2, yv3))

./

.

9� 8 MN ; _ 5 % 8

xu × xv = −ve1 × e2

A � )

v = 0

D * + + � * � > ) i � O ` 8 6 � � � D * + + , - ) i � O (xu,xv)

8

# �� �� m n op �

v

c

v =
∂

∂u
− a1

∂

∂v

� A ���

vx = xu − a1xv = (a1e1 − ve2) + a1e1 = −ve2

� A � � = ) i ��� 8 _

v(−v) =
( ∂

∂u
− a1

∂

∂v

)
(−v) = a1

v(v(−v)) =
( ∂

∂u
− a1

∂

∂v

)
a1 = a′

1

33

5 6 	 a1 = 0, a′
1 6= 0

D � � � � A � ��

(Morin

8 5 � � * l
)

) i � O�B EF G � A � �� � � 8 c 	

S. Fujimori, K. Saji, M. Umehara, K. Yamada, Singularities of maximal surfaces.

Math. Z. 259 (2008), no. 4, 827–848.8 5 � � *  
 % O & �

γ(t) = (t, 0)

c * + + , -
v = 0

 X �� γ′(t) = ∂
∂u

A �

)

γ′(t)

�

v

D� q� � ) i � , � c

a1 6= 0
� / �O v(e3) =

(
∂

∂u
− a1

∂
∂v

)
e3 = e′3 =

−ke2

5 6

φ(t) =
∣∣γ′(t) e3 v(e3)

∣∣ =
∣∣a1e1 e3 −ke2

∣∣ = a1k

� � ��

φ′(t) = a′
1k + a1k

′

5 6 	 T < D U %@O
5

�� � ��

9� �
2

�� :  ��

(line congruence)

�$ %� � � c  ! = � �M 	  D "� # 

X � $% ) i � � 7 8 	 9 � �

3

�� :  �&

(line complex)

� $ %� ' � c  ( ) D

"� # 	 c ; 4* � + � �M O ,- c ; 4* � . c/ H �p 0� 1 ) i � O

5.1

62 9 34 56

7 , -

D ⊂ R2

� * � ^ 3 _ � � � 9 � �

2

�� : � D i 3 4 	 ab � � E � F � H

JK 8 �� � , � 8 5 6 ? g h

P : D →M ⊂ P 5(R), u = (u, v) 7→ P (u, v) = (P1(u, v), P2(u, v))

D * 8 ��� � ' � �� X9

x(u, v, t) = a(u, v) + te(u, v) a : D → R3, e : D → S2

8 �� ��� a(u, v)

8 :  !

(directrix), e : D → S2

8 ;! < = � $ %� e ∈ S2 ) A � ?

e ∈ R3 − 0

� �� � - � i ���

D

> � & �

(u(s), v(s))

8 2 + � � ? � � �

x(u(s), v(s), t)

D * 8 � � , � & � 8 �

 !

(congruence surface)

�$ %�� � � S � � E �GF �IH J K 8

R(u, v)

� � � O

R(u, v) = (e, a× e) = (k, k̄)

34



� � � O (u, v) = (u0, v0)

) ab �� S� D 3 � ) i � � c

(k, k̄), (ku, k̄u), (kv, k̄v)

D

(u, v) = (u0, v0)

)

1

q� � ) i � � - 8$ %@O

k · k̄ = 0

5 6

ku · k̄ + k · k̄u = 0, kv · k̄ + k · k̄v = 0

8 � � ; 0 � , %@O

��

5.1.

� & � � S � � E � F �IH J K 8

R(s)

� � ��� , � � -

R(s0)

�

R′(s0)

�

�
 �� �: � &

〈R(s0), R
′(s0)〉

c ? -

[du
ds

(s0) : dv
ds

(s0)]

) * 8 ���

./

. R(s) = (k, k̄)

5 6

R′(s) = (ku, k̄u)u′ + (kv, k̄v)v
′

) i 6 	 s = s0

� � 3 4 U % O

〈R(s0), R
′(s0)〉 ⊂ M̃

� � - ? [du
ds

: dv
ds

]|s=s0

8 � � 	

(torsal direction)


$ %�

��

5.2.

� � � E �GF �IH JK

P

D

(u0, v0)

) � � ) 	 & �

(u(s), v(s))

D

(u0, v0) =

(u(s0), v(s0))

) 0 *+ A = 4�? ab �� � & � � 0 *+ ) i ���

./

.

� & �

y(s, t) = a(u(s), v(s)) + te(u(s), v(s))

8 � � � O (k, k̄)

8 S � � E � F

�IH JK 
 �� 


(k′, k̄′) = (ku, k̄u)u′ + (kv, k̄v)v
′

A � ) 	 (u(s), v(s))

D 0 *+ A = 4

P (s)

D

s = s0

) *+ +

⇐⇒ R(s0), R
′(s0)

D� q U

=⇒ (k, k̄), (ku, k̄u), (kv, k̄v)

D� q U

=⇒ (k, k̄)

D

s = s0

) � � ) A$


 A 6 	 �� 8 <� O

� � � E � F �IH JK 8

P : D →M ⊂ P 5


 �� � E �GF �IH JK 8
P = (l, l̄)


 �

�� Q R

[du : dv]

D ( Q R ) i � 
 c

(ludu + lvdv) · (̄ludu + l̄vdv) = 0

35


 A � 
 - ) i ��� , 3 8 � - Q � 0

lu · l̄udu2 + (lu · l̄v + lv · l̄u)du dv + lv · l̄vdv2 = 0

8 <���

• , � Q � > D

2

.� 8 � ` 
 - ? P

c $ , ) � � � ) i � 
 � %�

• , � Q � > D � � 8 � ` 
 - ? P

c $ , ) �� � ) i � 
 � %�

• , � Q � > D .� 8 � _ A$ 
 - ? P
c $ , ) �  � ) i � 
 � %�

• , � Q � > D � d J 8

0

� 
 - ? P
c $ , ) � � ) i � 
 � %�

5.2

62 9 3� � �

�� X9 ^ 3_ � '
x(u, v, t) = a(u, v) + te(u, v) a : D → R3, e : D → S2

8 a ; 	
E = 〈eu, eu〉, F = 〈eu, ev〉, G = 〈ev, ev〉

e = 〈au, eu〉, f = 〈au, ev〉, f ′ = 〈av, eu〉, g = 〈av, ev〉


 �$ 0 ?

I =〈de, de〉 = E du2 + 2F du dv + G dv2

II =− 〈da, de〉 = e du2 + (f + f ′) du dv + g dv2

A � a � � > � $ 3 � 3 �

1

�� � > 	 �

2

�� � > 
$ % � 8 �� 5 %� 〈e, e〉 ≡ 1

8

u, v

) Y 9: ; 0 〈e, eu〉 ≡ 0, 〈e, ev〉 ≡ 0.

^ = 8

u, v

) Y 9: ; 0

〈eu, eu〉+ 〈e, euu〉 ≡ 0, 〈eu, ev〉+ 〈e, euv〉 ≡ 0, 〈ev, ev〉+ 〈e, evv〉 ≡ 0.


 A ��� 5 ' 0 q 8 <���

euu = Γu
uueu + Γv

uuev −Ee
euv = Γu

uveu + Γv
uvev − Fe

evv = Γu
vveu + Γv

vvev −Ge
(7)

, , )

Christoffel

� � � 8\ $ 0$ ���

au = a1eu + b1ev + c1e
av = a2eu + b2ev + c2e

(8)
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 � � 


(
e f
f ′ g

)
=

(
a1 b1

a2 b2

)(
E F
F G

)
c1 = 〈au, e〉
c2 = 〈av, e〉

r � : ��

(au)v = (av)u

� �� 8

eu, ev, e

�

1

q � - ) � - � ; 0 * ���

(au)v =(a1eu + b1ev + c1e)v

=a1veu + b1vev + c1ve + a1euv + b1evv + c1ev

=(a1v + a1Γ
u
uv + b1Γ

u
vv)eu + (b1v + a1Γ

v
uv + b1Γ

v
vv + c1)ev + (c1v − a1F − b1G)e

(av)u =(a2eu + b2ev + c2e)u

=a2ueu + b2uev + c2ue + a2euu + b2euv + c2eu

=(a2u + a2Γ
u
uu + b1Γ

u
uv + c2)eu + (b2u + a2Γ

v
uu + b1Γ

v
uv)ev + (c2u − a2E − b2F )e

5 ' 0 ? r � : ��

(au)v = (av)u

c q 
 / ��

a1v + a1Γ
u
uv + b1Γ

u
vv = a2u + a2Γ

u
uu + b1Γ

u
uv + c2

b1v + a1Γ
v
uv + b1Γ

v
vv + c1 = b2u + a2Γ

v
uu + b1Γ

v
uv

c1v − a1F − b1G = c2u − a2E − b2F
(9)

5 ' 0 q � *( 8 <_ O

Z[

5.3.

� ) � � ; _ � � c ? r � : ��

(9)

8 L_ � Q � >

(7), (8)

) * 8 � � ��

= 3_ �g h

e : D → S2


 # �

e, f, f ′, g, c1, c2

D ��

(9)

8 L_ � 4�? Q � >

(8)

�

% D � & � 8

(

U ' 0 � � 8

)

*+ ���

& � � � �� ) 	 � �8 a ; 	 q ) 2 8 � + 8 � � � 	 + 
$ %@O

a + λe

? ; ∣∣∣∣
e + λE f + λF
f ′ + λF g + λG

∣∣∣∣ = 0

5.3


 2
i � & � � l �� 2 � = A � � � 8 � �

(normal congruence)


$ %�

Z[

5.4.

� � D l � ) i � � � : �� c

f = f ′.

./

.

� �

x = a + te, ‖e‖ = 1,

D? i � & �

x = a(u, v) + t(u, v)e(u, v)
� l � ) i �

_ + 8 c ?

〈e,xu〉 = 〈e,xv〉 = 0

37


 A � # �

t(u, v)

D 56 �� , 
 D � � : ) i � � , 3 c � - 9 � 

0 =〈e,xu〉 = 〈e, au + teu + tue〉 = 〈e, au〉+ tu

0 =〈e,xv〉 = 〈e, av + tev + tve〉 = 〈e, av〉+ tv


 A � � ) ? Y 9: Q � >

{
∂t
∂u

= −〈e, au〉
∂t
∂v

= −〈e, av〉

� % D 56 �� _ + � �� c

∂

∂v
〈e, au〉 =

∂

∂u
〈e, av〉

) ? , 3 8 � - 9 � 


f = f ′
8 <���

5.4

6� 9 �

��

5.5.

n= >? � �p
M


 @ �

H

� �� �: c

• H
D

M

8 P ; A$ 
 -

H

� 0 *+

2

q@ & � ) i � O

• H

D
M

8 P � 3 4 	 P + ) *+ + 8 � `

H

� *+

2

q @ & � ) i � O

./
.

@ �

H

8

ā · x + a · x̄ = 0

) X ; 0 � � O [y, ȳ]

8

M ∩H

� + 
 �� 
 	

y · ȳ = 0, ā · y + a · ȳ = 0


 A � O , � �� � �� 8 M N �� 


(
ȳ y
ā a

)


 A 6 	 , � �� � t� 8� � , 
 8 5 6 BC 8 EF � O

n = > ?

2

q @ & �

M

� @  � N �

M ∩H

c 	 P3 � 9 � �

3

�� : 8 * + � O ,

3 c . �5 % A 9 � : ��

9 � �

3

�� : ) $ � E � F � H J K D

1

q � # 1 > 8 � _ � � � 8 �� �&

(linear

line complex)


$ % O

4

5.6.

d � � Q �

1

�� :

R3 → R3, x 7→ x(t) =




cos t − sin t 0
sin t cos t 0
0 0 1


x +




0
0
pt
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8

z

� 8 � 
 �� �� �

p

� � �� �

(helical motion with z-axis and with pitch p)




$ %@O

v =
dx(t)

dt
=



−x sin t− y cos t
x cos t− y sin t

p


 =



−y(t)
x(t)
p




A � ) ‖dx
dt
‖2 = x2 + y2 + p2

5 ' 0

s = t/
√

x2 + y2 + p2

D � � � � � � � ) i � O

n · v = 0

A � m n op

n

8 
 � 
 	 � �

n

Q R � l � c 	 x(t) + sn, (s ∈ R)

) X ^ 3

� O l � � E �GF �IH JK c

[l, l̄] = [n,x× n]

n = (l1, l2, l3)


 � � 
 	

v · n = −yl1 + xl2 + pl3 = 0.

l̄ = x× l

5 6 	

l̄1 = yl3 − zl2, l̄2 = zl1 − xl3, l̄3 = xl2 − yl1

A � )

pl3 + l̄3 = 0

) i � O

��

5.7.

� ) *+ _ � � � l � : � 2 c 	 9 � �

3

�� : 8 *+ � , 
 8 ] �O , � :

8 CD 
 ; _ � 	 �) 	 � 8 
 ' 0$ � 9 � c . �5 % A � � � 	 2 * �5 O

Z[

5.8. c · c̄ 6= 0

� 
 - 	 E �GF �IH JK

(l, l̄)

D

c̄ · l + c · l̄ = 0

8 L_ � � � c 	 �

5.6

� 9 � �

3

�� : 
 CD / � ) i � O , �5 % A 9 � �

3

�� :

8 3 � �� &

(regular linear complex)


$ %@O

./

. c = (c1, c2, c3), c̄ = (c̄1, c̄2, c̄3)


 � - 	 B � ��

C =




0 c̄1 c̄2 c̄3

−c̄1 0 c3 −c2

−c̄2 −c3 0 c1

−c̄3 c2 −c1 0


 , det C = (c · c̄)2 6= 0

8 a ; 	 q � g h 8 �� � O

π : P3 → P3∗, [x] 7→ [Cx]⊥

39

^ = 8

k = 1, 2

� 
 -

πk : G(k + 1, 4)→ G(3− k, 4), [x0, . . . ,xk] 7→ [Cx0, . . . , Cxk]⊥

P3 � 9 �

L

D +

x, y

) <= 3� 
 - 	 [l, l̄] = x ∧ y

) i 6
c̄ · l + c · l̄ = 0⇐⇒ c̄1(x0y1 − y0x1) + c̄2(x0y2 − y0x2) + c̄3(x0y3 − y0x3)

+ c1(x2y3 − y2x3) + c2(x3y1 − y3x1) + c3(x1y2 − y1x2) = 0

⇐⇒
(
y0 y1 y2 y3

)



0 c̄1 c̄2 c̄3

−c̄1 0 c3 −c2

−c̄2 −c3 0 c1

−c̄3 c2 −c1 0







x0

x1

x2

x3


 = 0

⇐⇒ txCy = 0

⇐⇒ x,y ∈ π([x,y]) (C

B � �� A � )

x ∈ π(x),y ∈ π(y))

⇐⇒ π1(L) = L

9 �

π1(L)

� E �GF �IH JK c q ) �� = 3� O

(l′, l̄′) = (c · c̄)(l, l̄)− (c · l̄ + c̄ · l)(c, c̄)

A  A =
(l, l̄) 7→ (l′, l̄′)

� � � �g h )

P5 � �� /  � = �� ^ 3� O P5 � �� /  

c �� , - �
7

+ � �� P � 3 4 � 2 )� P � � O 5 ' 0 �� , - � ) 	 , � > D
 6 �

` , 
 8 ] � 45 $ O π1(L) = L

A = 4 , � > c � ;$ O , �5 % A

L

� E �GF �IH J

K c @ � �8 i � � = 	 @ � �8 A$

2

+ ) , � > 8� �� n � 3 45 $ O S c �

A
2

+ 8 @ ' 0 	 , � > 8 MN ) � � + 3 45 $ O

9 �

G

D

π(G) 6= G

8 L_ � 
 �� O G, π(G)

� E �GF �IH JK 8 	 $ 3 � 3 	 (g, ḡ),

(g′, ḡ′)


 �� 


G ∩ π(G) = ∅ ) i � O A  A =

g · ḡ′ + ḡ · g′ =g · ((c · c̄)ḡ − (c · ḡ + c̄ · g)c̄) + ḡ · ((c · c̄)g− (c · ḡ + c̄ · g)c)

=2(c · c̄)g · ḡ − (c · ḡ + c̄ · g)2

=− (c · ḡ + c̄ · g)2 6= 0

$ , ) m n op

b0, b1, b2, b3

8

[b0] ∈ G, [b1] ∈ π(G), [b2] ∈ π(G), [b3] ∈ G

A � 5 % 8 @� O L = [b0,b1]


 � � 
 $ � E � F � H J K c

[1 : 0 : 0 : 0 : 0 : 0]

)

[b0] ∈ G, [b1] ∈ π(G)

5 6

π(L) = L

)

c̄ · l + c · l̄ = 0

` 8 6

c̄1 = 0.

/ # 8 ; 0 	

c̄2 = c1 = c2 = 0

8 <� O

c · c̄ = c3c̄3 6= 0, c̄ · l + c · l̄ = c̄3l3 + c3 l̄3 = 0

40



p = c̄3/c3


 � � 
 	 pl3 + l̄3 = 0

8 <� O

Z[

5.9.

+

[c : c̄] ∈ P5

D

c · c̄ = 0

8 L_ � 
 �� O �� 
 	 E �GF �IH JK

[l : l̄]

D

c̄ · l+ c · l̄ = 0

8 L_ � 9 �� 2 c 	 E �GF �IH JK D

[c : c̄]

) i � 9 �

A

8 B F � 9 �

� 2 ) i � O , �5 % A 9 � �

3

�� : 8 �� �� &

(singular linear complex)


$ %@O

./

.

��

2.4

5 6 C = �O

9 � �

3

� � : ) $ � E � F � H J K D

2

q � # 1 > 8 � _ � � � 8

2

� � &

(quadratic line complex)


$ %@O

4

5.10.

�

5.6

) � � � +

x = (x, y, z)

) � P � � Q R m n op c

v = (−y, x, p)

) i

� O P � � E �GF �IH JK c

(v,x× v) = (−y, x, p, yp− xz,−yz − xp, x2 + y2)

5 ' 0 � � : � P � c

p(l1
1 + l2

2)− l3 l̄3 = 0

8 L_ � � ) 	 2

q � ' ) i � O

4

5.11. 2

q & �

Φ : txCx = 0

� P � � 2 c

2

q � ' 8 A �O ? ;

C

c

4

q � a �

��

:

C =




c00 c01 c02 c03

c01 c11 c12 c13

c02 c12 c22 c23

c03 c13 c23 c33




� � 	 , � , 
 8 * 5 % O L = 〈a,b〉 
 � � O x = λa + µb

8

Φ

� * � >8 �� ; 0 <

= 3� Q � >

t(λa + µb)C(λa + µb) = λ2(taCa) + 2λµ(taCb) + µ2(tbCb) = 0

D � � 8 � ` � D 	 9 �

L

D

2

q & �

Φ

� P � ) i � , 
 ) i � O � � 8 � ` �� c 	
(10) (taCb)2 − (taCa)(tbCb) = 0

) i � O 9 � � E � F � H J K 8

(l, l̄) = (l01, l02, l03, l23, l31, l12)


 � � 
 	 l01 6= 0

A

= 4

(0, l01, l02, l03)




(−l01, 0, l23,−l31)

c , � 9 � 8 <� � ) 	
a = (0, l01, l02, l03) b = (−l01, 0, l23,−l31)
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 �$ 0 	 Q � >

(10)

8� 3 45 $ O , � > �

l01

8 # �� *� � 

1

q � � � 1� 8

	 � : % ; 	 $ , 8 9 3�

l02l31 + l03l12

8

−l01l23

8 � - Q � � 
 	 (10)

c

l01
2 ) 


3 	 $ � � 8

2(c03c12 − c02c13)(l01l23 + l02l31 + l03l12)

8 � � � 
 	 lij

� & �  q � #

1 > 8 <� O $ 3 8 .� 8 � - � � 


∑

0≤i1,i2,j1,j2≤3

∣∣∣∣
ci1j1 ci1j2
ci2j1 ci2j2

∣∣∣∣ li1j1 li2j2 = 0


 A � O

6

�� � �� �
C∞

g h�

f = (f1, . . . , fp) : (Rn, 0)→ (Rp, 0)

8 a ; En ��

M

c

f

8 � � �� 8

Ep

�� 
 � � , 
 D �� �O

Z[

6.1 (Malgrange-Mather

5 :� Z[

).

, � 
 -

M

� ;

m1, . . . , mk

8 a ; q

c/ �O
• M = 〈m1, . . . , mk〉Ep

• M = 〈m1, . . . , mk〉R + 〈f1, . . . , fp〉M
, � *( 8 B * ; 0 q � * ( 8 ] �O

Z [

6.2.

g h

f = (f1, f2, f3) : (R2, 0) → (R3, 0)

DH >� o I H � J ) i � , 
 
 q

c/ �O

(1) rank




∂xf1 ∂yf1

∂xf2 ∂yf2

∂xf3 ∂yf3


 (0, 0) = 1

(2) rank




∂xJ23 ∂yJ23

∂xJ13 ∂yJ13

∂xJ12 ∂yJ12


 = 2

_ ! ;

Ji,j = Ji,j(f) =

∣∣∣∣
∂xfi ∂yfi

∂xfj ∂yfj

∣∣∣∣

��

6.3.

BC  � 8 ! " J A MN 8 ; 0 � � O

∂xf1J2,3 + ∂xf2J1,3 + ∂xf3J1,2 =

∣∣∣∣∣∣

∂xf1 ∂xf1 ∂yf1

∂xf2 ∂xf2 ∂yf2

∂xf3 ∂xf3 ∂yf3

∣∣∣∣∣∣
= 0
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A  ) 	 � ;

∂xf1 6= 0

A = 4

J2,3 = − 1

∂xf1
(∂xf2J1,3 + ∂xf3J1,2)

9: / �

ϕ : (R2, 0)→ (R2, 0), (u, v) 7→ (x, y) = (ϕ1(u, v), ϕ2(u, v))

8 a ;

g = f◦ϕ


 � � O




∂xg1 ∂yg1

∂xg2 ∂yg2

∂xg3 ∂yg3


 =




∂xf1 ∂yf1

∂xf2 ∂yf2

∂xf3 ∂yf3



(

xu xv

yu yv

)

A  ) 	 q  # 1 > 8 < �O

∣∣∣∣
∂xgi ∂ygi

∂xgj ∂ygj

∣∣∣∣ =
∣∣∣∣
∂xfi ∂yfi

∂xfj ∂yfj

∣∣∣∣
∣∣∣∣
xu xv

yu yv

∣∣∣∣ (1 ≤ i < j ≤ 3)

9: / �

φ : (R3, 0)→ (R3, 0), X = (X1, X2, X3) 7→ (φ1(X), φ2(X), φ3(X))

8 a ;

h = φ◦f


 � � O




∂xg1 ∂yg1

∂xg2 ∂yg2

∂xg3 ∂yg3


 =




φ1
X φ1

Y φ1
Z

φ2
X φ2

Y φ2
Z

φ3
X φ3

Y φ3
Z






∂xf1 ∂yf1

∂xf2 ∂yf2

∂xf3 ∂yf3




A  )

∣∣∣∣
∂xgi ∂ygi

∂xgj ∂ygj

∣∣∣∣ =
∣∣∣∣
(

φi
X φi

Y φi
Z

φj
X φj

Y φj
Z

)


∂xf1 ∂yf1

∂xf2 ∂yf2

∂xf3 ∂yf3



∣∣∣∣

=
∑

p<q

∣∣∣∣
φi

p φi
q

φj
p φj

q

∣∣∣∣
∣∣∣∣
∂xfp ∂yfp

∂xfq ∂yfq

∣∣∣∣

5 ' 0




J23(h)
J13(h)
J12(h)


 =




∣∣∣∣
φ2

2 φ2
3

φ3
2 φ3

3

∣∣∣∣
∣∣∣∣
φ2

1 φ2
3

φ3
1 φ3

3

∣∣∣∣
∣∣∣∣
φ2

1 φ2
2

φ3
1 φ3

2

∣∣∣∣∣∣∣∣
φ1

2 φ1
3

φ3
2 φ3

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
3

φ3
1 φ3

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
2

φ3
1 φ3

2

∣∣∣∣∣∣∣∣
φ1

2 φ1
3

φ2
2 φ2

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
3

φ2
1 φ2

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
2

φ2
1 φ2

2

∣∣∣∣







J23(f)
J13(f)
J12(f)
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5 ' 0 ��

(1)

 � ) c 	 q D
 6 � `O




∂xJ23(h) ∂yJ23(h)
∂xJ13(h) ∂yJ13(h)
∂xJ12(h) ∂yJ12(h)


 =




∣∣∣∣
φ2

2 φ2
3

φ3
2 φ3

3

∣∣∣∣
∣∣∣∣
φ2

1 φ2
3

φ3
1 φ3

3

∣∣∣∣
∣∣∣∣
φ2

1 φ2
2

φ3
1 φ3

2

∣∣∣∣∣∣∣∣
φ1

2 φ1
3

φ3
2 φ3

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
3

φ3
1 φ3

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
2

φ3
1 φ3

2

∣∣∣∣∣∣∣∣
φ1

2 φ1
3

φ2
2 φ2

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
3

φ2
1 φ2

3

∣∣∣∣
∣∣∣∣
φ1

1 φ1
2

φ2
1 φ2

2

∣∣∣∣







∂xJ23(f) ∂yJ23(f)
∂xJ13(f) ∂yJ13(f)
∂xJ12(f) ∂yJ12(f)




./

. f

DH >� o I H  J ) i 3 4 �  � � 8 L_ � � 8 ] �  c 	 p H � ?  M N A

 ) � �O
� 8 ] �  D � � ) i �O ∂xf1(0, 0) 6= 0


 B * ; 0 BC � �O � � 


ϕ : (R2, 0)→ (R2, 0), (x, y) 7→ (u, y) = (f1(x, y), y)

c 9: / � ) i � � = 	 ϕ−1

D 56 � �O

f◦ϕ−1(u, y) = (u, f2◦ϕ
−1(u, y), f3◦ϕ

−1(u, y))

A  ) 	 f
 � F 6 8

f◦ϕ−1

8 �� � � 8 � 3 4

f1(x, y) = x


 B * ; 0 M N ; 0 5

$ O ,  
 - ��
(1)

c

∂yf2(0, 0) = ∂yf3(0, 0) = 0


 A �O

∂yf2(x, y) =a10x + a01y + . . .

∂yf3(x, y) =b10x + b01y + . . .

 � " � D

(∂yf2, ∂yf3)

 � � � � � > D

0

) A$  )

R3  � � J K � Q )

a01 = 0,

b01 6= 0


 ; 05 $ O 5 ' 0

f3(x, y) = xg3(x, y) + y2h3(x, y), h3(0, 0) 6= 0


 � " �O

x = f1 y2 =
1

h3(x, y)
(f3 − f1g3)

5 ' 0 	 R2  � �  # �

k(x, y)

c

a, b ∈ R, c, d ∈ E2

8 
 ' 0

k(x, y) =a + by + xc(x, y) + y2d(x, y)

=a + by + f1(c−
g3d

h3
) + f3

d

h3


 � " �O 5 ' 0 *(

6.1

5 6 	

k(x, y) = ϕ(f1, f3) + yφ(f1, f3)
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 � " �O k(x, y) = y2


 � �O � � 


ϕ(f1, f2)

c

x

 � q  � 8 7* � �

∂xφ(0, 0) = 0

8 < �O �  JK � Q

x′ =x

y′ =y − φ(f1, f3)/2

8 -
 � � , 
 8 5 6

f2, f3

8 # � � �� 8 �� � , 
 A ; 8

φ(f1, f3) = 0


 B * ; 0

5 $ O

y2 = ϕ(f1, f3)

f3(0, y) = y2h3(0, y)

5 6

y2 = f3(0, y)/h3(0, y)

A  )

ϕ(0, Z) =
Z

h3(0, 0)
+ Z2χ(Z)


 � " �O , 35 6

ϕZ(0, 0) 6= 0.

J K � Q

(X, Y, Z) 7→ (X, Y, ϕ(X, Z))

8 -
 � � ,


 8 5 6 	 f3(x, y) = y2


 B * ) - �O

� _ _ Q *(

6.1

5 6 	 k(x, y) = f2(x, y)


 ; 0

f2(x, y) = g2(x, y2) + yh2(x, y2)


 � " �O JK � Q

X ′ =X

Y ′ =Y − g2(X, Z)

Z ′ =Z

8 -
 � � , 
 8 5 6 	 g2(x, y) = 0


 ; 05 $ O^ 0 , , ) ��

(2)

8� � 


J12 =

∣∣∣∣
1 0
∗ ∂yf2

∣∣∣∣ = ∂yf2 J13 =

∣∣∣∣
1 0
0 2y

∣∣∣∣ = 2y

A  )

∣∣∣∣
∂xJ12 ∂yJ12

∂xJ13 ∂yJ13

∣∣∣∣ =
∣∣∣∣
∂xyf2 ∗

0 2

∣∣∣∣ = 2∂xyf2

f2(x, y) = yh2(x, y2)

5 6

∂xyf2(x, y) = ∂xh2(x, y2) + 2y2∂xzh2(x, y2)
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A  )

∂xh2(0, 0) 6= 0.

JK � Q

x′ =h2(x, y2)

y′ =y

8 
 �O , 3 c

f1

8 �� 0 ; 8 %  ) R S8 ��  JK � Q

X ′ =h2(X, Z)

Y ′ =Y

Z ′ =Z

8 -
 � �O � � 


X ′ = x′ Y ′ = x′y′ Z ′ = y′2

8 < �O
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