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6. §�<e¨ A:~Ir � (')
�E#��;b A 0�59©4&/u*ve�D����% fªd«f (')3�^yD¬Iv
&9+�­I®��9¯�v^0I��[ �ª° � AUd'q o ? Q*+

7. £�¤D±�<�²/��o ? ���:� d³f { � <^y@¬�v/&�(*) +�´ � � dµf ) i w/5E©F&
u/v ŕıgorous oe´ � �`y�¬@v�&9+

ŕıgorous = done carefully and with a lot of attention to detail¶6·
(2006 � 4 � 18 � ( � ))

1 ¸"N f(x) �E¡:¸�N f ′(x) �9¹$º|��»�¼�{`+
2 n � �¾½ N;)�%'&9+$¹�º�<�¿ ? ¸EN f(x) = xn �E¡J¸�N4��ÀI�I{`+
3 ÁD��Â	ÃD��Ä	t (uv)′ = u′v + uv′ �"´ �6Å {`+
4 ÆF��Â	ÃD��Ä	t (u/v)′ = (u′v − uv′)/v2 �"´ �6Å {�+
5 ¹�º�<�¿ ? ¸EN f(x) = sin x �E¡J¸�N4�`À'��{`+
6 Ç��/¸�N4��Â/Ã Å {`+

1. (1 − 2x)3(1 + x2)2

2. (x + 1
x
)3

3. log log x

4. log(x +
√

x2 + 1)

5. 3
1
x
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�������
B �	� ¶6· (2006 � 4 � 25 � ( � ))

1 f(x) = x
n

m (m, n w �=½ N ) �9B���7*����Â�Ã��$N|�`ÀI�I{�+
2 �J¸�N��9Â	Ã���Ä�t:�"! ?$A 0�Ç4� > vU+

1. y =
√

x (x ≥ 0) ����	�
�� dji 0I8��E¡J¸"N4�`À'�D{`+
2. ��K��@¸�N y = cos−1 x ����	�
�� d|i 0�8	�^¡�¸"N:�`ÀI�D{�+
3. ��K�
J¸�N y = tan−1 x ����	�
/� d|i 0I8	�^¡�¸EN:��À'�I{�+
4. ����
J¸�N y = cot−1 x ����	�
�� d|i 0D8	�^¡�¸�N|�`ÀI�I{�+

3 f(x), g(x) ¬ x = a 7eÂ/Ã�����7*��&I) i 0	ÇJ��� Å +

lim
x→a

g(x)f(a)− g(a)f(x)

x − a
= g′(a)f(a)− g(a)f ′(a)

4 2 ÇJ¸�N f(x) = px2 + qx + r <��jb,0	Ç:���D�e% θ (0 < θ < 1) �`ÀI�I{`+
f(a + h) = f(a) + hf ′(a + θh)

[$� f(x) ¬ 3 Ç�¸"NF��) i 0 θ wF� � o*& q�� ¼ lim
h→0

θ �`ÀI�D{�+
5 Ç���] ? <�k��I{

1. ¸EN f(x) ¬ x = a 7��� @7*��&�(�)E�U¹	º4� d v6+ ( !�"D��#*P d <	��&
¹�º'7F{ ? )

2. ¸"N f(x) ¬ x = a 7 Â�Ã$����7*��&�(�)E�9¹�º4� d vU+
3. ¸"N f(x) ¬ x = a 7 Â�Ã$����7*� �&% 0 x = a 7��� �7*�*&�Q:��� Å +
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B �	� ¶6· (2006 � 5 � 2 � ( � ))

1 Ç���¹$º4� d v9+
1. N�� {an} ¬���<�����7��*&9+
2. N�� {an} ¬�h*<�����7��*&9+
3. N�� {an} ¬�����7��*&�+
4. N�� {an} ¬
	 �
��� 7��*&9+
5. N�� {an} ¬
	 ��
�� 7��*&9+

2 Ç����������"À'�D{`+

lim
x→0

sin ax

x
, lim

x→0

tan ax

x
, lim

x→∞

(

1+
a

x

)x

, lim
x→0

(1+ax)
1
x , lim

x→0

eax − 1

x
,

lim
n→∞

xn

n!

3 ��N/Â	Ã����^! ?�A 0�Ç��/¸"N:�EÂ	Ã Å {`+��jb α w���N�) %I&�+
xα, xx, x(xx)

4 N�OD±������:�"! ?$A 0	ÇD�����*¹$¤:�E´ �eÅ {`+

(a + b)n =

n
∑

k=0

(

n

k

)

an−kbk, ��b
(

n

k

)

=
n!

k!(n − k)!
.

5 N�� {an} ¬ α <��� @%'&�)`%'&U+ ~ b |α| < 1 o r % lim
n→∞

a1a2 · · ·an = 0

)�o�&�(�)6��� Å +!#"�$ �&% |α| < r < 1 o�& r �I)9&D) 0'��&�'	  q|r)( � an w |an| < r � ���
%$++*

3



�������
B �	� ¶6· (2006 � 5 � 9 � ( � ))

1 �����I�9¹$¤|� ! K��I< *3»�¼�{"+
2 ��® I <�� ?�A f(x) ¬eÂ/Ã����/7*�*&D)�%I&�+������D�U¹$¤|�"! ?�A 0	Ç:�
� Å +

• 	�#F� x ∈ I < �cb f ′(x) > 0 o r % f(x) w�
�º�	 ����� ¸�N�+
• 	�#F� x ∈ I < �cb f ′(x) < 0 o r % f(x) w�
�º�	 ��
�� ¸�N�+
• 	�#F� x ∈ I < �cb f ′(x) = 0 o r % f(x) w9¹�N�¸�N�+

3 Ç����������"À'�D{`+
�cb n w �=½ N;)�%@&�+

lim
x→0+0

xn log x, lim
x→∞

log x

xn
, lim

x→∞

xn

ex
,

lim
x→0+0

log(1 + 2x)

x
, lim

x→0

Tan−1x

sin x
, lim

x→0
(cosx)

1
x2

4 Ç��/¸�NF����	�
$�
���4����v9+

e−1/x,
1

1 + a1/x
(a > 0)

5 x > 0 ��) i 0�Ç��9x$��t4�"´ �eÅ {�+

x − x2

2
+

x3

3
− x4

4
< log(1 + x) < x − x2

2
+

x3

3

(
"�$ ��% f(x) = log(1+x)−(x− x2

2
+ x3

3
), g(x) = log(1+x)−(x− x2

2
+ x3

3
− x4

4
)

)�� ?$A 0 f(x), g(x) � ��
 � � ¼�{�+ )

6 ��® I 7$¹�º�� � ��¸EN f(x) ¬��	¸^NFo r�% 0�	�#J� x1, . . . , xn ∈ I <��
b A

f
(x1 + · · ·+ xn

n

)

≤ f(x1) + · · ·+ f(xn)

n

¬�X ����� (D)���� Å +D[*� f(x) ¬ 
*º��/¸6N:o r�% 0��� �¬/X � %�&*�'w
x1 = x2 = · · · = xn �F) i <
��&�Q:�`N	OF±�������7�� Å +

4



�������
B �	� ¶6· (2006 � 5 � 16 � ( � ))���������

1 N�OD±������:�"! ?$A 0	ÇD��	e�
	���
��/�9Ä$t:�^´ �eÅ {�+

(uv)(n) =

n
∑

k=0

(

n

k

)

u(n−k)v(k)

2 Ç��/¸�NF��� n Ç�¡�¸"N4��À'�D{`+
log(1 + x), x3 sin x, ex sin x

3 f(x) = Sin−1x < � ?�A Ç4� � Å +
1. (1 − x2)f ′′ = xf ′

2. (1 − x2)f (n+2) − (2n + 1)xf (n+1) − n2f (n) = 0

3. f (2k)(0) = 0, f (2k+1)(0) = 12 · 32 · 52 · · · (2k − 1)2 (k = 1, 2, 3, . . . )

4 f(x) = e−x2 � n Ç	¡J¸�N�w f (n)(x) = Hn(x)e−x2 � �:��b A*? &9+
1. H1(x), . . . , H4(x) �`À'�D{�+
2. H ′′

n(x) − 2xH ′

n(x) + 2nHn(x) = 0 ��� Å +

5



�������
B �	� ¶6· (2006 � 5 � 23 � ( � ))

1 f(x) = x3 )�%'&9+
• x = 1 7*� f(x) ����� 	3����¯D�`ÀI�I{`+
• x = a 7�� f(x) ���/�&	3����¯'�"À'�D{`+

2 ÇD��¸�N�� !�Ç	¡�¸�N4� � ¼30��	��
$�
� $ ��¯'��À'�D{`+ ( �� ��Dw��	£cbEof=A { ? + )

cos x, log(1 + x), (1 + x)
1
2 , (1 + x)α, Sin−1x, Tan−1x

3 ��76À'��� cos x ���	��
���� $ ��¯�we%	¼ A � x 7 �
 �%@&�(�)6� � Å +
4 h ¬���Ã�� � ? ) i 0 f(a + h) ��������)	b A f(a) + f ′(a + h

2
)h �') ��% 0

8������F�������Fw 7
24M |h|3 ��� ��o ? (@)e� � Å +@��uFb�0 |f ′′′(x)| ≤ M )

%@&9+
5 ¸"N f(x) ¬ a �� "!	¯ �$® I 7 n #6Â	Ã�����o r % 0 x ∈ I <���b 0

f(x) = f(a) + f ′(t)(x − a) +
f ′′(a)

2!
(x − a)2 + · · · + f (n−1)(a)

(n − 1)!
(x − a)n−1 + Rn

) d'? �D) i 0 Rn =
f (n)(a + θ(x − a))

(n − 1)!
(1−θ)n−1(x−a)n ���D�6% θ (0 < θ < 1)

¬�$&%'%I&'(')
� � Å +J(
���:��'����J��(��j� Cauchy )+*&,"-�) ? � + (
"

$ � :

F (t) = f(x)−
{

f(t)+ f ′(t)(x− t)+
f ′′(t)

2!
(x− t)2 + · · ·+ f (n−1)(t)

(n − 1)!
(x− t)n−1

}

) G(t) = x − t < Cauchy �������D��¹�¤:���*!�%I&�+ ).�/ 132 2 7eÀ'����0 (1 + x)α ���	��
	��� $ ���@¯UtFw −1 < x < 1 7
X� � � + log(1 + x) ���0�1
��2� $ ���@¯etJw −1 < x ≤ 1 7�X � � � +�o�3 q
��4�� A �D{ � +

6



�������
B �	� ¶6· (2006 � 5 � 30 � ( � ))

1 log(1 + x) ���	��
$�
� $ ��¯ q4r Ç�����¯6t4��¡FvU+

log
1 + x

1 − x
= 2

(

x +
x3

3
+

x5

5
+ · · ·

)

|x| < 1

2 Pn(x) � sin x � Maclaurin ��¯*� 2n Ç��*h�� � q4r o*&��
�	t�)�%'&�+

Pn(x) = x − x3

3!
+ · · ·+ (−1)n−1 x2n−1

(2n − 1)!

P1(x), P2(x), P3(x) ��� 	�
���� ����� i 0 sin x � �&	&
J)���� Å {9+ ( � $	�
 �
�6¬�����&����J<	��&����FwU0�� $ 	�
 �
�����4p A Pn(x) ����	�
*� 	

 
���b A �D{`+ )

3 Pn(x) � log(1+x) � Maclaurin ��¯�� n Ç��/h*� � q4r o�&��
��t�) %'&�+

Pn(x) = x − x2

2
+

x3

3
+ · · · + (−1)n−1 xn

n

1. P2(x), P3(x), P4(x) ��� 	&
���� �;� � i 0 log(1 + x) ���&	&
�)����Å {�+
2. Pn(x) ����	�
3�����:� � ¼$0 log(1 + x) ����	�
')���� Å {"+

4 f(x) ¬ n � �� �Â�Ã����	7e0 f ′(a) = f ′′(a) = · · · = f (n−1)(a) = 0, f (n)(a) 6=
0 ) %@&9+$Ç:� � Å +

• n ¬���N@7
0 f (n)(a) > 0 o r % f(x) w x = a 7 �1���J�@)�&U+
• n ¬���N@7
0 f (n)(a) < 0 o r % f(x) w x = a 7 �����J�@)�&U+
• n ¬ ��NIo r 0 f(x) w x = a 7 ����7�o ? +

5 f(x) w C∞ ¸EN'730 x = a �	��&���! {x : |x − a| < r} < ��b,0�¹�N c, M

¬�$1%jb A
|f (n)(x)| < cMnn! (n = 1, 2, 3, . . . )

¬eX � � p A�? &I) i 0 f(x) w x = a 7 >�" ±37��*&�Q4��� Å +
6 Ç��/¸�NFw C∞ ¸"N ( #
�	7 ~ Â	Ã$�&��7*��&�¸"N ) 7���&�(*)U��� Å +

f(x) =

{

e−1/x x > 0

0 x ≤ 0

7
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B �	� ¶6· (2006 � 6 � 6 � ( � ))

1
�¾½ N n <���b A 0	ÇD�����	tI¬��*&�+

n
∑

k=1

k =1 + 2 + · · ·+ n =
1

2
n(n + 1) (1)

n
∑

k=1

k(k + 1) =1 · 2 + 2 · 3 + · · · + n(n + 1) =
1

3
n(n + 1)(n + 2) (2)

n
∑

k=1

k(k + 1)(k + 2) =1 · 2 · 3 + 2 · 3 · 4 + · · · + n(n + 1)(n + 2) =
1

4
n(n + 1)(n + 2)(n + 3)

(3)

( � �������cb���0	ÇD�^�	tI¬eX � � � (*)U� n <�¸U%@&"N	OF±�������7�� Å +
n

∑

k=1

k(k + 1)(k + 2) · · · (k + m − 1) =
1

m + 1
n(n + 1)(n + 2) · · · (n + m)

�
: (1), (2) ������% �&%

n
∑

k=1

k2 ��Ä�t:�"zD&�+ (1), (2), (3) �����@% ��%
n

∑

k=1

k3

��Ä�t:�"zF&9+��
	cb A � ?	A�� b ? +
2
�¾½ N n <���b A 0	ÇD�����	t|� � Å +

(a + b + c)n =
∑

i,j,k:i+j+k=n

(

n

i j k

)

aibjck, �cb
(

n

i j k

)

=
n!

i! j! k!

3 (3 + 2x + 4y)6 � x3y2 � �$N:��À'��{`+
4 Ç�� �
��¹$¤|��N�OD±�������7
´ �6Å {�+

(a1 + a2 + · · ·+ am)n =
∑

i1+i2+···+im=n

(

n

i1 i2 . . . im

)

ai1
1 ai2

2 . . . aim

m ,

�jb
(

n

i1 i2 . . . im

)

=
n!

i1! i2! · · · im!

5 Cn+k 

��� f(x) ��� f (n+1)(a) = · · · = f (n+k−1)(a) = 0, f (n+k)(a) 6= 0 �������� �����

f(a + h) = f(a) + f ′(a)h +
f ′′(a)

2!
h2 + · · · + f (n−1)(a)

(n − 1)!
hn−1 +

f (n)(a + θh)

n!
hn

� � θ (0 < θ < 1) � � ��� h → 0
�� � �"!"# θ

#%$'&)( �+*�,�-.� ( /�0�132 n = k = 1�� � ��! θ 4 1/2 536�7����3��8�9�:%;
��<�=  �>@? -��BADC # (n, k) EGF�HG��I�J�LK�M�N 43�PORQTS f(x) = xn+k, a = 0
�P �>)U@VW �>T? -�� )

8
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B ���
	�� (2006 
 6 � 13 � ( � ))

0 ��� {an} � n → ∞ # �G! −2/3 5�6D7'��� �"!�� �����D�
lim

n→∞

a1a2 . . . an = 0

1 X, Y ��� N � �R�%� ��#���� ���
� -.�
• �! f : X → Y ��"$#'E&%@���
• �! f : X → Y ��'(#'E&%@���
• �! f : X → Y ��'
")# E
%@�%�

2 *)+ ���&,�-D� ���&,�. + ��� #���� ������-.�
3
�R# �! �4�"$#'J , '!# J , '�")# J�/ � ��-.�
• f : R → R, x 7→ xn. 0  n 42143 � �
• f : R → R, x 7→ x3 − x.

• f : R → R, x 7→ ex.

• �& D : R[x] → R[x], P (x) 7→ P ′(x). 0  R[x] 4 x �65 � � �R� U&7 � #98:!; '!< # � N>=�? ���
• �& D : R(x) → R(x), f(x) 7→ f ′(x). 0  R(x) 4 x

= 5 � � ��� U&7 � #9@
+ ��� '!< # � NA=�? �D�

4
��B(C R b

a
f(x)dx

#D��� = �
��-��
5 f(t)

=�E(F2G � � �R��H
• ϕ(x)

=
C1
G �&I a

= � � � �R�%� F (x) =
R ϕ(x)

a
f(t)dt

#6J G6KA=�LNMPO�Q
• ϕ(x), φ(x)

=
C1
GRKTS�UNVDQ

G(x) =
R ϕ(x)

φ(x)
f(t)dt W J G�KX=�LNMPO�Q

6 (a0 + a1x + a2x
2 + · · · )(b0 + b1x + b2x

2 + · · · ) = c0 + c1x + c2x
2 + · · ·

SZY\[]S]^
cn

=
ai, bj

=D_�`�a�?
b�Q
7 cNW ; =9d&e
V�Q

(a0 + a1x + a2x
2 + · · · + akxk + · · · )n

• f K : =
g
SRMNO H
• x W 7 KX=�LPMNO�Q
• x2 W 7 KX=�LPMPO�Q q

• x3 W 7 KX=�LPMPO�Q

9



�������
B ���
	�� (2006 
 6 � 20 � ( � ))

1 � C(B(C =D_�`�a cPW���f B�C =�����b>O�Q
Z

xα log xdx (α 6= −1)

Z

Tan−1xdx

Z

Sin−1xdx

2 � C(C K C�� =D_�`)a I cPW���f B�C =�����b>O�Q
Z

1

x2 − 2x + 3
dx

Z

1

1 − x2
dx

Z

x2

x4 + x2 − 2
dx

Z

x2

(1 + x2)2
dx

3 In =
R

sinn x dx
S�� []S]^ I c =��
b�Q

In = − 1

n
sinn−1 x cos x +

n − 1

n
In−2

4 In =
R π

2
0

sinn x dx, Jn =
R π

2
0

cosn x dx,
S�� []S]^ I c =���b H

In = Jn =

(

n−1
n

n−3
n−2

· · · 1
2

π
2

(n = 2, 4, 6, . . . )
n−1

n
n−3
n−2

· · · 2
3

(n = 1, 3, 5, . . . )

4’  ; =�!!_#"Ra c =���b�Q

√
π = lim

n→∞

22n(n!)2

(2n)!
√

n

5 In =
R

xn sin x dx
S�� [ Q c =$�
b H

In = −xn cos x + nxn−1 sinx − n(n − 1)In−2

6
G�K

f : R → R %'&�(*)�+�,�-�.
/'0�1324)�5*.
/ V�6X=���b�Q
7 7�8 f : X → Y , g : Y → Z 9�: " 2�c =$�
b�Q

• g ◦ f % ';5=<?>�1 g @6';5�.4/ VDQ
• g ◦ f %�)�5=<?>�1 g @A)�5�.4/ VDQ

8 B�C;< @ + GRK W��(f B(C g I @ + GDK I : K>GDK I�D;E�F GDKA=�_�`�a ? U?G�S %;.^)V
G�S9=$�&b�Q

10



�������
B ���
	�� (2006 
 6 � 27 � ( � ))

1 x
S

n

q

ax+b
cx+d

W @ + G6K W���f B�C @ t = n

q

ax+b
cx+d

S���� 1 t W @ + GRK W B�C 9��� U V�Q G W G�S = c =���U'6 9 O����
	]bAO�Q

x =
dtn − b

a − ctn
, dx =

(ad − bc)tn−1

a − ctn
dt

�
� Y
106 ���
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2 �
� G6K sin θ, cos θ W @�� GRK W B(C @ t = tan θ
2

S � [ 6 9 O�� t W @�� G6K W BC 9 � � UPV�6 =�� b�Q"!$#&% : ')(�*
+ =�,.- S�UPV )�/�0� 
9 + (x, y) = (cos θ, sin θ)=NS1� 2�c 9 (−1, 0)
S

(x, y)
=32
4
5 6

y = t(x + 1)
=�Y ^

, (x, y)
=

t . ?�U)Q )

x = cos θ =
1 − t2

1 + t2

y = sin θ =
2t

1 + t2

θ =2 tan−1 t

dθ =
2

t2 + 1
dt.

-

6 y = t(x + 1)
(x, y)

θ/2 θ
1−1

�7� Y
107 �
�7�8� 3.5 9 G W�� � =�_ `)a�����UPV ���=%*/ V W .9�:� a��T[AG
S Q G

W #�; .
� � =�UNVNS=< ( ��f B(C =�LPM
V�6 %�>.? V %'2�@
AB'�. ����U V W�@�C&D 9�<V�6 g / V . E e 1�c2W B(C @&F(W O�G <HE�.
/ V�Q F'0�I 0�W B!C @KJ
L�W , 9 � "Ra&`VK#�% . ��� "�M # %*@ V)N 9�O4);.4/ V�Q
Z

sin2 x dx ( P
Q:R : sin2 x =
1 − cos 2x

2
),

Z

sin3 x dx ( P
Q:R : t = cos x
S�� [

).

3 c2W�S
THU =�LNMPO�Q

lim
n→∞



1√
n2 + 12

+
1√

n2 + 22
+ · · · + 1

p

n2 + (n − 1)2

ff

lim
n→∞



n!

nn

ff 1
n

4 f B(C W d(eH#>=D_�`)a 2�c2W��9V ; =$�
b�Q

log(n + 1) < 1 +
1

2
+

1

3
+ · · · + 1

n
< 1 + log n

5 f(x)
=

Cn
GRK

(n ≥ 1)

Rk =

Z b

a

(b − t)k−1

(k − 1)!
f (k)(t)dt (k = 1, 2, . . . , n)

S�U VPS�^ 2)c =$�
b�Q
1. Rk = f(k)(a)

k!
(b − a)k + Rk+1 (k = 1, 2, . . . , n − 1).

2. f(b) = f(a) + f ′(a)(b − a) + f ′′(a)
2!

(b − a)2 + · · · + f(n−1)(a)
(n−1)!

(b − a)n−1 + Rn.

6
∗ f(x) = (1 + x)α (α @.W K )

S�� [
. X�� =$!&_#"�a cPW.V ; =$�&b�Q

(1 + x)α =
∞
X

n=0

 

α

n

!

xn (|x| < 1)
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