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Introduction

Figure: a central projection of a regular surface
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Introduction

Let y ∈ R3 called a viewpoint. And we call the line L which is through
viewpoint and f (x) the viewline to f (x).
A central projection of a regular surface f (x) from y to a z1z2-plane is
defined as the following map

π : (R2, 0)× (R3, y) −→ (R2, π(0, y)), (x , y) 7→ πy (x)

where

πy (x) :=

(
〈t(x , y)f (x) + (1− t(x , y))y , e1〉
〈t(x , y)f (x) + (1− t(x , y))y , e2〉

)
,

t(x , y) :=
〈y , e3〉

〈y − f (x), e3〉
and e1, e2, e3 : canonical basis of R3.

We regard π as the central projection unfoldings with parameters y .
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Preliminary (differential geometry 1/2)

Let consider a parametrized regular surface

f : (R2, 0) −→ (R3, f (0, 0)) : (x1, x2) 7−→ f (0, 0) + x1u + x2v + Q(x)w

where u, v ,w : orthonormal frame of R3 and

Q(x) :=
∑

k≥2
Hk(x1, x2), Hk(x1, x2) :=

∑
i+j=k

1

i ! j!
aij x1

ix2
j .

We set the first and second fundamental quantities of the regular surface f

E := 〈fx1 , fx1〉, F := 〈fx1 , fx2〉, G := 〈fx2 , fx2〉,
L := 〈fx1x1 ,n〉, M := 〈fx1x2 ,n〉, N := 〈fx2x2 ,n〉

where n is the unit normal vector
fx1×fx2
|fx1×fx2 |

and the Gauss curvature

K :=
LN −M2

EG − F 2
.

If K > 0 at x , we call a point f (x) elliptic point.
If K = 0 at x , we call a point f (x) parabolic point.
If K < 0 at x , we call a point f (x) hyperbolic point.
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Preliminary (differential geometry 2/2)

We set the second fundamental quantities of f

L := 〈fx1x1 ,n〉, M := 〈fx1x2 ,n〉, N := 〈fx2x2 ,n〉.

Definition

(dx1, dx2) is an asymptotic direction of f at x0 if the second
fundamental form

II := L dx21 + 2M dx1dx2 + N dx22

vanishes at x0.

Definition

We call a line in R3 which is generated by an asymptotic direction of f at
x0 an asymptotic direction line of f at x0.

Shuhei Honda (Saitama University) R3 内の非特異曲面の中心射影の普遍性 January 21, 2021 8 / 29



Example (asymptotic line and asymptotic direction line)

Let f (x) = (x1, x2, x1 x2 +
x31
6 ). The origin is a hyperbolic point.

Asymptotic lines are curves in f (orange curve and purple line).

Asymptotic direction lines are curves in R3 (red and purple lines).
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Preliminary (Singularity theory 1/2)

Let f : (Rm, 0) −→ (Rn, f (0)) be smooth map germs.
We set Jf (x) a Jacobi matrix of f . Then, the origin is

regular point ⇔ rank Jf (0) = min (m, n),

singular point ⇔ rank Jf (0) < min (m, n).

Definition (A-equivalence)

Let fi : (Rm, 0) −→ (Rn, fi (0)) (i = 1, 2) denote smooth map germs.
If there exist diffeomorphism germs φ and ψ so that the following diagram
commutes

Rm, 0
f1−−−−→ Rn, f1(0)

φ

y yψ
Rm, 0

f2−−−−→ Rn, f2(0)

,

f1 and f2 are A-equivalent (f1 ∼A f2).
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Preliminary (Singularity theory 2/2)

Let TAe(f ) denote tangent space of f

TAe(f ) := tf (θm) + ωf (θn) ⊂ θ(f )

with tf : θm → θ(f ) : ξ 7→ df ◦ ξ and ωf : θn → θ(f ) : η 7→ η ◦ f .

We define the Ae-codimension of f by

cod(Ae , f ) := dimR
θ(f )

TAe(f )
.

Definition (A- (infinitesimal) versal unfolding)

Let F : (Rm × Rk , 0× 0) → (Rn,F (0, 0)) be an unfolding of f with
parameters y . Then, F is A- (infinitesimal) versal unfolding if

TAe(f ) +
k∑

i=1

R
∂ F

∂ yi
(x , 0) = θ(f ).
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Criteria of singularity of a central projection

We consider criteria of singularity type of πy whose Ae-codimension
≤ 3 and versality of each of them.

Theorem

(1) Let λ(x1, x2) be Jacobian of πy := π(x , y).
Then, the following two condition (i), (ii) are equivalent.

(i) λ(0, 0) = 0
(ii) the viewline is contained in the tangent space of f at the origin.

(2) (x1, x2) = (0, 0) is a singular point of πy ,
πy at 0 is A-equivalent to fold (x1, x

2
2 )

⇔ the viewline is not an asymptotic direction line.
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Singularity type of a central projection at elliptic point

Lemma

We assume that viewline from viewpoint y is contained in tangent space
of f at 0.
Then, if f is elliptic at 0, a central projection π has fold singularity at 0 for
any viewpoint y .

(∵) f does not have any asymptotic direction at elliptic point.

Figure: a central projection of a sphere ([7])
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Singularity type of a central projection at hyperbolic point

We assume that a20 = 0, a11 6= 0 and y − f (0) = p1 fx1(0) i.e. f is
hyperbolic at 0 and L is an asymptotic direction line of f at 0.
The criteria of singularity types of πy whose Ae-codimension ≤ 3
([2], [4]) and versality of each of them are the following table in this case.

type c d l position of y criteria of versality

cusp 0 3 2 always
(x1, x1x2 + x32 )

swallowtail 1 4 3 always
(x1, x1x2 + x42 )

butterfly 2 7 4 not h-focal ([2]) the flecnodal curve

(x1, x1x2 + x52 ± x72 ) is not singular

elder butterfly 3 7 4 h-focal ([2]) the flecnodal curve

(x1, x1x2 + x52 ) is not singular and y is

not in a special position.

unimodal 3 8 5 not one of two not versal
(x1, x1x2 + x62 ± x82 + αx92 ) special positions

c : Ae-codimension, d : A-determinacy order, l : order of contact with
L for f at 0 in criteria.
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Singularity type of a central projection at hyperbolic point

We assume that a20 = 0, a11 6= 0 and y − f (0) = p1 fx1(0) i.e. f is
hyperbolic at 0 and L is an asymptotic direction line of f at 0. Then,
y is h-focal ⇔
(48a50 a70 a11

2 − 35a60
2 a11

2 + 42a21 a50 a60 a11 − 1680a31 a50
2 a11 +

2205a21
2 a50

2)p1
2+(−84a50 a60 a11

2+252a21 a50
2 a11) p1+756a50

2 a11
2 =

0.
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Goose series singularities of a central projection at
parabolic point

We assume that a20 = a11 = 0, a02 6= 0 and y − f (0) = p1 fx1(0)
i.e. f is parabolic at 0 and L is an asymptotic direction line of f at 0.

type c d l additional criteria criteria of versality

lips (x1, x
3
2 + x21x2) 1 3 2 G ◦ γ is 1-st order contact with S always
or and p1 is more (resp. less) than

beaks (x1, x
3
2 − x21x2) the curvature radius of G ◦ γ

goose 2 4 2 G ◦ γ is 2-nd order contact with S f is not flat umbilic
(x1, x

3
2 + x31x2) i.e. a02 6= 0

ugly goose 3 5 2 G ◦ γ is 3-rd order contact with S f is not flat umbilic
(x1, x

3
2 ± x41x2) i.e. a02 6= 0

type 16 3 5 3 f (0) is 1-st or more order not versal
(x1, x

4
2 + x21x2) red subparabolic of f and

y is not in a special position

G : (R2, 0) → (S2,G (0)), G (x1, x2) :=
fx1 (x1,x2)×fx2 (x1,x2)

∥fx1 (x1,x2)×fx2 (x1,x2)∥
: the Gauss map of f .

γ : the parabolic curve of f .
S : the characteristic surface defined by

p1 a02 z1 + R1 z
3
2/6 + R2 z

4
2/24− z3 + 1 = 0.
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Goose series singularities of a central projection at
parabolic point

S : the characterisitic surface defined by

p1 a02 z1 + R1 z
3
2/6 + R2 z

4
2/24− z3 + 1 = 0

where

R1 :=
a03 a30

2 − a21
3

(a12 a30 − a212)
2 p12

and
R2 := (3a30

4 a402 + S1 a02 + S0)/a30
4 a02

4,

S1 := 8a21(a21
3 a40 − 3a21

2 a30 a31 − a13 a30
3 + 3a21 a22 a30

2)− (a21
4 a40 −

4a21
3 a30 a31 + a04 a30

4 − 4a13 a21 a30
3 + 6a21

2 a22 a30
2),

S0 := 3a30
2 (a12 a30 − a21

2)
2
+ 3a03

2 a30
4 + 8a03 a12 a21 a30

3 −
14a03 a21

3 a30
2 − 36a12

2 a21
2 a30

2 + 64a12 a21
4 a30 − 25a21

6.
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Goose series singularities of a central projection at
parabolic point

If L is the 2-nd order contact with f at the origin (⇔ a30 6= 0) and f is
not flat umbilic (⇔ a02 6= 0) ,

G ◦ γ is 1-st order contact with S ⇔ k2
p1

6= 1
a30

∣∣∣∣ a30 a21
a21 a12

∣∣∣∣.
G ◦ γ is 2-nd order contact with S ⇔

k2
p1

=
1

a30

∣∣∣∣ a30 a21
a21 a12

∣∣∣∣ and H3(−a21, a30) 6=
1

2
H4x1(−a21, a30) p1.

G ◦ γ is 3-rd order contact with S ⇔
k2
p1

= 1
a30

∣∣∣∣ a30 a21
a21 a12

∣∣∣∣ , H3(−a21, a30) =
1
2H4x1(−a21, a30) p1 and

a30(H5x1(−a21, a30)p1 − 3H4(−a21, a30))p1 ̸=
1

2
(H4x1x1(−a21, a30)p1 − 2H3x1(−a21, a30))

2.
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Gulls series singularities of a central projection at parabolic
point

We can assume that a20 = a11 = 0, a02 a40 − 3a221 6= 0 and
y − f (0) = p1 fx1(0).

type c d l additional criteria criteria of versality

gulls 2 5 3 f (0) is not red subparabolic of f f is the first order
(x1, x1x

2
2 + x42 + x52 ) and A4-contact with Cy ,d ,θ blue ridge

⇔ a02 a40 − 3a221 6= 0

ugly gulls 3 7 3 f (0) is not red subparabolic of f f is the first order
(x1, x1x

2
2 + x42 + x72 ) and ”A6-contact with Cy ,d ,θ” or blue ridge

”A5-contact with Cy ,d ,θ and y ⇔ a02 a40 − 3a221 6= 0
is not ug -focal”

type 12 3 6 4 f (0) is not red subparabolic of f not versal
(x1, x1x

2
2 + x52 + x62 ) and y is not one of two

special positions

Cy ,d ,θ : a cone whose vertex is y in R3, direction of the central axis is d
in S2 and ungle is θ in (0, 1).
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Gulls series singularities of a central projection at parabolic
point

Cy ,d ,θ : a cone whose vertex is y in R3, direction of the central axis is
d := (d1, d2, d3) in S2 and ungle is θ in (0, 1).

We assume that L is the 3-rd order contact with f (⇔ a30 = 0, a40 6= 0)
and f is not red subparabolic (⇔ a21 6= 0).
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Gulls series singularities of a central projection at parabolic
point

If f is the first order blue ridge (a02 a40 − 3a221 6= 0), d2 = 0 and
(a02 a40 − 3a21

2) d3 y1 + a40 d1 = 0, then f is

A4-contact with Cy ,d ,θ ⇔

AC4 := (3a21
2 a50+5a12 a40

2−10a21 a31 a40) p1−5a40 (a40 k2−3a21
2) 6= 0.

A6-contact with Cy ,d ,θ

⇔ A5-contact with Cy ,d ,θ and y is not ug -focal
⇔ AC4 = 0 and

AC6 − 70 a40 AC5 = Ã2p
2
1 + Ã1p1 + Ã0 6= 0.

where
ACk : non degenerate condition of Ak -contact and
Ã2, Ã1 and Ã0 are expressed as using coefficients of f whose degrees
are 7 or less.
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Summary : versality of a central projection

Concerning the versality of singularity of πy , we get the following results.

type Ae-cod. A-det. versality

swallowtail 1 4 always

butterfly 2 7 the flecnodal curve is not singular

elder butterfly 3 7 the flecnodal curve is not singular

and y is not in a special position

unimodal 3 8 not versal

lips 1 3 always

beaks 1 3 always

goose 2 4 f is not flat umbilic
ugly goose 3 5

gulls 2 5 f is the first order blue ridge

ugly gulls 3 7

(x1, x1x
2
2 + x3

2 + x5
2 + x6

2 ) 3 6 not versal

(x1, x
4
2 + x2

1 x2) 3 5 not versal
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Appendix (definition of A-determinacy)

Definition (finitely A-determined)

A germ f is said to be k-A-determined if any g with jkg = jk f is
A-equivalent to f .The least integer k with this property is called the
degree of determinacy of f . A finitely A-determined germ is a
k-A-determined germ for some integer k.
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Appendix (definition of contact)

Definition

Let α(t) := (x1(t), x2(t)) be a regular plane curve and let β another plane
curve given as the zero set of a smooth function Φ : R2 → R. We say that
the curve α has (k + 1)-point contact (k-th contact) at t0 with the curve
β if t0 is a zero of order k of the function
g(t) = Φ(α(t)) = Φ(x1(t), x2(t)), that is,

g(t0) = g ′(t0) = · · · = g (k)(t0) = 0 and g (k+1)(t0) 6= 0

where g (i) denotes the i th-derivative of the function g .

The curve α has (k + 1)-point contact (k-th order contact) at t0 with β if
and only if the function g has an Ak -singularity xk+1

1 ± x22 at t0.
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Appendix (ug -focal)

A6-contact with Cy ,d ,θ

⇔ A5-contact with Cy ,d ,θ and y is not ug -focal
⇔ AC4 = 0 and

AC6 − 70 a40 AC5 = Ã2p
2
1 + Ã1p1 + Ã0 6= 0.

where
Ã2 =

225a21
3 a40

2 a70+(1575a21
2 a31 a40

2−945a21
3 a40 a50) a60−1575a21

2 a40
3 a51+756a21

3 a50
3−

3150a21
2 a31 a40 a50

2 + (3150a21
2 a40

2 a41 − 1575a21 a22 a40
3 + 4200a21 a31

2 a40
2)a50 −

5250a21 a31 a40
3 a41 − 875a13 a40

5 + (2625a21 a32 + 2625a22 a31) a40
4 − 1750a31

3 a40
3,

Ã1 = −70a40 (45a21
3 a40 a60 − 81a21

3 a50
2 − 45a12 a21 a40

2 a50 + 315a21
2 a31 a40 a50 −

225a21
2 a40

2 a41 − 25a03 a40
4 + 75a12 a31 a40

3 + 225a21 a22 a40
3 − 300a21 a31

2 a40
2)

and
Ã0 = 3150a21 a40

2 (3a21
2 a50 + 5a12 a40

2 − 10a21 a31 a40).

Shuhei Honda (Saitama University) R3 内の非特異曲面の中心射影の普遍性 January 21, 2021 28 / 29



Example (contact with cones at parabolic point)

Let f (x) = (x1, x2,
1
2x

2
2 + 1

2x
2
1 x2 +

1
24x

4
1 ).
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