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AUTOMORPHIC FORMS ON THE STACK OF G-ZIPS

JEAN-STEFAN KOSKIVIRTA

ABSTRACT. We define automorphic vector bundles on the stack of G-zips introduced by Moonen-Pink-Wedhorn-
Ziegler and study their global sections. In particular, we give a combinatorial condition on the weight for the
existence of nonzero mod p automorphic forms on Shimura varieties of Hodge-type. We attach to the highest weight
of the representation V' (\) a mod p automorphic form and we give a modular interpretation of this form in some
cases.

INTRODUCTION

Following our previous article [5], we continue to investigate mod p automorphic forms. One possible definition
of such automorphic forms is the following. Let p be a prime number and let Sx denote the Kisin-Vasiu integral
model of a Hodge-type Shimura variety with hyperspecial level K at p, defined over a ring O. Let G denote the
reductive group over Q attached to Sk and let T C G be a maximal torus (chosen appropriately). For each
character A € X*(T), one defines an automorphic vector bundle ¥'(\) on Sk attached to A. If R is any O-algebra,
global sections of ¥()\) over Sk ® R are called automorphic forms of level K and weight A over R. When R is a
field of characteristic p, we call them mod p automorphic forms. A natural question is the following:

Question 1. For which A € X*(T) are there non-zero automorphic forms over R ¢

The two cases that we consider are R = C and R = F,,. The set of such A forms a cone inside X*(T’), denoted
by Ck(R). This problem is part of a more general project to establish cohomology vanishing results of the type
H'(Sk, 7k (\)) = 0 for automorphic vector bundles. This question is developed in our upcoming paper [3], with
applications to lifting mod p automorphic forms to characteristic zero ones.

In this paper, we consider the case i = 0. The answer to Question 1 depends of course on the level K, as one
can see already with modular forms. However, define the saturated cone (Ck(R)) as the set of A € X*(T') such
that mA € Ck(R) for some m > 1. Since the change of level maps are finite étale, the saturated cone (Ck (R))
is independent of K. In characteristic zero, it is expected that this coarser question has a simple answer. Denote
by @, is the set of positive roots, A the simple roots, and let I C A be the type of the parabolic subgroup of G
attached to the Shimura datum (the stabilizer of the Hodge filtration). The work of Griffiths-Schmid ([8]) suggests
that (Ck (C)) should be given as follows:

(1) (Ck(C)) = {)\EX*(T)| A\ av) <0 forae®d \T

\aY)>0 forael }
For the modular curve, this is just the set of nonnegative integers, as expected. In characteristic p however, very
little is known. In this paper, we give a conjectural answer to the characteristic p case.

The stack of G-zips has proved to be a useful tool to study questions related to Shimura varieties, as a number of
recent papers have demonstrated ([6], [7], [5]). It is a finite smooth stack denoted by G-Zip", where y pertains to the
cocharacter attached to the Shimura datum. A fundamental property is the existence of a smooth map of algebraic
stacks ¢ : Sk — G-Zip”, where Sk := Sk ® F,,. The fibers of ¢ define the Ekedahl-Oort stratification of S ([22]).
For each A € X*(T'), there exists a vector bundle #(\) on G-Zip" whose pull-back by ¢ is the automorphic vector
bundle ¥ (A) introduced before. It is thus natural to determine which mod p automorphic forms can be obtained
from the stack G-Zip" by pullback. For example, the papers [13] and [6] construct certain sections called Hasse
invariants on this stack, with useful geometric and arithmetic applications. Hence we want to understand how much
information is encoded in the group-theoretical object G-Zip”. One advantage of this method is that all sections
that are produced in this way are automatically Hecke-equivariant.

Similarly to the definition of Ck, denote by Cy, the cone of characters A\ € X*(T) such that ¥ (\) admits
nonzero global sections on G-Zip*. The map ¢ induces an injection H°(G-Zip", ¥ ()\)) — H°(Sk, ¥ ()\)) and hence
an inclusion Cyi, C O (F,). We conjectured in [5]:

Conjecture 1. One has (Cyip) = (Ck(F))).
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Note that the first cone is a much more tractable, group-theoretical object, whereas the second cone is related
to the geometry of the Shimura variety, and more generally to number theory via automorphic representations.
We gave evidence for this conjecture by proving it for groups G which are F,-forms of GL%, unitary groups of
signature (2,1) at a split prime, and GSp(4). Note also that in general the equality C,i, = Cx(F,) does not hold
(as the latter depends on K). The conjecture says that the coarser information about the saturated cone (Ck (F,))
is encoded in the stack G-Zip”. In this paper, we will not discuss Conjecture 1 (for which we refer the interested
reader to [5]). Instead, one objective of this paper is to determine Cy;, and (Clip) for general groups. This will at
least give a lower bound for Ck (F,,). The general expected phenomenon is that the cone Cy;, "converges" towards
Cgs as p goes to infinity.

The determination of Cj;;, is still a difficult problem. One of the main results of this paper is a description of
HO(G-zip", ¥ ()\)) in terms of the representation theory of the L-representation V(\) = Ind5(\) (see (LZ2)). Here
we assume that L is defined over F,, and that T is F,-split. We define a subspace V(A)<o C V(\) as the sum of
certain weight spaces (see §3.7)).

Theorem 1 (Th.BZ2). There is an isomorphism H°(G-Zip", 7 (\)) =~ V(N <o NV ()L Fr),

In particular, the cone Cy;, coincides with the set of A € X*(T') such that V/(\)<oNV (A\)X®Fr) =£ 0. This question
is now formulated in terms of representation theory of V()\), for which many tools are available. We have the
following obvious corollary:

Corollary 1. Let Sk be the special fiber of a Shimura variety of Hodge-type at a place of good reduction. For
A € X*(T), one has an inclusion

V(N <o NVNEED) ¢ HO(Sk, 7(\).

For the groups Sp(4) and Sp(6), we are able to determine completely Cyip and (C,ip) (see below). For general
groups, we show the following partial result. Denote by W (resp. Wr) the Weyl group of G (resp. L) and by
¢: W — N the length function with respect to A. Assume that L is defined over F,,. For o € A, let r, the smallest
integer > 1 such that « is defined over F,-.

Theorem 2 (Cor. B54). Let A € X} [(T) be an L-dominant character. Assume that for all o € A\ I, the
following holds:

ra—1
(2) Z Z P (wh otaY) <0, Yae A\

weWr (Fp) =0
Then A € {Cyuip). In particular, there exists a non-zero mod p automorphic form of weight mA for some m > 1.

Furthermore, one can give an explicit integer m satisfying H°(G-Zip", # (mM)) # 0. Th. 2 illustrates the
difference with the characteristic 0 situation. Indeed, the Griffiths-Schmid conditions () imply that each of the
summands in (@) is < 0. Hence () is a much weaker condition than (). In particular, a lot of these mod p
automorphic forms do not lift to characteristic zero.

Also, Th. 2 describes only part of the cone (Cyip), which we call the "highest weight cone" (we explain the
terminology later, making a link to representation theory). In general, there exist global sections whose weights
do not satisfy the inequality of Th. 2, which are hence even "further away" from the characteristic zero possible
weights. This part of the cone remains mysterious in general, but we can give some good approximations by several
natural subcones. A particular case of interest is the Siegel modular variety, attached to the group G = Sp(2n)
(actually one should work with GSp(2n), but this makes no difference for these questions). In this case, we obtain
the following corollary:

Corollary 2. In the case G = Sp(2n), identify X*(T) ~ Z™ in the usual way. Let A = (ai,...,a,) € Z"™ and
assume that the inequality Z?:lp’iai < 0 holds. Then X\ € (Cyip). In particular, this gives a non-zero mod p
Hecke-equivariant automorphic form of weight m\ for some (explicit) m > 1.

The sections constructed to prove Th. 2 have a highly complicated vanishing locus, in contrast to the sections
constructed in previous papers [6], [7], [B]. We compute the cone (C,ip) in the Siegel case (see §I.8)), where
G = Sp(2n) forn=2,3:

Theorem 3 (Cor.[5.43] Cor.544 Prop.B5Tl). Let G be the group G = Sp(2n) endowed with the usual Hodge-type
zip datum.
(1) For n = 2, one has Cyip = N(1,—p) + N(1 — p,1 — p) + N(0, —p(p — 1)) and (C,ip) is the set of pairs
(a1,az2) € Z? satisfying the inequalities
ai > ag

pa; +as <0
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(2) Forn =3, the cone (Cyp) is the set of (a1,az2,a3) € Z* satisfying the inequalities
ap 2 az 2 as
p’ar +paz +ax <0
p*az +pay +az <0

Let us now explain another direction of this paper. Let Sk (G, X) be a Hodge-type Shimura variety with reflex
field F' which has good reduction at a prime p. Write S for the Kisin-Vasiu integral canonical model over Op ,,
where p is a prime of F' dividing p. For an Op p-algebra &7, one can define a ring of automorphic forms over .7 by
taking the following direct sum:

Ri(#) = @ H'Sk® o, 7(N).
XEX*(T)
This space inherits a structure of o7-algebra via the natural maps ¥ (A\) ® ¥ (v) — ¥ (A +v) for all \,v € X*(T).
This algebra captures the whole family of automorphic forms over &7 for all weights, and is therefore a highly
interesting object. The formation of Rk (&) is functorial in . Similarly, we may define an analog for the stack of
G-zips:
Rup:= €P HO(G-zip", 7()).
AEX*(T)

Again, R, is an algebra over the residue field x of p, but we will implicitly base change to F,. The map ¢ yields
an injection ¢* : R,, — Rk (Fp), which commutes with change of level K. In particular, the elements of R,
commute with Hecke operators.

The graded algebras R,i, and Rk := RK(FP) carry much finer information that the cones C,, and Ck :=
Ck(Fp). These cones can be recovered as the gradings of the graded algebras R, and R, respectively. We
conjecture the following:

Conjecture 2. The Fp—algebm Ry, is finitely generated.

We will see that this conjecture is related to Hilbert’s 14th problem. In particular, the conjecture implies that
the cone Cl;;, is finitely generated as a monoid. We were able to prove some cases of the conjecture and determine
Rip explicitly in these cases. More specifically, we show:

Proposition 1 (Th. B4T). Assume G = Sp(4), endowed with the usual Hodge-type zip datum. The k-algebra Ry
is isomorphic to a polynomial ring in three indeterminates.

We give explicit mod p automorphic forms that generate R,i,, and we give a modular interpretation of these
sections. An interesting question is to determine the structure of Rx as an R,ip-algebra. For example, one can ask
whether it is smooth, finitely generated, etc.
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1. GLOBAL SECTIONS OF AUTOMORPHIC VECTOR BUNDLES ON THE STACK OF G-ZIPS
1.1. The stack of G-zips.

1.1.1. Zip datum. We fix an algebraic closure k of F;,. For an F,-scheme X, we denote by X (P) its Frobenius twist
and by ¢ : X — X () its relative Frobenius. Let G' be a connected reductive group over F, and ¢ : G — G the p-th
power Frobenius homomorphism. Let Z := (G, P,L,Q, M, ) be a zip datum, i.e P,Q are parabolic subgroups of
G, L C P and M C Q are Levi subgroups such that ¢(L) = M. The zip group is the subgroup of P x @ defined
by

(1.1.1) E={(z,y) € P xQ, ¢(T) =7}

where T € L and § € M denote the Levi components of the elements x and y respectively. Let G x G act on G by
(a,b) - g :==agb™!, let E act on G by restricting this action. The stack of G-zips of type Z ([17],]18]) is isomorphic
to the quotient stack

(1.1.2) G-zip® ~ [E\G].

In this paper, a frame is a triple (B, T, z) where (B,T) is a Borel pair of G defined over F,, such that B C P and z
is an element of the Weyl group W = W (G, T') satisfying the conditions:

(1.1.3) *BCc @ and ¢(BNL)=BNM="BnM.
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1.1.2. Zip stratification. Fix a frame (B,T,z). Let ® C X*(T) be the set of T-roots in G. Let ®* be the system
of positive roots given by putting @ € ®* when the a-root group U_,, is contained in B. Write A C & for the set
of simple roots. For a € ®, let s, € W be the corresponding reflection. Then (W, {s,,a € A}) is a Coxeter group
and we denote by £: W — N the length function. We denote by wy the longest element of W.

For K C A, let Wk denote the subgroup of W generated by {s., o € K}, and let wg g be its longest element.
Let KW (vesp. WX) denote the subset of elements w € W which have minimal length in the coset Wxw (resp.
wWy ). Then KW (resp. W) is a set of representatives of Wi \W (resp. W/Wp). Let I C A (resp. J C A) be
the type of P (resp. Q). We denote by X7 (7)) the set of characters A € X*(T') such that (\,a") > 0 for a € I,
and call them L-dominant or /-dominant characters.

For w € W, fix a representative w € Ng(T'), such that (wyws) = wiws whenever £(wiws) = £(wy) + £(w2) (this
is possible by choosing a Chevalley system, [1, XXIII, §6]). For w € W, define G,, as the E-orbit of wZ~!. The
E-orbits in G form a stratification of G' by locally closed subsets. By Th. 7.5 and Th. 11.2 in [I7], the map w — G,
restricts to two bijections:

(1.1.4) "W — {E-orbits in G}
(1.1.5) W — {E-orbits in G}

Furthermore, for w € W U W, one has dim(G,,) = ¢(w) + dim(P). In particular, there is a unique open E-orbit
Uz C G corresponding to the longest elements wq jwo € {W via (LI4) and wowg y € W via (LLH).

1.1.3. Cocharacters. A cocharacter datum is a pair (G, i) where G is a reductive group over F,, and p : Gy, — G
is a cocharacter. Such a pair (G, u) gives rise to a zip datum as follows. First, u yields a pair of opposite parabolics
Py (p) such that Py (u) N P_(u) = L(u) is the centralizer of . The parabolic Py (i) consists of elements g € G such
that the limit lim;_,o p(t)gu(t) ! exists, i.e such that the map G,  — G, t — p(t)gu(t)~! extends to a morphism
of varieties A} — Gj. The unipotent radical of Py (u) is the set of such elements g for which this limit is 1 € G.

Set P:=P_(u), Q := (Py(u))®, L := L(p) and M := (L(1))®). The tuple 2, := (G, P,L,Q, M, ) is the zip
datum attached to the cocharacter p. In the following we will consider mostly G-zips arising in this way. We write
simply G-Zip" for G-Zip=*.

1.2. Automorphic vector bundles on G-Zipz. Fix a zip datum Z = (G, P, L, Q, M, ). An algebraic represen-
tation (p, V) of E (where V is a finite-dimensional k-vector space) gives rise naturally to a vector bundle ¥ (p) on
the stack G-zip® ~ [E\G] by the associated sheaf construction ([IT} §5.8]). The space of global sections of ¥ (p) is

(1.2.1) H(G-2ip®, ¥ (p)) ={f : G =V, f(e-9) =€f(9)}, Ve€ E, VgeG.

If (V,p) is an algebraic representation of P, we view it as an E-representation via the first projection E — P.
We denote again the attached vector bundle on G-Zip® by ¥ (p).
Lemma 1.2.1. Let (V, p) be an E-representation. The k-vector space H*(G-Zip®, ¥ (p)) is finite-dimensional, of
dimension < dim(V').

Proof. Let Uz C G denote the unique Zariski open F-orbit. A function f : G — V satisfying the property of
equation (2] is uniquely determined by its restriction to Uz (by density and reducedness), and hence also by its
value at a fixed element g € Uz (by E-equivariance). Hence the dimension of H°(G-Zip®, ¥ (p)) is bounded above
by the dimension of V. |

For each character A € X*(T), denote by .Z(\) the line bundle attached to A on the variety L/By, again by the
associated sheaf construction (JIT] §5.8]). We obtain an L-representation

(1.2.2) V(A := H°(L/Bp, Z(\).

It is the induced representation IndLBL(/\). In general, V() is not irreducible, but it has a unique irreducible L-

subrepresentation. We obtain a vector bundle on G-Zip® which we denote by #()\). We call ¥ (\) an automorphic
vector bundle on G-Zip®. When \ € X*(L), the vector bundle #/()\) is a line bundle. Note that if A € X*(T) is
not L-dominant, then ¥’ (A) = 0. In this paper, we ask the following question:

Question 1.2.2. For which A\ € X*(T) does the vector bundle ¥ (\) admit nonzero global sections on G-Zip® ?
In view of Question [[.2.2 it is relevant to define the following subset
(1.2.3) Cuip = {X\ € X*(T) | H*(G-zip®, ¥ (\)) # 0} .

We will prove later that Cyp is a cone in X*(T) (i.e an additive submonoid of X*(T')). Since ¥ (A) = 0 whenever
A is not L-dominant, we have an obvious inclusion Cyi, C X7 (7).
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1.3. The stack of G-zip flags. The stack of G-zip flags (attached to (Z,B)), denoted by G-ZipFlag®, was
defined in [7]. It parametrizes G-zips endowed with a full flag refining the Hodge filtration (loc. cit., Def. 3.1.1).
By Th. 3.1.2 of loc. cit., it is isomorphic to the quotient stack [E’\G] where E’ is the subgroup of E defined by
E' := EnN (B x G), where the subgroup E’ acts on G by restricting the action of F on G defined in §L.TIl The
inclusion E' C E induces a natural projection

(1.3.1) 7 : G-ZipFlag® — G-Zip®
whose fibers are flag varieties, isomorphic to E'\E ~ B\ P.

Using again the associated sheaf construction ([II} §5.8]), we can attach to each A € X*(T') a line bundle .Z())
on the quotient stack [E'\G] ~ G-ZipFlag®. One has the formula

(1.3.2) LN LWY)=ZLN+v).

for all \,v € X*(T). Furthermore, we have

(1.3.3) T (L (X)) =V (N).

In particular, this formula implies:

(1.3.4) H°(G-zip®, 7 (\) = H°(G-ZipFlag®, Z()\)).

Remark 1.3.1. Tt follows that elements of HO(G-Zip®, ¥ (\)) identify with regular functions f : G — A satisfying
the relation f(e-g) = \(e)f(g) for all e € E' and g € G. Conversely, let f : G — Al be a regular function. By a
theorem of Rosenlicht, the following are equivalent

(1) There exists A € X*(T) such that f € H(G-Zip®, ¥ ()\)).

(2) The Weil divisor div(f) is stable by E’.

Remark 1.3.2. In particular, Rmk. [[3.1] has the following consequence: Assume f : G — Al is an element of
H°(G-zip®, 7 (\)). Assume that f = fifo where fi,fo : G — A! are regular functions. Then there exists
characters A1, \g € X*(T) such that f; € H(G-Zip®, ¥ (\;)) for i = 1,2 and A\ = Ay + \a.

1.4. Cone terminology. Let M be a free abelian group of finite-type. In this paper, a cone in M is a subset C C M
containing 0 and stable by addition (i.e an additive submonoid). We say that C' is generated by my,...,m, € C if
any element of C' can be written as Z?:l A\im; for A\; € N. In this case, we write

(14.1) C =Nmj + ...+ Nm,,.
For a cone C C M, we define (C) by
(1.4.2) (C):={xeM,3In>1nzecC}.

It is easy to see that (C) is again a cone. We say that C is saturated in M if (C') = C. For elements myq, ...,m, € C,
we denote by (myq, ..., m,) the smallest saturated cone in M containing my, ..., m,. If C' = (m4, ..., my,), we say that
C' is s-generated by my, ..., my,, or that {mq,...,m,,} is an s-generating set for C. If C' C M is a cone, we denote by
Cr+ C M ® R the set

(1.4.3) Cre+ = {Z Aimi, Vi =1,..,7, Ai € Rxo, mj € c} :
i=1
The saturated cone depends of course on the ambient free abelian group M. In this paper, M will always be the
group of characters X*(T') of a fixed torus T.

Lemma 1.4.1. The set C,ip, C X*(T') is a cone.

Proof. Let f and g be nonzero global section of .Z()\) and Z(v) respectively over G-ZipFlag®. Then by (L32)
fg is a nonzero global section of £ (A + ), hence the result. O

Definition 1.4.2. The saturated zip cone is defined as (Cip).
Since Cyip C X1 ;(T') and the latter cone is clearly saturated in X*(7'), we have (Cyip) C X1 ((T).

1.5. Motivation. Let X be a scheme endowed with a dominant morphism of stacks ¢ : X — G-Zipz. For
A € X*(T), define a vector bundle ¥x (\) := ¢*¥()\) and a subset

(1.5.1) Cx :=={Xe X*(T), H'(X,?x(\) #0}.

For example, X can be the special fiber of a Hodge-type Shimura variety at a place of good reduction, and ¢ the
map defined in [22, Th. 2.4.1] (in this case the map ( is even surjective). Since ¢ is dominant, pull-back gives an
inclusion Cyi, C Cx.

When X satisfies some good properties and for certain reductive groups G, it was proved in [5] that one has an
equality (Cyip) = (Cx). More specifically, we formulated the conjecture:
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Conjecture 1.5.1. Assume X is an irreducible, proper k-variety endowed with a smooth and surjective map
¢: X — G-Zip®. Assume that (G, ) is of Hodge-type (|6, Def. 1.3.1]). Then one has (Cup) = (Cx).

It is possible to modify this conjecture to allow non-irreducible, non-proper schemes, see loc. cit. However, it
is in general not true that C,i, = Cx. This suggests that only the saturated cone (Cx) is encoded in the stack
G-Zip~®, but the finer information about C'x cannot be recovered in this way.

Let us expand slightly on the example of Shimura varieties Shimura varieties. Let Shi (G, X) be a Shimura
variety of Hodge-type attached to a reductive Q-group G. Let A — Shik (G, X) be the universal abelian variety.
Then we may consider the flag space Fli (G, X) of Shi (G, X), which parametrizes points « € Shk (G, X) endowed
with a full flag in H}(A;) refining the Hodge filtration. In the Siegel case, these spaces were introduced in [4], and
in the general case, they were used in our previous articles [6], [5].

If p is a place of good reduction, Kisin and Vasiu have constructed a canonical, smooth integral model Sk of
Shi (G, X) over the ring Op, where v|p is any place of the reflex field E. Then, the flag space Flg (G, X) also
admits a similar model Fx (see [6]). By abuse of notation, denote also by G the special fiber of a reductive Z,-model
of Gq, and write Sk := Sk ® k(v) and Fx := Fg ® r(v). There is a smooth surjective map ¢ : Sx — G-Zip"
defined in [22] Th. 2.4.1], where p is the cocharacter attached to the Shimura datum. Let Cx denote the cone Cx
for X = Sk. Although the cone Cx depends on the level K (this is already clear for modular forms), we will now
see that the saturated cone (Cx) does not. Hence, dependence on the level is not a valid obstruction for Conjecture

[C51] to hold.

Lemma 1.5.2. Let f : X — Y be a finite surjective morphism of integral schemes with Y normal. Let £ be a line
bundle over Y and assume that there exists a nonzero section h € HO(X, f*%). Then there exists n > 1 such that
HO(Y, ™) #0.

Proof. By the assumption on f: X — Y, it admits a norm map Norm : f,Ox — Oy of degree n = [k(X) : k(Y)]
(see |20, Lem. 30.17.7]) and the induced map Norm : Pic(X) — Pic(Y"). The section h gives rise to a morphism of
Ox-linear map Ox — f*.%. We can the use loc. cit., Lem. 30.17.3 to obtain an Oy-linear map

(1.5.2) Oy ~ Norm(Ox) — Norm(f*.¥) ~ £"
This yields a global section b’ € H°(Y,.#™). By the second part of loc. cit., Lem. 30.17.3, the section h’ vanishes
exactly on f(Z), where Z C X is the vanishing locus of Y. In particular h’ # 0, which proves the result. O

Corollary 1.5.3. The saturated cone (Ck) is independent of K.

Proof. Let K', K be two compact subgroups, we may assume K’ C K. We have a finite étale surjective map
7 : Fr — Fi. We clearly have Cx C Ck by pullback. Conversely, if A € Ck/, then .Z(\) admits a nonzero global
section over Sgk/. It is nonzero on at least one connected component Ff, C Fg:. Choose a connected component
Fy C Fg mapping to F.,. By Lem. [[L5.2] there is a nonzero global section of .Z(nX) over F. We may extend it
by zero on the other connected components of Fy, and this shows nA € Ck. d

1.6. The case of line bundles. Recall that #()) is a line bundle on G-zip® if and only if A € X*(L). In this
section, we restrict our attention to automorphic line bundles, i.e we consider the cone Cy;p, N X*(L).

By [14, Th. 3.1], there exists ng > 1 such that the line bundle #(\)™ = ¥(ngA\) admits a unique (up to
scalar) nonzero section hy over the open stratum [E\Uz] C G-Zip®. The integer ng is determined explicitly in [I3]
Def. 3.2.4].

Recall ([7, Def. 4.1.3]) that A € X*(L) is called Z-ample if A € X*(L) N X*(T). If A € X*(L) is Z-ample, the

section fy extends to a global section of G-Zip® ([I3, Th. 5.1.4]). In other words, this shows:
Proposition 1.6.1. One has X*(L) N X*(T) C (Cyip).

1.7. The Schubert cone. We will define a subcone Csyy C Ci, which has the advantage of being easily com-
putable. It can sometimes happen that (Csp) = (Cyip). The Schubert stack is defined as the quotient stack

(1.7.1) Sbt := [B\G/B].

This stack is naturally stratified by the B x B-orbits in G, called the Schubert cells. They are parametrized by
the set W via the bijection w — S,, := BwB. Then Sbt,, := [B\S,/B] is a locally closed substack of Sbt. A
fundamental property is that the Zariski closure S, is normal ([I9, Th. 3]).

Again using [I1], §5.8], for any pair of characters (\,v) € X*(T) x X*(T), there is an associated line bundle
Z(\,v) on the stack Sbt. One has an equivalence ([6, Th. 2.2.1(a)]):

(1.7.2) HY(Sbty, Z(\v)) #0 <= v=—w '\

If this condition is satisfied, the space H°(Sbt.,,.Z(\,v)) is one-dimensional, and the divisor of any nonzero
element is given by Chevalley’s formula (loc. cit. Th. 2.2.1(c)). In particular for w = wy, the line bundle £ (A, v)
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admits a nonzero section on the open Schubert stratum Sbt,,, if and only if ¥ = —wpA. The divisor of any nonzero
hy € H?(Sbty,, £ (), —woA)) is given by

(1.7.3) div(ha) = = Y (A woa")Sups, -
aEA

In particular, hy extends to Sbt if and only if A € X7} (T'). It is explained in [6, §2.3] that there is a natural map
(1.7.4) ¥ : G-ZipFlag® — Sbt.

We obtain a natural stratification on G-ZipFlag® defined as preimages of the Schubert strata in Sbt: for w € W,
set X, := 19~ 1(Sbty,). The stratum X, is isomorphic to [E’\BwBz~'] (E’ acts via the inclusion E' C B x *B). It
is locally closed in G-ZipFlag ~ [E’\G]. Furthermore, for all \,» € X*(T'), one has the formula

(1.7.5) VLN v) =LA+ (2v) 0 p)

where ¢ : T'— T is the Frobenius homomorphism (recall that T is defined over F,,). For A € X*(T'), denote by hy
an arbitrary nonzero element of H%(Sbt,,,-Z (A, —wo))). We obtain a rational section ¢*(hy) € H°(X,y,,-ZL(h(N)))
where h: X*(T) — X*(T) is defined by h(X) = A — (zwo) o ¢.

Definition 1.7.1. The Schubert cone is defined by Csy := h(X3(T)). The saturated Schubert cone is (Cspy)-

By the above discussion, we have inclusions Cspy C Crip and (Cspt) C (Clip). In certain easy cases, it can happen
that (Cspy) = (Cuip), but they are usually distinct. For example, equality holds for Hilbert-Blumenthal zip data
([B]) and for symplectic zip data attached to the group Sp(4) (§4). Prop. [LG6.1] above can be made more precise
when P is defined over F):

Lemma 1.7.2. Assume that P is defined over Fp,. Then X*(L)NX*(T) C (Cspy)-

Proof. Since P is defined over F,, the map h : X*(T) — X*(T) is given by A — A — pwo ;°\, and restricts to a
map X*(L) - X*(L). Let x € X*(L) N X*(T) be a character and A € X*(L)q such that x = h(A). Fix r > 1
such that 6"y = x. Then it is easy to see that

2r—1

1 i i i
(1.7.6) A= —ZT_l ; p'(wo,)" "X
Hence for all @ € A\ I, one has (p* — 1)(\, ) = — 77" pi(x, (wo,r)'oaY). Since a € A\ I, the root
(wo,)'o "« is again positive for all i. Hence we obtain A € X (T'), and this shows x € (Cgp)- a

Lemma 1.7.3. Assume that T is Fp-split. For A € X*(T'), we have an equivalence
(1.7.7) A€ (Cspt) <= pwortA+ A€ X*(T).

Proof. In this case, the Galois action on X*(7') is trivial, so the map h is simply given by h(A) = A—pwo A. Hence
if A = h(x), one sees easily that (p? — 1)x = —(pwo,.A + A), and the result follows. O

1.8. The Griffith-Schmidt cone. We define the following subcone of X*(T') :

Definition 1.8.1. Let Cgs denote the set of characters A € X*(T) satisfying the conditions
(1.8.1) NaY)y>0 forael

(1.8.2) N\ aYy <0 forae® \I.

It is easy to see that Cgg is a saturated subcone of X*(T'), which we call the Griffith-Schmidt cone. Let us
give some motivation for introducing this cone. The conditions defining Cas were first understood by Griffith-
Schmidt in their work [8]. They consider certain manifolds (called Griffith-Schmidt manifolds) which generalize
Shimura varieties to non-minuscule cocharacters. In particular, their result applies in our situation to the flag space
Flk(G,X) of the Shimura variety. Since they only work in the compact case, assume Shg (G, X) is a compact

Shimura variety of Hodge type over a number field E. Denote by Cgg the "interior" of Cag, where the inequalities
(CXI) and (LB2) are strict. The following result is shown in loc. cit.

Theorem 1.8.2. For all A € C&g, the line bundle £(X) is ample on Flg (G, X).

In particular, for any A € C&g, there exists N > 1 such that .2 (N ) admits a global section on Flx (G, X). Now,
let p be a place of good reduction, and retain the notation of .5l In particular, recall that we have an Og, -scheme
Fr whose base change to E, is Flx (G, X) ®g E,.

Proposition 1.8.3. Assume that H*(Fl (G, X) ® C,£()\)) # 0. Then one has also H*(Fx @ Fp, (X)) # 0.
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Proof. By flat base change along the map Spec(E,) — Spec(Op, ), we have
(1.8.3) H(Flg(G,X)p,, Z(\) = H (Fk,Z(\) ®0p, Eo.

Using again flat base change for Spec(C) — Spec(E, ), we deduce that H*(Flx (G, X)g,,-Z(\)) and H(Fg, £ (N))
are nonzero. Denote by f € H°(Fg, £ (\)) an arbitrary nonzero element. Let x(v) be the residue field of Og, .
If f maps to a nonzero element via the natural map H°(Fx, Z()\)) = H(Fx ® k(v),£()\)), then we deduce the
result. If f maps to zero, then it is divisible by an uniformizer @w € Of,. There exists an integer n > 1 such that
w" divides f, but @"*! does not, write f = w™f’. Then f’ reduces to a nonzero section over Fr ® (v), which
terminates the proof. O

Recall our general Conjecture[[L5.Tlexplained earlier. Denote by C the set of A € X*(T') such that ¥'(\) admits
nonzero global section over Sy = Sk ® Fp. Then we conjectured that (Ck) = (Cyip). We have just seen that
Cégs C (Ck). Hence, if our conjecture is correct, we must have also C&g C (Cyip). It seems reasonable that the
cone (Cyip)r+ is closed in X*(T') @ R for the real topology. Hence one should also expect:

Conjecture 1.8.4. One has Cas C (Cyip)-

Note that Conjecture [[L84] involves entirely group-theoretical objects. We will even see a formulation of (Clip)
in representation theory terms. Hence it is quite striking that we have come to the conclusion that the inclusion
Cas C (Cyip) must hold by means of the Shimura variety and the result of Griffith-Schmidt, which uses analytical
methods and tools from the theory of automorphic representations.

We will check Conjecture L84 in §3]in the case when the Levi subgroup L is defined over F,,. This gives some
evidence that the more ambitious Conjecture [[5.1] should hold (at least for Shimura varieties).

2. THE pu-ORDINARY CONE

2.1. Sections on the p-ordinary locus. Let (G, i) be a cocharacter datum with associated zip datum Z. In this
case, we prefer to denote the unique open E-orbit by U, C G (instead of the previous notation Uz), and we call it
the p-ordinary zip stratum. The open substack

(2.1.1) G-zip" .= [E\U,]

is called the p-ordinary locus of G-Zip". To avoid confusion between G-Zip" and G-Zip" ™, we will simply write

G-Zip for the stack of G-zips (The cocharacter p will be fixed once and for all). The stabilizer of an arbitrary
element z € U, is a finite group scheme S := Stabg(xz) C E (not necessarily étale). The map £ — U,, e — €-x
yields an isomorphism E/S ~ U,. One can show that the element 1 lies in U,,. Its stabilizer takes the form

(2.1.2) S := Stabg(1) = {(a,b) € E, a = b}.

Identify S with a subgroup of P via the first projection S — P. The stabilizer S is explicitly determined in [I3]. Tt
particular, it is proved that S C @ N L and can be written as S = Lo(F,) x S°, where Ly C L is the largest Levi
subgroup containing 7" which is defined over F,. The group S° is a finite unipotent (non-smooth) subgroup. Define
the p-ordinary locus in G-ZipFlag by

(2.1.3) G-ZipFlagh ™ .= 71 (G-zip""Y).

Lemma 2.1.1. There are isomorphisms G-ZipFlagh ™ ~ [E'\U,] ~ [BL\L/S].

Proof. The isomorphism G-ZipFlagh®™® =~ [E"\U,] is clear by definition. Hence, we obtain G-ZipFlag™d ~

[E'\(E/S)] ~ [(E'\E)/S] and the first projection F — P induces an isomorphism E'\E ~ B\P ~ Bp\L, hence
the result. O

Denote by 7, : G-ZipFlag’ ™ — G-Zip"™ the natural projection. The relation (7,,).(-Z(\)) = #(\) continues
to hold since 7, is a base-change of 7 by an open embedding. In particular, we obtain a similar identification

(2.1.4) HO(G-zip" ™, ¥ ()\)) ~ H*(G-ZipFlag" ™, Z()\)).

Remark 2.1.2. Using the isomorphisms of Lemma 2.1.7] these spaces also identify with the following objects:

(1) Regular functions f : U, — A such that f(e-g) = A(e)f(g) forall g € U, and € € E'.

(2) Regular functions f’: L — A such that f/(bhs) = \(b)f'(h) for allb € By, h € L and s € S.
If f:U, — Al is a function as in (), then f': L — A', f'(a) := f(ap(a)~') is the corresponding function as in
[@). Conversely, one recovers f from f’ as follows: For g € U,,, write g = ab™! with (a,b) € E. Then f(g) = f'(a)
(this is independent of the choice of (a,b) € E such that g = ab™! because of the S-invariance of f).

Define the p-ordinary cone C,, C X*(T) as the set of characters A € X*(T') such that H°(G-Zip" ™, #(\)) # 0.
The inclusion G-Zip"* ¢ G-Zip induces an inclusion Cuip C C),. By similar arguments as before, the set C), is a
cone in X*(7') and is contained in X7 ;(T'). Define also the saturated yi-ordinary cone by (C,).
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Lemma 2.1.3. One has (Cy,) = X7 (T).

To prove this lemma, we introduce auxiliary functions. Denote by p™ the order of the unipotent group scheme
S°, the connected part of the finite group scheme S = Stabg(1). Let A € X*(T) be any L-dominant and let
V(\) = H°(BL\L,.Z()\)) be the attached L-representation (LZ2). Let f € V(\) be a nonzero element. For z € L,
set:

m

p

(2.1.5) fay=1{ [ fs)

SEL()(FP)

Lemma 2.1.4. Let D := p™|Lo(F,)|. The function f satisfies the relation f(bxs) = A(b)~P f(z), for all x € L,
be B ands € S.

Proof. The invariance under Lo(F)) is clear by the averaging and the invariance under S° is accomplished by the
p™-power in formula ([2.T.5]). O

Using Remark 212 @), the function f identifies with a (nonzero) element f € H(G-ZipFlag' ', Z(D))) =
HO(G-zip"°™ ¥ (D))). In particular, this shows that DA € C,, and implies A € (C,,). Since \ was taken to be an
arbitrary L-dominant character of T, this proves Lemma [2.1.3 above. We have constructed a (non-linear) map

(2.1.6) V(\) = H°(G-ZipFlag'™, Z(D)).

Let us now give another interpretation of f which shows that they are very natural elements to consider. As we
noted, the choice of 1 € U,, induces a surjective map F — U, € — ¢-1. This map induces therefore a ring extension
k[U,] C k[E] as well as a field extension k(G) C k(E). Furthermore, the map E — U, identifies with the projection
E — E/S, where S = Stabg(1) (possibly non-smooth finite group scheme). Denote by p™ the order of S°.

Lemma 2.1.5. The extension k[U,] C k[E] is integral. The extension k(G) C k(E) is finite and has degree the
order of the finite group scheme S. Its separable degree is |Lo(F,)| and its inseparable degree p™. The extension is
normal and is a Galois extension if and only if P is defined over F,.

Proof. The statements about finiteness and the degree of the extension are simple field theory. The extension is
Galois if and only if the stabilizer S is smooth, which is equivalent to L = Ly, so P defined over F,.
O

Let f € HO(BL\L,.,?i()\)) be nonzero. View f as a regular function on E via the natural maps £ — P — L.
The auxiliary function f € HO(G-Zip" ™, ¥ (D))) is then obtained by applying the norm map

(2.1.7) N : k[E] — k[U,].

2.2. Hodge-type zip data. In the rest of this section, we assume that (G, 1) is of Hodge-type. Recall that (G, )
is of Hodge-type ([0 Def. 1.3.1]) if there is an embedding ¢ : (G, u) — (GSp(V, ¢), ') where (V, ¢) is a symplectic
space and y' is minuscule. This case is important in the applications to Shimura varieties and automorphic forms.

In this case, a special role is played by the Hodge character n,, € X*(L). Strictly speaking, 7,, depends on the
choice of the embedding ¢. However, we fix ¢ throughout so we drop it from the notation. By [7, Lem. 5.1.2], the
character 7, satisfies (n,,,a") <0 for all @« € A\ I. The line bundle w = Z(n,) on G-Zip is called the Hodge line
bundle. In the Hodge-type case, an important property is the existence of a py-ordinary Hasse invariant, i.e a global
section h, € H°(G-Zip,w?) (some d > 0) such that the non-vanishing locus of h,, is exactly G-zip"*® ([13]). In
particular, n,, € (Cyip). In [6l [7], it is proved that a power of w has actually Hasse invariants on all strata.

We endow the cone X7 ;(T)r+ with the subspace topology given by the inclusion X7 ;(T)r+ C X*(T)r-+.

Proposition 2.2.1. The following assertions hold
(1) One has X7 [(T) = Zny, + (Cuip)-
(2) The cone (Cuip)r+ is a neighborhood of 1., in X7 ;(T)r+.

Proof. We first show (). Let A € X7 ;(T') be a character. By Lemma T3 we may assume (after replacing A by a
multiple) that there exists a nonzero section f € H°(G-ZipFlag' ¢, Z()\)). Write h;, := m*(hy) for the pullback
of h,, along the map 7 : G-ZipFlag — G-Zip. The non-vanishing locus of 1), is exactly G-ZipFlag'™™®. Hence
we can find N > 1 such that fh;LN has no pole along the complement of G-ZipFlagH "
global section of ¥ (\) ® w¥. Therefore A + N7, € Cyip, which proves (). The second assertion is an immediate
consequence.

, and hence extends to a

O



2.3. A criterion. By the previous proposition, (Cyip)r+ is always a neighborhood of 7,, in X7 (T)r+. We give a
criterion when the same holds for the subcone (Cshi)r+ C (Cuip)r+. Note that in general, it is not even true that
€ (Cspy). However, we know it when P is defined over F,, by Lemma [[.7.2)

Lemma 2.3.1. The following assertions are equivalent

(1) The cone (Cspt)r+ is a neighborhood of ny, in X (T)r+.
(2) One has 1, € (Cspt) and (Cswt) + Zn, = Xi,](T)-

(3) P is defined over F,, and o acts on I by oo — —wy ..

(4) One has the inclusion Cag C (Csby)-

Proof. As in Prop. [ZZ1] it is clear that (1) and (2) are equivalent. Assume that () holds. In particular, X*(L) C
X7 ((T), so for all A € X*(L), we can write A = 7 + mn,, where v € (Cspt) and m € Z. Hence there is d > 1 such
that d\ = h(x) + dmn,,, with x € X7 (T'). In particular, h(x) € X*(L), so for all a € I, we have

(2.3.1) 0= (h(x),a’) = (x;a”) = (x, o(wo,La’)).

Since o € Ap, the root o(wp ") is negative, hence we deduce (x,a") = {x, o(wp,ra")) = 0. As « varies in I, the
root —o(wo,r,a) spans o(I). Hence x is orthogonal to I Uo(I). Denote by K C X% (T) the subcone orthogonal to
I'Uo(I). Tt generates a Q-vector space of dimension rk(X*(T)) — |I U o (I)|.

Consider the map K — X*(L), x — h(x). Since 1, € (Cspi), we may write 1, = h(xw) for r > 1 and
Mo € K (by the above discussion). Hence for any A € X*(L), we have d\ = h(x + dmry,). It follows that
h : Spang(K) — X*(L)q is an isomorphism. In particular, one has [l U o (I)| = ||, thus o(I) = I and so P is
defined over F,.

For a € I, let A, € X*(T) be a character such that (A, 3") = 0 for all 8 € A\ {a} and (A, ") > 0. Since
A€ X% (T), we can find d > 1, m > 1 and xo € X3 (7T) such that d\o = h(xa) + dmn,. As above, we deduce
(Xa, BY) = (Xa,o(wo,rBY)) = 0 for all B € A\ {a}. Furthermore, we have (xa, ") — p(Xa,o(wo ra¥)) > 0. It
follows that (xa,a") > 0. The map 8+ —o(wo, 1B) is a bijection I — o(I) = I, so we must have —o(wp pa) = «
hence o(a) = —wop, L« for all @ € I, which shows that (3] holds.

Conversely, assume that P is defined over F), and that the Galois action on [ is given in this way. Let A € Cgs.
As in the proof of Lem. [T, we have h(x) = A where x € X*(T)q is defined by (p*" —1)x = — 37" p*(wo,)'0’ A

and where 7 > 1 is an integer such that 6" A = X\. We need to show that (p*" — 1)x € X% (T). For a € A, the sign
of {x,aV) is the same as the sign of — E?T01p1<(w07L)iai)\, av)y = =S pH(, ot (wo,)'aY). First, assume that
a € A\ I. Then for all 0 < i < 2r — 1, one has o*(wo 1)’ € &, \ I. By assumption, we have (), 0% (wp )'a") <0,

and hence (x,a") > 0. Next, if « € I, we have

2r—1 2r—1
(2.3.2) - Z p (N o (wo. ) (Z p'( ”1) A aY) >0.

This shows x € X7 (T')q as des1red.
Finally, if @) holds, then (Cspt)r+ contains Cgg r+, which is a neighborhood of 7, in X} ;(T')g+, so () holds.
O

Remark 2.3.2. Let (V,q) be a quadratic space over F,, of dimension n = 2r, r > 1. Recall that there are two
isomorphism classes of special orthogonal groups SO(V,q), one of which is F,-split and the other one is not.
Assume that G = SO(V, ¢) is non-split over F,. In the case when r is odd, the action of the Frobenius on A is
given by a — —woa. Now, choose a quadratic space over F,, of dimension n = 4d, d > 1 such that G = SO(V, q)
is non-split over F,. The group G admits a Levi subgroup L C G isomorphic to SO(W,q), where W C V is a
subspace of dimension n — 2 = 4d — 2. By the previous discussion, the Levi L satisfies Condition (@) of Lem. 2311
This example arises in the theory of Shimura varieties of orthogonal Hodge-type.

3. HIGHEST WEIGHT CONE

In this section, we continue to assume that (G, p) is a cocharacter datum of Hodge-type. We define another
(saturated) cone Chy C (Cyip). The sections that we construct are naturally attached to the highest weight vectors
in the representations V'(X) for A € X% ;(T'). Therefore, it will be called the "highest weight cone".

3.1. Valuations. For each nonzero element f € H(B.\L,.Z())), we have defined in equation (ZI5) a section f

in HO(G-ZipFlagh ™, #Z (D)) where D = p™|Lo(F,)| and p™ is the order of S° and S = Lo(F,) x S°. Previously

(see proof of Lemma 2T.3), we multiplied f with a power of the Hasse invariant hj, = m*(hy,) to remove the

possible poles of f . This did not take into account that the divisor of f may have different multiplicities along each

irreducible component of the complement of G-ZipFlag”'ord, therefore it gave only a coarse result (Prop. 2:2.1]).
In this section however, we want to multiply f with "partial Hasse invariants", to remove the poles "one by

one". To obtain the sharpest result, we want to multiply f with the smallest possible power of these partial Hasse
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invariants. Hence we will study the valuation of f along the codimension one strata. The outcome will be a global
section on G-ZipFlag of a line bundle which does not vanish along any of the components of the complement of
G-ZipFlag’ ™. We will see that when f is the highest weight of the L-representation H°(By\L,.Z()\)), we obtain
an interesting family of zip-automorphic forms.

We need to assume that P is defined over Fy,. In particular, Lo = L and S is an étale group scheme isomorphic
to the constant group scheme L(F,). We also have PN Q = L. Recall that we fixed a frame (B, T, z) (§L.I1.I)
where we take z = wowo,; = wo,;wo. The complement of G-ZipFlag”'ord in G-ZipFlag is equi-dimensional of
codimension one and is a union of closures of flag strata. Specifically, the irreducible components are exactly the
flag strata closures X, with w = s,wo for & € A\ I. Recall that U, C G denotes the unique open E-orbit and
G-ZipFlagh ¥ = [E'\U,]. Denote by B~ the unique Borel such that BN B~ = T.

Lemma 3.1.1. We have the following properties
(1) U, = E-1= PQ (the set of elements of the form xy, x € P, y € Q).
(2) One has BB~ C U,,.
(3) For a € A, set Sq = BsqwoBz~! = Bsqwo *B. Then one has

(4) Moreover, So = E - 54 = P5,Q.

Proof. The first statement is [2I, Cor. 2.12]. For ()), recall that *B C Q and z = wg, jwo. Hence wo 1B~ wo,; C Q.
Since wo,; € L = PN Q (as P is defined over F,), we obtain B~ C @, so BB~ C PQ = U,. To show (@),
note that since P x @ is connected, every irreducible component of G \ U, is also stable by P x Q. The B x *B-
orbits of codimension one are exactly the S,, and it is easy to show that S, C PQ <= « € I. Finally, for
@), we already know that S, is stable by P x Q. Since S, = Bs,wo °B and B x *B C P x @, we must have
Sy = Psqwo 1Q = PsaQ. Clearly E - s, C PsqQ), hence it suffices to show that E - s, has codimension one in G.
First of all E - s = E - (wo,18aWo,1) since (wo 1,wo,1) € E. Hence E - 54 = Gy, with w = wp 1sowo (notation as
in §L.T.2). This element has colength 1 in W because x — wq jzwp is an order-reversing involution of 7W. We
deduce that FE - s, has codimension 1 and thus F - s, = Ps,Q. ]

For each o € A\ I, denote by v, the valuation on k(G) given by the irreducible divisor Bs,woBz~! C G. Any
section of the line bundle .Z(\) over G-ZipFlag’ ™ can be viewed as regular function on U, so we obtain maps

(3.1.1) Vo : H°(G-ZipFlag'™d ¥ (\)) — Z.

The space H°(G-ZipFlag, .#()\)) can be interpreted as the subspace consisting of elements f such that v, (f) > 0
for all « € A\ I. Since we are only interested in the sign of these valuations, we introduce the following notation:
For a,b € Z, write a ~ b if a, b have the same sign € {+, —,0}.

3.2. Adapted morphisms. Let X be an irreducible normal k-variety and let U C X be an open subset such that
S = X \ U is irreducible of codimension one. Let f € H°(U, Ox) be a regular section on U. Denote by Zy(f) C U

the vanishing locus of f in U and let Zy (f) be its Zariski closure in X. In this section, we endow all locally closed
subsets of schemes with the reduced structure. Let Y be an irreducible k-variety with a k-morphism ¢ : Y — X.

Definition 3.2.1. We say that ¢ is adapted to f (with respect to U) if

(1) p(Y)NU #0
(2) Y(Y)N S is not contained in Zy(f).

Note that Y if is adapted to f, then in particular ¢)(Y") is not contained in Zy (f) and ¥(Y) NS # (). The reason
for this definition is the following easy lemma that we will use:

Lemma 3.2.2. Letv : Y — X adapted to f. Then f extends to a section f € HO(X, Ox) if and only if the section
v*(f) € HO(Y=1(U),Oy) extends to Y.

Proof. One direction is clear. Now assume that ¢*(f) extends to Y. Since X is normal, it suffices to show that
the Weil divisor of f has non-negative multiplicity along S. Assume that f has a pole along S and consider the
function g = 1/f. It extends to a regular function on the open subset X \ Zy(f), and vanishes on S\ Zy(f). It
pulls back to a section over Y \ 1 (Zy(f)) (note that this is # ()) which vanishes on ¥=1(S\ Zy/(f)). Since ¥*(f)
extends to a regular function on Y, one must have »=1(S\ Zy(f)) = 0, hence ¢(Y)N.S C Zy(f), which contradicts
the assumption. O
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Let again ¢ : Y — X be adapted to f € H°(U,Ox) with respect to U and assume further that Y is normal
and ¢~1(9) is irreducible of codimension one in Y. As we remarked above, 1)*(f) is a nonzero rational function on
Y. Denote by vg the valuation on k(X) given by S and by v,-1(s) the one on k(Y) given by ¢~ '(S). Then the
previous lemma can be restated as follows:

Corollary 3.2.3. Under these assumptions, one has

(3.2.1) vs(f) ~ vy-105) (" (f))

Now assume that X is an irreducible normal k-variety endowed with an algebraic action of a algebraic group H
over k. Assume again that U C X is open, S = X \ U has codimension one, and assume further that U is H-stable.
We say that f € H°(U,Ox) is an H-eigenfunction if there is a character A\ : H — G, such that f(h-z) = A(h)f(z)
forallhe Hx € U.

Lemma 3.2.4. Let ¢ : Y — X be a map such that (Y)NU # 0 and H - (W(Y)NS) is Zariski dense in S. Then
1 is adapted to any H-eigenfunction on U.

Proof. If f is a H-eigenfunction, then clearly Zy(f) is H-stable. Hence if ¥(Y) NS C Zy(f), we deduce that

H-(¢(Y)NS) is contained in Zy(f), and thus S C Zy(f) by density. This is impossible by a dimension argument. O

From now on, we consider the action of E’ on the variety G as in §L.3 and the open subset U, C G. We
will now define a morphism which satisfies the conditions of Lemma B2Z4 For « € A\ I, let T, C T be the
connected component of Ker(«) and let G, C G be the centralizer of T,. It is a semisimple subgroup of rank 1 and
Lie(Go) = Lie(T) ® go B §—a- Let D, := TN D(G,), where D(H) denotes the derived group of an algebraic group
H. Then D, is a maximal torus in G, and the pair (D(G4), D) is isomorphic to (SLa, D) or (PGLs2, D2) where
D5 denotes in each case the diagonal torus. It follows that there is a unique homomorphism

(3.2.2) Ro:SLy — G

whose image is D(G,) and maps Do onto D, and maps the lower Borel subgroup By C SLy into B. Denote by
B~ the opposite Borel of B with respect to T and By := B~ N L. Define a variety Y = (R,(B~)NL) x A and a
morphism:

(3.2.3) VoY =G, (b,t) = bRa (A(t)) @(b)"" where A(t) = (_tl é) .
Note that A(0) coincides with s, (up to an element of T', but this is irrelevant for us). Since S, is a codimension
one stratum, the set G* := U, U S, is open in G. The group E’ acts on G by restriction and on the open subset
U, c G~
Proposition 3.2.5. The following properties hold

(1) The image of ¥ is contained in U, U Sy (but maybe not in G*).

(2) For any b€ R,(B~)NL, one has 1o (b,t) € U, <=1t #0.
(3) Set Yo := ¢ (G*). The map ¢y : Yo — G* is adapted to any E'-eigenfunction on U,.

Proof. First, we claim that for ¢ # 0, one has R, (A(t)) € U,. Indeed, for ¢ # 0, the matrix A(t) can be written as a
product bb’ where b € By and b’ € B, . Since 9, maps Bs into B, we have R, (A(t)) € BB~ C U, (Lem. B11 ([@)).
By Lem. BTI ), U, is a P x Q-orbit, so ¥, (b,t) € U, for all b € R,(B~)N L and all t # 0. If ¢t = 0, the element
R (A(t)) coincides with s, up to an element of 7. Therefore ¥, (b,0) € Ps,Q C Ps,Q = S, (by Lem B (@)).
This proves () and (2).

For the last assertion, we use Lemma [3.24l We need to show that E’ - (o (Ya) N Sa) is dense in S,. In other
words, the union of E’-orbits in S, intersecting ¥, (Y, ) is dense in S,. Recall that S,, contains a unique dense open
E-orbit C' = E-s, (Lem.BITI{#)). Furthermore, it follows immediately from [I7, Th. 5.14] that E-s, = E-(tsq) for
all t € T. In particular, we have E-s, = E-(R4(0)). Hence, any element ¢ € C can be written ¢ = uz R, (0)¢(z)1v
for z € L, u € R, (P) and v € R,(Q). For a dense subset C’ C C, we can impose the condition that z € L is of
the form xz = bb’ where b € By, and &/ € R, (B~) N L (because the set of such products is dense in L). The element
c € C' is then in the same E’-orbit as 'R, (0)p(b')™! € 1o (Y). It follows that any element in C’ N S, is in the

same F’-orbit as an element of ¢, (Y,). Since S, is open in S, the subset C’' N S, is also dense in S, and this

proves (B)). O
3.3. A formula for v, (f). Write D = |L(F,)|. We constructed in §11a (non-linear) map f > f :
(3.3.1) V(\) — H°(G-ZipFlag' ™ Z(D))).

Furthermore, recall that we have valuations (va)aca\s on the right-hand side. In this section, we give a formula

for (the sign of) v, (f).
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Recall that the maximal torus T is defined over F,, (but is not required to be F,-split). Denote the group of
cocharacters of T by X, (T') and if 6 € X, (T), denote by ?§ the action of the Frobenius on 0. Hence, one has the
relation ¢ o § = p(°4), where ¢ : T — T is the Frobenius homomorphism. Define a map v : X.(T) — X.(T),
§— 5 —p(°9).

Lemma 3.3.1. The map v induces an automorphism of X.(T) ® Q. Furthermore, if v € X,(T) is a cocharacter
defined over F,r for some r > 1, then one has y(6) = v for

r—1
1 o
(3.3.2) 6——pr_1;p( v).

Proof. The map ~ is the identity on X.(T) ® F,, so the first part of the lemma is clear. Now, let e X (T)®Q
such that ~(8) = v. Then one has v + p(“v) = § — p2(° §), and by induction 375" pi(7'v) = § — p™(°"§) for all
m > 1. For m = r, we obtain the result. g

For o € A\ I, denote by 7, the smallest integer r such that « is defined over F,r (then " is also defined over
this field) and set m, = p™ — 1. Define a cocharacter 6, € X*(T') by

roa—1

(3.3.3) dou ==Y p(7aY).
=0

Be the previous lemma, the cocharacter d, satisfies moa¥ = 6, — ¢ 0 d4, equivalently
(3.3.4) v (t)™ = 5o () p(6a(t) !
for all t € G,,.

If R is an integral domain, we denote by v; the t-adic valuation on R[t], extended to R[t, 1]. In what follows, we
take R to be the k-algebra of regular functions on the affine k-variety R, (B~ )N L. Furthermore, we view elements
f € V(A) as functions on L, satisfying the usual condition with respect to the action by By,.

Lemma 3.3.2. Let f € V(\) be any non-zero element. For o € A\ I, one has the following formula:

(3.3.5) valf) ~ Y u(f(ba(t)s)).

s€L(Fy)
where the function (b,t) — f(bdq(t)s) on Y is viewed as an element of R[t,}], where R is the k-algebra of regular
functions on R,(B~)N L.

Proof. Consider the map v, : Y, — G¢, it is adapted to f by Prop.B.2Z5l Define an irreducible subvariety H C Y,
by the condition ¢t = 0. By Cor. B.2.3] we have:

(3.3.6) Vo (f) ~ va (V5(f))
The function ¥ (f) is given by
(3.3.7) Va (DB 1) = f(Wa(b,1) = F(ORa(A)e(b) ™)

To compute the value of f(g) for g € Uy, we need to write g as a product g = xy~! for (z,y) € E. Then, by
construction (Rmk. @) f(g) is defined as [[,c 1, f(Ts), where T € L is the Levi component of z. Observe
that one has

39 ao=(" )= (L 626

Since v € A\ I, one has R,(m) € R, (P) (resp. Ro(m) € R,(Q)) for any lower-triangular (resp. upper-triangular)
unipotent matrix m € SLy. Since the computation of f(g) depends only on the Levi component of x as explained
above, we can simplify the expression:

(339) w00 =7 (ora (5 ,2)) 90 = Foa e

where we used that the restriction of R, to the diagonal torus of SL» coincides with a¥. We want to compute the
sign of the t-valuation of the above expression. This sign will not change if we replace ¢ by a positive power of ¢.

Hence, we have v (% (f)(b,t)) ~ ve(¥%(f)(b,t™=)) for the integer m, > 1 defined previously. Now, by equation
(B34) we can write oV (™) = aV ()™ = 64 (t)p(6(t)) 1. We obtain:

(3.3.10) VL)) = Fba¥ ()" p(b) ) = FBoa()e(bda(®) ) = T[ fBdalt)s)
s€L(Fy)

and we deduce finally v, (f) ~ ZseL(FP) ve(f (Do (t)s)) as claimed.
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3.4. Some preliminary lemmas. Recall that R denotes the k-algebra of regular functions on the affine k-variety
R.(B~)N L. In this section, we consider the term v:(f(bd,(t)s)) of the formula of Lemma B.3.2 individually. More
generally, we consider an arbitrary cocharacter § : G,, — T and an arbitrary element z € L and we study the
element

(3.4.1) Fra(bt) = F(b5(t)2) € R, %].

We view fs, as a rational function in ¢ with coefficients in R by taking the element b in the above formula as a
generic element of R,(B~) N L. We denote again by v;(—) the t-adic valuation on R[t, 1]. Recall the following
lemma:

Lemma 3.4.1. If § is L-anti-dominant, the morphism By X Gy, — By ,(z,t) = 6(t)z6(t)~! extends (uniquely) to
a morphism B; x A' — B; . In particular, for each z € By, the map G, — By, t — §(t)z0(t)~! extends to a
map A' — By .

This is a standard fact when "anti-dominant" is replaced by "dominant" and B} is replaced by By. Hence, this
statement is simply a reformulation for a different convention of positivity. This has the following consequence:

Proposition 3.4.2. Let 6 € X, (T') be an L-anti-dominant cocharacter and let z € By . Then one has the equality

(342) Ut(f6,ac) = ’Ut(fé,z;v)'

Proof. By symmetry, using the element 2, it suffices to show v¢(fs.) > v¢(f5.). Denote by I' : Al — B; the
extension of the map ¢ — 6(¢)z6(t) ! afforded by Lemma B. 41l We have

(3.4.3) fs.20(b,t) = f(bO(t)z2) = f(bO(t)26(t) " 6(t)x) = f5..(bD(t), 1)

From this, the result follows easily. Indeed, if n := v,(fs5z), then the function 0(b,t) = ¢t~ f5.(b,t) extends
to a regular map 0 : (R,(B~)NL) x Al — Al. By the above formula, t~"fs5 ..(b,t) = 6(bI'(t),t). The map
(b,t) — O(bT'(¢),t) is regular on (R, (B~)NL)x A', hence t =" f5 ..(b,t) extends too. This shows that v¢(fs..) > n,
hence the result. O

Note that for all & € A\ I, the cocharacter 0, given by formula (8:3.3)) is L-anti-dominant. Indeed, it is clear that

oV is L-anti-dominant, and the Galois action preserves this notion because L, B,T are defined over F,. Hence d,

is a sum of the L-anti-dominant cocharacters ? o, so is L-anti-dominant. Hence, we obtain the following formula

Corollary 3.4.3. Let f € V(\) be any non-zero element. For a« € A\ I, one has the following formula:

(3.4.4) ()~ Y u(f(B0a(t)s)).

SEBL (Fp)\L(Fy)
where the function (b,t) — f(bda(t)s) on'Y is viewed as an element of R[t, 1].

We will also need some results concerning the Bruhat decomposition. We have the decomposition of L into
B; x By, orbits

(3.4.5) L(k)= || Cw, Cuw:=Bj(kywBL(k).
weWr,

The Frobenius homomorphism L — L (recall that L is defined over F,) sends the stratum C,, to Cyy, where
o : Wi, — W is the induced action on Wy. It follows that L(F,) decomposes as follows:

(3.4.6) LEF,) = || CuFy).
weWr (Fp)

Lemma 3.4.4. For each w € Wr(F,), one has Cy,(F,) = By (Fp)wBr(F)).

Proof. One inclusion is clear. Conversely, let z € C,,(F)), and write = bwd’ with b € B} (k) and V' € B(k).
We deduce o(b)wa(b') = bwl’ for any o € Gal(F,/F}), hence b~'o(b) € By NwBrw~!. It follows that the map
o+ b~ 1o(b) defines a 1-cocycle in H'(F,,, By NwBrw~'). This cohomology vanishes by Lang’s theorem, so we can
write b~ 'o(b) = a~'o(a) with a € By NwBrw™!, hence ab™! € B (F,). Finally, z = bwb’ = (ba™!)w(w™'awbd’)
and w™'awd’ € By. This shows that we can write x as before z = bwb’ with the additional condition b € B} (F,).
But then clearly b’ € B (F,) too, so the result follows. O

Lemma 3.4.5. One has #(Cy(Fp)) = #(T(F)p))p™ where n = dim(R,(Br)) + {(wo,rw).
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Proof. We have a surjective map B; x B, — Cy, (b,b/) — bwb’~! given by the action of B; x B on Cy,. It
identifies C', with the quotient of B; x B by the stabilizer S,, of w in B; x Br. Furthermore, S, is isomorphic
to By NwBrw~!. Again by Lang’s theorem we have #(C(F,)) = #(BL(F,))?/#(S(F,)). We can write S, =
By NwB rw™ ! as a semi-direct product S = T x U,, where U,, is smooth connected unipotent. It is well-known that
a smooth connected unipotent group is isomorphic as a variety to A™ where n is its dimension. Hence we obtain

#(T(Fp))2 X p2 dim(R.(BL))
H(T(F,)pT(0)

It is well-known that dim(Cy,) = dim(Br) + £(wo,jw), so the result follows. O

(3.4.7) #(Cw(Fp)) = _ #(T(Fp))pdim(Cw)—dim(T)).

3.5. The highest weight cone. Recall that we denote by V(\) the L-representation H°(Bp\L,Z(\)). It is
known that V(A) is not irreducible in general (for small values of p) but contains always a unique irreducible
L-subrepresentation ([II, II, Cor. 2.3]). We can decompose this L-representation uniquely as a direct sum of
T-eigenspaces

(3.5.1) V)= P vy
XEX*(T)

where V()\),, denotes the space of f € V()) such that ¢- f = x(¢)f for all t € T. For our purposes, we will be
interested in the unique one-dimensional subspace of V(\) which is stable under the action of B (the highest
weight subspace). It is the subspace V(A)_y, ;x C V()A). We will denote by fy an arbitrary non-zero element of
this subspace.

Fix an L-antidominant cocharacter ¢ : G,, — T. Let z € L an element. We are interested in the behavior of the
integer v¢(fx(bd(t)x)) when z varies (as usual, fx(bd(t)x) is viewed as an element of R[t,1]). By Cor. B42, this
integer depends only on the image of x in Br\L. But since fy is a Br-eigenfunction, this valuation v, (fx(bd(t)x))
is also invariant if we change x to xz with z € Br. We deduce:

Lemma 3.5.1. The integer vi(fr(b0(t)x)) is constant on each stratum C.,, i.e it is independent of the choice of
the element x € Cl.

Using the Bruhat decomposition, inorder to compute v, (fx(bd(t)x)) for all z, it remains to compute v, (f (bd(t)w))
for w € Wy. For this we are not using the strong Bp-equivariance property of fy, but only the T-equivariance.
Hence, we can simply start with f € V(A),, any T-eigenfunction, for some character x. Then we have the following
result:

Proposition 3.5.2. Let § € X.(T) be L-anti-dominant and w € Wi,. One has the formula

(3.52) o (FB3()0)) = —(wy, ).

Proof. Denote by F(t) € R[t, 1] the function F(t) = f(bd(t)w). For each z € k*, we have

(3.5.3) F(zt) = f(bS(zt)w) = f(bO(1)5(2)w) = F(BS()w(w™ 6(2)w)) = x  (w™6(2)w)F(t).

In particular, F(¢) must be a monomial F(t) = rt" for some r € R and n € Z. Furthermore, we have z" =
X H(w™16(2)w), which implies n = —(x, w~18) = —(wx, d). The result follows. O

We can finally prove the main theorem of this section. It gives a formula for the valuation of fy.

Theorem 3.5.3. Let A € X7 [(T) be an L-dominant character. Then for each a € A\ I, we have the formula

Ta—1

(3.5.4) valf)~ = >0 D P (wA o'aY).

weWr (Fp) =0
Proof. Start with Lemma Combined with Lemma [3.4.4] we obtain the equation
(3.5.5) va(f)~ Y u(ABda(t)s) = > #(Bg (Fp)wBL(Fy) v (fr(bda(t)w)).
s€L(F,) weWTL (Fyp)

Now use Proposition B.5.2] and Lemma [ 48] and then substitute d, by the formula given by equation (B33):

Ta—1

(3.5.6) Va(fr) ~ — Z Z PO (g 1A, o).

weWr (Fp) =0

Making the change of variable w — wwp 1 (and noting that £(wo jwwo 1) = €(w)), we obtain the desired formula. O
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Corollary 3.5.4. Assume \ € Xj‘ryI(T) satisfies the inequalities
ra—1
(3.5.7) Z Z P () otaY) <0, Yae A\
weWr (Fp) =0
Then A € (Cyip).

Proof. Indeed, if these integers are non-positive, then the divisor of fy is effective on G, hence this function extends
to a global section. Its weight is a positive multiple of A, which proves the result. O

Definition 3.5.5. We define the highest weight cone Chy C X_T_J(T) as the set of characters \ satisfying the
inequalities (3.5.71).

It is clear that Ch, is saturated and we have just proved that Chw C (Cip). Furthermore, we claim that
Cgs C Chy. To show this, take A € Cgs and a € A\ I. For such a character, all the summands in equation (3.5.7)
are non-positive. Indeed, for each i = 0, ..., 7, — 1 and for each w € Wi (F,), one has (wA, vy = (A, (w (7 a)V).
The root  « is clearly in A\ I because B, L are defined over F,. Hence w(°'a)) is a positive root, possibly

non-simple, which is not a root of L. By definition of Cgg, the claim follows. We have proved the following corollary,
which shows that Conj. [L84 holds under the assumption that P is defined over F.

Corollary 3.5.6. One has the inclusions Cgs C Chw C (Chip).

To summarize, our construction attaches to any character X in the cone Chy, an element fy € HO(G-Zip, ¥ (D).
We will see examples (§5.5) of the association

(3.5.8) A~ fa

3.6. The F,-split case. Assume now that G is F,-split. Hence the action of Galois on X*(7T') is trivial. In
particular, we have r, =1 for all a € A\ I. We deduce that the cone Ch,, is given by the set of A € X} ;(T') such
that

(3.6.1) Z p" N wh a¥) <0, Yae A\
weWr,
We can simplify further this formula. For o € A\ I, denote by L, C L the centralizer in L of the cocharacter .

The type I, of L, is the orthogonal in I of a¥. For any w € Wi, we have wa = o and wa¥ = V. By [2, (2.12)],
any element w € Wy, can be written uniquely in the form

(3.6.2) w = waw®, we € W, w* €Wy

(recall §L.I.7 for the definition of the sets XW). Furthermore, one has f(w) = ¢(w,) + ¢(w®). Hence equation
B5I) can be written as

(363) Z Zpé(wa)+é(wa)<wawa)\, a\/> < 0

Wo W

where w, runs in the set Wi and w® in feWp. But (waw®\, aV) = (w\, w, V) = (w*\, o). We deduce that

(e
this inequality boils down to

(3.6.4) Z P (wA, aV) <0

wela Wi,
Comparing to the initial equation, we have simply reduced the indexing set. We will use this simplified formula in
the case of a symplectic group G = Sp(2n).

3.7. Determination of the space H°(G-Zip, ¥ (\)). In this section, we continue to assume that P (and hence
also L) is defined over F,. We assume further that T is split over F, to simplify the arguments. Our goal is to
determine the space H°(G-Zip, #'(\)) uniquely in terms of representation theory of reductive groups. This makes it
possible to give a formulation of the cone Cj;;, which makes no mention of the geometric objects G-Zip, G-ZipFlag.

We first determine the sections over the ordinary locus. This can be done very generally. Let (p,V) be an
algebraic representation p : P — GL(V). Recall the construction explained in §I.21 which attaches a vector bundle
¥ (p) on G-Zip.

Proposition 3.7.1. There is an isomorphism

(3.7.1) HY(G-zip"°™, ¥ (p)) ~ VEEFD),

Proof. Recall (§1)) that G-Zip" ¢ ~ [E\U,] where U, denotes the unique open E-orbit in G. We have 1 € U,
and Stabg (1) ~ L(F,) (this group is viewed as an etale subgroup of E by the map a + (a,a)). Hence G-Zip" ™ ~

[E\(E/L(Fp))] ~ [1/L(F})]. The result follows immediately. O
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For A € X% [ (T), recall that we have the L-representation V' ()) defined in (L2.2). We may decompose it in a
sum of T-eigenspaces:

(3.7.2) V= P V)
XEX*(T)
Define a subspace V(A)<o C V(A) as follows. It is the direct sum of the T-eigenspaces V()A), for the characters
X € X*(T) which satisfy the condition
(3.7.3) (x,@”y <0 forallae A\
Note that V(X)<o is stable under the action of T, but it is not a sub-L-representation of V().

Theorem 3.7.2. There is a commutative diagram where the vertical maps are the natural inclusions, and the
horizontal maps are isomorphisms:

(3.7.4) HY(G-zip" ™, 7 (N) ———— V(A)FEF)

J J

HY(G-Zip, ¥ (\)) —=— V(N)<o N V(\)LEFD)

Corollary 3.7.3. The zip cone Cyip, is the subset of X-T—,I(T) given by
(3.7.5) Coip = {A € X3 1(T) | VIN)<o NV (N F2) 2 0}

Note that this characterization of the zip cone makes no reference to the stack of G-zips and is only formulated
in terms of the representation V(X). We may view this L-representation as an L(F))-representation or a T-
representation. It is apparent that the zip cone is related to the interaction between these two points of view.

We now prove Th. The top line of the diagram is Prop. B71] applied to the representation V(A). To
prove the lemma, we need to show that via this isomorphism, the image of the subspace H°(G-Zip, #())) is
V(N)<oNV(A)EFR) Recall (see (ZILH)) that we have a nonlinear map f — f

(3.7.6) V(AN — V(DXN)EEFR) ~ HO(G-zipho™, ¥/ (D)) = H*(G-ZipFlag’ ™, £ (D))

where D = |L(F,)|. Then we may compose this map with the valuations v, : H°(G-ZipFlagh™®, Z(D))) — Z
defined in II), for any o € A\ I. The sign of v,(f) is given by ZseL(FP) ve(f(bdo(t)s)) for any nonzero
f eV (Lem.B32). Since we assume T to be Fp-split, d, is just a negative multiple of o, so the sign is that of
=D seL(F,) ve(f(baV (t)s)). Note that if we start with f € V(X\)2(F»), then by definition f = fP and all the terms
in the sum are equal, so va (f) ~ —v,(f(baV (t))).

Now, let f € H(G-zip" ™, #(\)) be a nonzero section, which we can view as an element of V' (\)“(F»). Since G
is smooth, f extends to G-Zip if and only if fP = f does. This is the case if and only if its divisor is effective, which

means exactly v, (f) > 0 for all « € A\ I. We deduce that f € H°(G-Zip, #()\)) if and only if —v.(f(ba¥ (t))) >0
for all @ € A\ I. To continue the argument, we need the following linear algebra lemma:

Lemma 3.7.4. Let V be a k-vector space which decomposes as V. = EBX Vy. For each x such that V), # 0, let
n(x) € Z be an integer. Then there is a unique function F : V '\ {0} — Z which satisfies:

(1) F(x) =n(x) for all x € V}, \ {0}.
(2) F(az) = F(x) for alla # 0 and all x € V' \ {0}.
(3) F(z+y) > min{F(z),F(y)} for allz,y € V\ {0}, z+y #0.

Proof. Assume F is a function satisfying these properties. Define Vs, := {z € V' \ {0} | F(z) > n} U{0}. By @
and (), it is clear that V>, is a subspace of V and we have a filtration

(377) .. C V2n+1 C VZn C VZn—l C ...

If Vi N V>p # 0, then one has Vi C Vs, so we deduce Var, = €D,,(,)>,, Vi Hence this filtration is independent of
F. The unique extension F' is given by

(3.7.8) F(z) =max{n € Z |z € V>,}.
O

Fix a € A\ I. We claim that the function V(A) = Z, f — v (f(baV(t))) satisfies the properties (@), @), @)
above for the decomposition [B7.2) and the function n(x) = —(x, @"). The first one follows from Prop. B.5.2 with
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w=1and § = aV. The second one is immediate, and the third one comes from the valuation property of the
function v;. From [B.7.8)), we deduce that for all f € V() \ {0}, we have

(3.7.9) ve(f(ba(t)) =max{n e Z |z eV}

where V2, = @_(, ovy>n V(A)x. We deduce for any a € A\ I:

(3.7.10) —v(f(baV (1)) > 0= [ € VL.

Finally, for all f € V(\)XF») we have shown that

(3.7.11) feHG-zip, V() <= fe (] V& =V(N<o
a€A\I

and this terminates the proof of Th. 3.7.2
In the next proposition, we will see that the space of global sections simplifies when the weight lies in the
Griffiths-Schmid cone.

Proposition 3.7.5. Let A € Cgs. Then the following hold true
(1) One has V(A)<o = V(A).
(2) Any section of ¥ (\) over the ordinary locus G-Zip" ™™ extends to G-Zip.
(8) One has an isomorphism H°(G-Zip, ¥ (\)) ~ V(\)L(Fe),

Proof. Tt is clear that assertions (2)) and (3] follow immediately from () combined with Th. It remains to show
(. For this, we use [II, Prop. 2.2 b)| which states that any weight x appearing in V()) satisfies wo A < x < A.
Hence we can write x = wo, A+ Zle n;a; where aq,...,aq € A = I and ny,...,ng € Z>¢. It is well-known that if
a, 3 are two distinct simple roots, then (a, 8V) < 0. Hence if « € A\ I, then one has (a;, ") <0 foralli=1,...,d.
Furthermore, one has (wo A, a¥) = (A wo,ra”) and wo o is again a positive root. By definition of Cgg, this
expression is non-positive. It follows that (x,«¥) < 0. Since this is true for all weights x in V() and all @ € A\ 1,
we have by definition V' (X)<o = V(). O

4. THE SYMPLECTIC CASE

This section is devoted to the case where G is the symplectic group Spa, and the zip datum is the usual
Hodge-type one. For n = 2,3, we will give moduli interpretations for the sections that we construct.

4.1. Preliminaries.

4.1.1. The group G. In this section, we focus on the case when G is the reductive F,-group Sp(V, ¥), where (V, ¥) is
a non-degenerate symplectic space over F,, of dimension 2n, for some integer n > 1. After choosing an appropriate
basis B for V, we assume that ¥ is given in this basis by the matrix

1
(4.1.1) U= <J _J> where J :=
1
The group G is then defined by:
(4.1.2) G(R) := {g € GLan(R),'"g¥g = U}
for all Fp-algebras R. An F,-split maximal torus T is given by the diagonal matrices in G, specifically:
(4.1.3) T(R) := {diagy, (1, ooy Tn, T, 5 ooy 7 )y X1, 0y Ty € RX}

where diag,(aq, ..., aq) denote the diagonal matrix of size d with diagonal coefficients aq,...,aq4. Define the Borel
F,-subgroup B of G as the set of the lower-triangular matrices in G. For a tuple (aq,...,a,) € Z™, we define a
character of T' by mapping diag,,, (21, ..., Tn, 2, ', ..., a:l_l) to z{*...z%. We obtain an identification X*(T') = Z".
Denoting by (e1, ..., €,) the standard basis of Z™, the T-roots of G, the B-positive roots are given respectively by:
(4.1.4) O:={e;te;,1 <i#j<n}U{$2e,1<i<n}
(4.1.5) O ={e;te;,1<i<j<niuU{2¢,1<i<n}
and the B-simple roots are A := {aq, ..., ap—1, 3} where:

o =ei41 —e; fori=1,..n—1

B = 2e,.
The Weyl group W := W(G,T) := Ng(T)/T can be identified with the group of permutations o € &, satisfying

the relation (i) + o(2n+1—4)=2n+ 1 for all 1 <i < 2n.
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4.1.2. Zip datum. Let (u;)?"; the canonical basis of k?". Define a parabolic subgroup P C G containing B as the
stabilizer of Spany, (tn 41, ..., u2,). Similarly, denote by @ the opposite parabolic subgroup of P with respect to T,
it is the stabilizer of Spany (u1,...,un). The intersection L := P N Q is a common Levi subgroup and there is an
isomorphism GL, ¥, — L, M ~ S(M), where:

(4.1.6) S(M) = (M —JtM1J>’ MeGL,.

The tuple Z := (G, P, L, Q, L, ¢) defines a zip datum. Since P is defined over F,, the open E-orbit U, C G coincides
with the open P x Q-orbit (|21, Cor. 2.12]). Hence

(4.1.7) U, = {(A *) €G, AeGL,, *eMn}.
* ok
The (ordinary) Hasse invariant H,, € H°(G-Zip®,wP~!) is the section given by
A x
(4.1.8) H,: (* *> — det(A).

4.2. The cones Cspiy, Cas, Chw. Our ultimate goal is to determine the cone (Cyip), but this is very difficult. The
Schubert, Griffith-Schmidt and highest weight cones are all subcones of (Cip) and they give good approximations
from below of the zip cone. First recall that all the cones that we consider are contained in X7 ;(T'), the cone of
L-dominant characters. In our case, this set identifies with:

(4.2.1) 11T ={(a1,..,an), a1 > az > ... > an}.

Since our zip datum is of Hodge-type, we have a Hodge character. It is given by n, = —(p — 1,...,p — 1). Recall
the definition of the Schubert cone (Def. [L71)). The map h: X*(T') — X*(T) is given in this case by:

(4.2.2) h:Z" = Z" (a1,...,an) — (a1, ..., an) — D(An, ..., a1).
Lemma 4.2.1.
(1) The Schubert cone (Csyy,) is the set of A = (a1, ...,an) € Z™ satisfying the inequalities
(paiy1 + an—;) — (pa; + apny1—i) <0 foralli=1,...n—1,

pai + a, <0.
(2) The cone (Csny) is s-generated (see §1.7)) by n, = —(p—1,...,p — 1) and the weights S1, ..., Sn—1 defined by
(4.2.3) S =(1,..,1,0,..,0) — (0,...,0,p, .., )

where both 1 and p appear © times and 0 appears n — i times.

Proof. The first part is Lem. [LZ3 For the second assertion, note that X7 (T') is generated by the fundamental
weights (u;)1<i<n given by p; = (1,...,1,0,...,0) where 1 appears ¢ times and 0 appears n — ¢ times. Using the
notation of §I7 (Csuy) is generated by (h(u;))1<i<n. Hence the result. O

Next, we determine explicitly the Griffith-Schmidt cone. Using Definition [[L.8] we have:
(4.2.4) Cas ={(a1,...,an), 0> a1 > a2 > ... > ay}.

In general, there is no inclusion between Cgg and Cspi. The equivalent conditions of Lemma [Z.3.1] are satisfied if
and only if n = 2. Indeed, since G is Fp-split, the Galois action on A is trivial, so condition (3] is satisfied if and
only if —wq 1, acts trivially on I, which is the case only for n = 2. If n > 2, then in particular Cgg is not contained
in Cgpt. Conversely, note that none of the S; (for 1 < ¢ < n — 1) of Lemma .27 is contained in Cgs. We now
determine the highest weight cone.

Proposition 4.2.2. One has the following

(425) Chw = {(al, ...,an) S Zn, Zp"_iai < O} .

i=1
Proof. We can use equation[3.:6.4] which is available in the F)-split case. Here A\ I = {5} where 5 = 2e,, (notations
in §L1.T). The centralizer Lg of 8 in L ~ GL,, is the subgroup of the form

(4.2.6) L, = {(‘3 2) , A€ GL,_1,a € Gm} .

We deduce that the set e W, identifies with the set of permutations o € &,, satisfying o71(1) < 071(2) < ... <

o~ 1(n —1). Such an element is entirely determined by the value o~!(n). One can see that its length is then equal

to n — o~ !(n). By indexing the sum on the value of i = o~ !(n), we obtain Y ., p" "(\,e;) = Y., p" ‘a; as

claimed. 0
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As predicted by Corollary B.5.6 the inclusion Cgs C Chy is clear from the equations. For m > 2, there is no
inclusion between Ch, and Cspi. Indeed, the inclusion Cpy,, C Cspy does not hold because we saw that Cag is not
contained in Csp;. Conversely, the weights Si, ..., S,_2 from Lem. .21l are not in C},,,. However, the weight S,,_1
lies on the boundary of Chy because it satisfies Y . | p" ‘a; = 0.

Next, we find an s-generating set for the cone Ch, (recall the terminology §I.4). Denote by (uq,...,u,) the
canonical k-basis of k™. For each 1 <i <n —1, let R; C GL, be the parabolic subgroup stabilizing the subspace
Span(ui, ..., u;). Denote by (?)p the Gaussian binomial coefficient

(P =1t -1)..(p" - 1)
(p—DE*=1)...(pn "= 1)

It is easy to see that (?)p is a monic polynomial in p. Evaluating formally at p = 1, one recovers the usual binomial

(42.7) <”) = |GLu(Fy)/Ri(F,)] =

coefficient (7;) For each 1 < i < n — 1, denote by 7n; the weight 7, = (a,...,a,b, ...,b) where a = (";1)17 appears i
n—1

times and b = —p”ﬂ'(i_l)p appears n — ¢ times.

Lemma 4.2.3. One has Chyw = (M1, e, Tn—1, M) -

Proof. After scaling, we see that 7; is a positive multiple of 7; defined by n; = (1,...,1,,...,b") where 1 appears i
times and ' = b/a = —p;;i’ﬂl appears n — i times. It is easy to see that all the weights 7, (hence also the ;) lie

on the hyperplane H of X*(T) ® Q = Q" defined by -7, p"/a; = 0. Indeed, this follows from the relation

S e (1) () ()

j=1+1

In particular, this shows that all the weights 7y, ...,7,—1 are contained in Cyy,. We also know that n,, € Cly, so
this proves one inclusion. Conversely, we show that any element in Cpy can be written as Z?;ll Ainl 4+ Awnw with
M,y An, Aw € Q>o. First, we show that (n{,...,m,_1,7w) is & Q-basis of Q™. For this, it sufﬁces to show that
(7, .-, m—1) generate H. Note that if v = (vl, ..., Uy, ) is any vector of H such that v = Zl 1 /\mZ =0for \; € Q,

then we deduce immediately v; — vi; 1 = 2=\ for all i = 1,...,n — 1. In particular, by taking v = 0, this

=1
shows easily that (1, ...,7,,_;) are linearly fndependent. Since H has dimension n — 1, it follows that (], ...,7,_1)
generate H over Q.

Now let v = (v1,...,v,) € Chy and write v = Y 1| /\ml + AN With A1, ..., A1, A0 € Q. We have again
Vi = Vil = pa= 711/\ >0foralli=1,....,n— 1. Since v € XJFJ(T), we have v1 > va > ... > v,, so A\; > 0. Finally,
denote by 1 the linear form ¢ (aq, ..., n) =3 p"ta;. We have ¢(v) = A\yb(n,) < 0, hence A, > 0 as claimed.
This terminates the proof. O

4.3. The polynomial cone. In the previous section, we obtained subcones of (Cyip), which thus provide a lower
bound for this cone. In this section, we want to determine an upper bound for the zip cone. Generally speaking,
this tends to be more difficult. If g € G, write ¢g as a block matrix of the form

(4.3.1) g= (ég; ggg) ., A(9),B(g),C(g), D(g) € M,.

This defines four regular functions A, B,C, D : G — M,,.

Lemma 4.3.1. Let A € X7 [(T) and let f : U, — A" be an element of H°(G-zipFlagh ™, Z())).

(1) There exists a unique reqular function fo : GL, — Al such that f(g) = fo(A(g)) for all g € U,,.
(2) The section f extends to G-ZipFlag if and only if fo extends to a function M, — Al.

Proof. We prove ({l). Define fy : GL, — A! by fo(A) := f(S(A)) (see equation [@LH) for the definition of S).
Let g € U, and write g = ab~! with (a,b) € E. We have f(g) = f(ab™!) = f(a(b)~!) where @,b € L are the
Levi components of a, b respectively. It is easy to check that a(b)~! = S(A(g)), so we deduce f(g) = f(S(A(g))) =
fo(A(g)). The uniqueness of fy follows from the fact that the map A : G — M,, is surjective (we leave this to the
reader).

We prove assertion (2). Suppose that fo extends to fo : M,, — Al. Then extend f to a map G — A! by setting
f(g) :== fo(A(g)) for all g € G. Tt is clearly regular, and remains E’-equivariant by a density argument. Hence f
extends to an element of H°(G-ZipFlag, £ ()\)). Conversely, suppose that f extends to G-ZipFlag. Viewed as a
regular function on U, this amounts to saying that f extends to G. We will show that fo : GL, — A'! extends
to M,. Denote by r € Z the multiplicity of fy along the complement of GL,, in M, and assume r < 0. Then
1y = fodet™ extends to a function M,, — A! which does not vanish at all points of M,, \ GL,,. Define f’ := fh,"
where h,, is the ordinary Hasse invariant. Then f’ vanishes everywhere on G \ Uy, and one has f'(g) = f;(A(g))
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for all g € G. Since A : G — M, is surjective, the function f{ vanishes everywhere on M,, \ GL,, which is a
contradiction. This terminates the proof of the lemma. O

Denote by [Br\ocGL,| and [Br\,M,] the quotients stacks where By, acts on M, and GL, by b-g = bgp(h)~*.
Again, for any A € X*(T), there is a line bundle on these stacks naturally attached to A\. We continue to denote it
by Z(\). The following is a reformulation of the previous lemma:

Corollary 4.3.2. The map f — fo given by Lem. [{.3.1] defines an isomorphism
(4.3.2) H°(G-zipFlagh ™, Z()\)) — H°([BL\sGL,], Z(\)
which maps the subspace H°(G-ZipFlag, £ ()\)) to the subspace H°([Br\oM,], L (N)).

In particular, any function f € H(G-ZipFlag, £ ()\)) gives rise to a regular function M,, — A, i.e a polynomial
in the coefficients of the n x n matrix. Consider the action of the diagonal torus on M,, by o-conjugation ¢ - A =
tAo(t)~!. For this action, the coefficients functions of M,, are T-eigenfunctions and the weight of the coefficient
a; ; is pe; — e;, where (e1,...,ey) is the canonical basis of Z™. Similarly, any monomial m is an eigenfunction for
this action and write wt(m) for the eigenvalue (which we also call "weight" of m). This defines a grading of the
k-algebra k[M,,] by the monoid Z™ which is coarser than the natural grading by N™". For A € Z", denote by k[Mp]x
the subspace of homogeneous polynomials P € k[M,,] (for the weight wt) of weight A\. We have a decomposition
E[My] = @yczn k[Mp]a. It is clear that k[M,]y is finite-dimensional.

Lemma 4.3.3. Let f € HY(G-ZipFlag, .Z(\)) be a nonzero section and fo € k[M,)] the polynomial attached to f
by Lem. [{.3.1]. Then fo € k[M,]x.

Proof. The function fy satisfies fo(bzp(b™')) = A(b) fo(x) for all b € By, and x € M,,. Decompose f as f = .,, Py
where Py € E[My]x. We get X(b) fo(z) = >_,, N(b)Px(x) for all b € By, and all x € M,,. By linear independence
of characters, this implies that Py, = 0 for all A’ £ \. This shows the result. g

Define the polynomial cone by
(4.3.3) Chol = (e; —pej, 1 <1i,j <m).
Recall that (...) denotes the s-generated cone (§I.4)). We proved the inclusion (Cip) C Cpol, therefore:
Proposition 4.3.4. One has (Cyip) C Cpo N X5 (7).

It is easy to see that Cp is s-generated by the vectors e; — pe; for a < i # j < n. These vectors are the extremal
rays of the cone Cpo1. The above proposition is enough to determine exactly (Cyip) in the case n = 2 (see later).
For n > 3, we must sharpen this result. For any subset ¥ C {1,...,n}?, define a monomial cone Cs; C Cpo by the
formula

(4.3.4) Cs = (e; — pej, (i,5) € X).

We say that a matrix M = (m; j)1<i,j<n has support in a subset ¥ C {1,...,n}? if m; ; = 0 for (,5) ¢ . Define a
Zariski closed subset My C M, as the set of matrices with support in X.

Definition 4.3.5. A subset ¥ C {1,...,n}? is large if there exists a Zariski open subset U C M,, such that for any
x € U, there exists b € By, such that bxo(b)~! € Ms.

We have the following result:
Proposition 4.3.6. Assume ¥ C {1,...,n}? is large. Then (Cyp) C Cx.

Proof. Let A € (C,ip). After scaling we may assume that there is a non-zero section f € H°(G-ZipFlag, £())).
Consider the associated regular function fo : M,, — A! as in Lem. @30} This function satisfies fo(brp(b™1)) =
A(b) fo(x) for all b € Br, and « € M,,. Since ¥ is large, it follows that fy cannot restrict to 0 on the subvariety My
(otherwise it would be zero everywhere). Viewing fj as a polynomial in the coefficients (a; j)1<i,j<n, the restriction
folms is the polynomial obtained from fy after removing all monomials containing a, ; with (i,j) ¢ X. Since

this polynomial is nonzero, we deduce that some monomial in fy has support in ¥, and since fy is homogeneous
(Lem. £323), we deduce that A € Cs. O

There are some obvious restrictions on large subsets. By a dimension argument, we must have 2| > @ for any
large subset X. Also, we claim that (1,n) € ¥ for any large subset. Indeed, recall that S1 = e1 —pe,, € Csby C (Cuip)
(see Lem. [ 2ZT)). Since e; — pe,, is an extremal ray of the cone Cpol, it is also an extremal ray of any subcone in
which it lies. If ¥ is large, then e; — pe, € (Cuip) C Cyx, so (1,n) € X. In the rest of the section, we give some
subsets X that are large. For us, the most interesting subset is the following:

(4.3.5) S ={(0,4) € {1,..,n}% i > j}U{(i,n+1—1), 1 <i<n}.

Lemma 4.3.7. The subset 31 is large.
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We will need the following lemma:

Lemma 4.3.8. Let G be an algebraic group over k acting on an irreducible k-variety X . LetY C X be an irreducible
closed subvariety. Assume that there is a nonempty open subset U C Y of Y such that for all y € U, the closed
subset of G

(4.3.6) H(y)={9eGlg-yeY}

has dimension dim(Y) + dim(G) — dim(X). Then there is a nonempty open subset V.C X such that any © € V is
in the G-orbit of an element in Y.

Proof. Consider the map 0 : G xY — X, (9,y) — g-y. Denote by Z the Zariski closure of the image of 6, it is
an irreducible closed subvariety of X. By Chevalley’s theorem the image is a constructible set, i.e a finite union
of locally closed subsets, so the image of 6 contains an open subset W C Z of Z. To prove the lemma it suffices
to show that Z = X. It is a classic result that there exists an open subset Wy C W such that for all w € Wy,
the fiber 071 (w) has exactly dimension dim(Y x G) — dim(Z). Now consider the open subset =1 (Wy) C G x Y.
By irreducibility of G x Y, it intersects the open subset G x U. Pick any element (go,y0) € =1 (W) N (G x U).
By definition, yo € U and wo := 6(go,¥0) = go - yo € Wp. It is straight-forward to see that the fiber =1 (wy) is
exactly the set of pairs (g, (g7 g0) - yo) € G x X with the condition (g7 1go) - yo € Y, in other words g~ *go € H(yo)-
Hence there is an isomorphism H (yo) — 6~ (wp) given by the map h + goh~!. Combining the assumption on the
dimension of H(yo) with the previously computed dimension of 87 (wp), we obtain dim(Z) = dim(X), and hence
Z=X. O

Proof of Lem. [{.3.7 We use the previous lemma for X = M,,, Y = Ms, and for the group By, acting on M,, by
b-g =bgp(b)~! for all b € By, and g € M,,. One has dim(Y) + dim(B.) — dim(X) =n+ |%]. Let U C My, be the
subset of matrices M = (m; ;) satisfying m; ; # 0 for all (¢, j) € ;. We claim that the conditions of Lem. A3.8 are
satisfied. Define K, (resp. K_) as the subset of pairs (i,75) in {1,...,n}? such that i > j and i +j < n + 1 (resp.
i+7 >n+1). Then, we define a subset Hy (resp. H_) of By, as the set of matrices m = (m; ;) in By, which satisfy
m;; = 0 for all (i,7) € K4 (resp. K_). It is easy to check that Hy, H_ are subgroups of By. Their intersection
H = H,; N H_ is the set of invertible, lower-triangular matrices whose entries which are neither on the diagonal
nor the anti-diagonal are zero. This is again a subgroup of Bz, and its dimension is n + [4]. To show the claim,
it suffices to show that H(y) = H for all y € U. It is trivial to see that H C H(y) for any y € U. Conversely, let
y € U and b € H(y). By definition, we have byp(b)~! € Y. Write b = (b; ;) and ¢ := ¢(b) "' = (¢; ;). By looking at

the last column of byc, we see that b satisfies by 1 = b3 1 = ... = b,—1,1 = 0. Similarly, by looking at the first line,
we see that ¢, 2 = ¢, 3 = ... = ¢,,n—1 = 0. Then we continue and look at the n — 1-th column of byc. We see that
bso =bso=..="by_22 =0 and similarly ¢,—13 = ch—1,4 = ... = ¢p—1,n—2 = 0. Continuing this way, we arrive

finally at b € H; and ¢ € H_. So far, we have only used the fact that b and ¢ are lower-triangular. Now, we use
specifically that ¢ = ¢(b) ™! to deduce (since H_ is a subgroup of Br), that we also have ¢(b) € H_, and hence also
b € H_. This shows that b € H and terminates the proof.

O

Remark 4.3.9. The subsets {(i,j) € {1,...,n}% i+j <n+1} and {(i,j) € {1,...,n}?, i +j > n+ 1} are other
examples of large subsets (it follows from the density of Brwo By in L).
We can slightly improve the previous result. Define ¥} C X, as the subset
(4.3.7) Y= {0,5) € {1,..,n}% i>jyu{(i,n+1—4), 1 <i<n}
It is easy to see that Cs, = Cxy (but ¥ is not large). We deduce:
Corollary 4.3.10. One has (Cyp) C Cxy N X7 (T).

We will determine the cone (Cyip) in some cases in the next section.

5. THE RING OF ZIP AUTOMORPHIC FORMS

So far we have looked at a fixed weight A € X7 7(T). In this section, we define a ring that captures information
about all the weights at once, as well as the relations between different global sections.

5.1. Some general properties. Let G be a reductive Fp-group and let ;1 : G, » — G be a cocharacter. Choose
an F,-frame (B,T,z) (§ [LII). Denote by X := G-Zip" the attached stack of G-zips and ) := G-ZipFlag! the
stack of zip flags. Define the ring of zip automorphic forms as

(5.1.1) Rip= @ H'(X,7(\).
AeX: (T)

The additive group R, inherits a structure of k-algebra since H(X, ¥ ()\)) identifies with H°(Y, Z()\)) and using
formula (I.3.2). It is naturally a graded algebra. Note that the cone Cip, gives the actual grading of this algebra.
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Hence, the problem of determining R,;, can be thought of as a refinement of the questions studied in previous
sections.
Retain notation of §L.5] for Shimura varieties. As mentioned in the introduction, one can form a similar ring

(5.1.2) Rix:= @ H(Sk,7(N)

Xexy (T)

which can legitimately be called the ring of automorphic forms of level K, which explains our terminology for the
ring R,p. The map ¢ : Sg — & yields an inclusion R,i, = Rk, which is compatible with change of level maps.
Hence Ry inherits a structure of R,i,-algebra and this action commutes with all Hecke operators.

Recall that H(X, 7 ()\)) also identifies with the space of regular functions f : Gy — Al satisfying f(agb™!) =
A(D)f(g) for all g € G and all (a,b) € E’. Hence, we can define a map ¢ : R, — k[G] by

(5.1.3) (fa)x— Z a

XeX: [(T)

It is easy to see that ¢ is a k-algebra homomorphism. By linear independence of characters, this map is injective.
Thus, R,ip identifies with a sub-algebra of k[G]. We view k[G] as a representation of G x G. Note that G x G acts
on k[G]. In particular, E" acts on k[G] by restricting this action. Denote by R, (E’) the unipotent radical of E’.

Proposition 5.1.1. The image of ¢ is k[G]F+(E") | the subalgebra of k[G] invariant under R, (E').

Proof. Clearly «(Ry,p) C k[G]®+(F). We prove the opposite inclusion. Note that E’ acts on k[G]F(F) since
Ry (E') is a normal subgroup of E’. This action factors through the quotient E'/R,(E') ~ T. Hence, k|G]R(E")
decomposes as a direct sum of E’-eigenfunctions. In other words, any element f € k[G]Ru(E,) can be written as
=2 x+(r) [a, where fx is an E’-eigenfunction for the character A. This proves the result. O

From now on, we identify implicitly R,;, with its image by «.
Lemma 5.1.2. An element f € k[G] lies in Ryp if and only if div(f) is Ry, (E’)-invariant.

Proof. One implication is clear. Conversely, let f € k[G] such that div(f) is R, (E’)-invariant. The condition on
the divisor implies that the rational function on G x R, (E’) defined by (e, g) — % extends to a non-vanishing
function on Gx R, (E’). By [12] §1], we can write it as a product a(g)5(€), where a : G — Gy, and 5 : Ry(E') — Gy,

are non-vanishing. Evaluating at e = 1, we find «(g)3(1) = 1 for all g € G. Hence the above function is % This

is a non-vanishing regular function on the connected group R, (E’) with value 1 at 1, so it is a character by loc. cit.
Since R, (F’) is unipotent, it is trivial. Hence f(e-g) = f(g) for all e € R, (E’) and all g € G. O

In particular, the units of R,i, are exactly the non-vanishing functions G — Gy,. Any such function can be
uniquely written as ax where a € k* and x € X*(G).

Proposition 5.1.3. Assume that Pic(G) = 0. Then Ry is a UFD.

Proof. By [9] I1,Prop. 6.2], the ring k[G] is a UFD. Denote by P a set of representatives of irreducible elements in
k[G]. Let P’ C P the set of elements f € P such that div(f) is R, (E’)-invariant. Let f € Ry, be a function, and
decompose f = af{'...fe* in k[G] with f; € P and e; > 0 for all ¢ = 1,...,n. Since div(f) is R, (E’)-invariant and
since R, (E") is connected, each component div(f;) is invariant as well. This shows that R, is a UFD and P’ is a
set of representatives of the irreducible elements. O

Conjecture 5.1.4. The k-algebra R, is finitely generated.

Prop. [B.1.1l shows that this conjecture is related to Hilbert’s 14th problem. Nagata has given a counterexample
to Hilbert’s original conjecture ([16]).

5.2. Related algebras. To simplify, we assume in this section that P is defined over F,. We consider the p-
ordinary locus &, = [E\U,] C X (see Z11)). By replacing X by X, in the definition of R, (GI1]), we define a
graded k-algebra R,. One has a natural inclusion R,;, — R, given restriction of sections. This inclusion respects
the grading.

Proposition 5.2.1. The k-algebra R,, is finitely generated.

Proof. Let m : Y — X be the natural projection map, and write Y, := 7~ *(X,) = [E'\U,] for the p-ordinary

locus of Y. There is an isomorphism Y,, ~ [Br\L/L(F,)] (Lem. 21T and §21)). It follows that R, identifies with

the L(F,)-invariants of the k-algebra @Aex*(T) H°(BL\L, #()\)). This algebra is finitely generated by standard

monomial theory (JI5, §9.4]). Since L(F),) is a finite group, R,, is finitely generated by |10} §3]. O
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Let Grax C G by the unique open B x * B-orbit in G (recall that z = wg jwo). One has Gyax = BB~ wo, ;. Recall
that one has inclusions Gmax C U, C G. We obtain an open substack Ymax C Y defined by Vmax = [E'\Gmax]-
Similarly, we define a k-algebra Ry.x by

(5.2.1) Ryax = @ Ho(ymamf()‘))'

AEX(T)

Note that contrary to R, and Ry, the space H(Vmax, -Z(A)) may be nonzero even if A is not L-dominant. Hence
for Ryax, we want to allow the index set to be all of X*(T).

Since wo,; € Gmax, the stack Ymax is isomorphic to [E'\B x *B/S] where S = Stabp:(wo ). It is easy to
see that S coincides with the set of pairs (t,wth_lwoJ) for t € T. Furthermore, the quotient E'\B x *B maps
isomorphically to By, by (a,b) — b, where b € L denotes the Levi component of b with respect to the decomposition
Q = LR,(Q). We deduce that there is an isomorphism:

(5.2.2) Vimax =~ [BL/T)

where T acts on By, on the right by the rule b -t := cp(t)_lbwthwoJ for all t € T and all b € By,. Since this is a
quotient by a torus, the ring k[BL] decomposes as a direct sum of T-eigenspaces k[BL] = @y x«(7) k[Br]x, and

via this identification k[Br]x = H°(Vmax, -Z()\)). We obtain the following result:
Proposition 5.2.2. The algebra Ry,.x identifies with k[Br]. There are inclusions
(5.2.3) R,i, C R, C k[BL]
and all three k-algebras have the same field of fractions.
This shows that the field of fractions of R, is k(Br). Furthermore, the scheme Spec(R,ip) is birational to an

affine space. However, we believe that it is not true in general that R,;, is a polynomial ring.

5.3. The general symplectic case. In this section, we assume that G = Sp(2n) and the zip datum is the usual
Hodge-type one (§4)). Recall that we identify L with GL,, and By, is the group of lower-triangular matrices. Let
(@i,j)1<i,j<n be indeterminates and let R = k[(a; ;);;]. Consider the generic matrix A = (a; ;) € M, (R). Let A,;
be the determinant of the ¢ x i matrix

A1,n+1—i Al pn42—5 - Q1,n

a2 n4+1—i A2n42—5 ¢ a2.n
(5.3.1) A=

Qi n+1—1i Qi n4+2—1i e Qin

Denote by Umax C GL, the subset where all A; for 1 < i < n are nonzero. The function A; : M,, — Al is
Bp, x Br-equivariant. In particular, it is also equivariant with respect to the action of By by (-conjugation on M,
so it corresponds to a global section over ) (Lem. A3]). Actually, the stronger invariance under By, x B, means
that A; comes as a pull-back via the map ¢ : ) — Sbt (LZ4]). More precisely, recall that we have functions f) on
the stack Sbt (see (I'L3). The function A; is the pull-back of fy for A = (0,...,0,—1, ..., —1), where —1 appears i
times. The weight of A; is wt(A;) = S; (see Lem. 2T]).

Lemma 5.3.1. One has the following identifications

(1) Rup = {f: M, — A regular, f(uzp(u)~t) = f(z), Vo € My,,u € R,(BL)}.

(2) R, ={f:GL,, — A" regular, f(uxp(u)™t) = f(z), Vo € GL,,u € R,(Br)}.

(3) Rmax = {f : Unax = A" regular, f(uzp(u)™') = f(2), Y& € Unax,u € Ru(Br)}.
Furthermore, the set of homogeneous elements of weight A € X*(T) in each of the graded algebras R,ip, R, Rmax
correspond to those functions f which satisfy f(bxe(b)™) = A(b)f(z) for all z and all b € By,.

Proof. Assertions (Il) and (2) follow easily from Cor.[£32and the third one follows from the above discussion. The
last assertion on homogeneous elements is clear. g

Note that we have an obvious inclusion R,;, C R. Let K be the field of fractions of R. Recall that A denotes
the generic matrix A = (a;;) € M, (R).

Lemma 5.3.2. There exists a unique matriz z € R, (Br)(K) such that if we write zA = (m; ;), then m; ; =0 for
all 1 <i,5 <n such that © +j >n + 1. Furthermore, z € R[Ail, e ﬁ]

Proof. Clear. |
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Denote again by ¢ : K — K the map z — 2P and write also ¢ : M,,(K) — M, (K) the map obtained by applying
¢ to the coefficients. Define a matrix I' = (V5 )1<r.s<n € My (K) by the following:
(5.3.2) = 2Ap(2)""

where z € R, (Br)(K) is the matrix given by Lem. It is clear that v, s = 0 for r +s > n + 1. For (r,s) such
that » +s < n + 1, the element ~, s lies in R[Ail, cey ﬁ] The uniqueness of z in Lem. implies that ~, s is
automatically E’-equivariant, so it is actually in Rzip[Ail, . ﬁ] Its weight is wt(7y,s) = e, — pes, where (e;); is
the canonical basis of Z™.

Corollary 5.3.3. Let f € R be a polynomial. Then f € Ryp if and only if f((ai ;)i ) = f((7i5)i;) in K.

By Prop.[5.2.2 the algebra Ry,.x identifies with k[B]. By Lem. 5311 @), it also identifies with certain elements
of R[Ail, s A%@] We have proved the following:

Proposition 5.3.4.
(1) The elements (yys) for 1 < r,s < n such that r +s < n+ 1 are algebraically independent, and one has
Rmax = k[(’%‘,s)u ALlu (LX) ALTL]
(2) The algebra Ry, identifies with RN k[(7yrs)] inside K.

We may cancel the denominator in v, s by multiplying with a certain product of the A;. We obtain a polynomial
Vr,s» Which lies automatically in R,i,. By following precisely the construction of I', one can show that for all (r, s)
such that r + s < n + 1, the function

n—r p
(5.3.3) Ar_y <H Am> Vrs

is a polynomial (where Ay =1 by convention), hence lies in R,;,. Note that the above product is not optimal. In
general, there is a smaller product of A; which satisfies this condition. The function (£33) is homogeneous, so its
weight lies in Cy;ip by definition. We deduce:

(5.3.4) Sr_1+0p Z Sm + e —pes € Cpip, forallr+s<n+1.

m=s

5.4. The case Sp(4). In this section we specialize the discussion to the case n = 2. One can see immediately that

the matrix z € M(K) in Lem. [532is z = L 0 . We obtain
—agafars 1
a3,
= A
(5.4.1) I = <a1’1 toap 1) .
_ B 0
Ay

This gives us Rmax = ka1 1 AP + ab 5, AT', AF']. To obtain Ry, we need to work slightly more:

Theorem 5.4.1. For G = Sp(4), the algebra R,y is k[aLlA’l)_l + a§)2,A1,AQ]. 1t is isomorphic to a polynomial
ring in 3 variables.

Lemma 5.4.2. Let Ry C R be integral domains with the same field of fractions K. Let x € Ry be a nonzero
element. Then Ry = RN Ro[L] if and only if the map Ro/xRy — R/xR is injective.

Proof. The map Rg/xRg — R/zR is injective if and only if Ry = Rg NzR. We deduce >Ry = xRo N 2°R =
Ry N 22R, and by induction "Ry = RgNz"R foralln > 1. If y € RO[%] N R, then there exists n > 1 such that
"y € 2" RN Ry = 2" Ry, hence y € Ry. O
Proof of Theorem [5..1] 1t is clear that Ry := k[aLlAﬁkl + a’2’72, A1, As] C Ryip. We know that the elements Aq,
Ay and a = a1 Af_l + a§72 are algebraically independent. Furthermore, R, coincides with k[%, Ay, ﬁ—f] NR,
1
which is clearly contained in RO[ALI] N R. To prove the result, it suffices to show RO[ALI] N R = Ry. By Lem. 542
this is equivalent to the injectivity of Ry/A1 Ry — R/A1R. Choosing indeterminates z, y, a, b, ¢, this map identifies
with: k[x,y] — k[a,b, ], . — P, y — ac, which is clearly injective. |
Note that a = a; 1 AP~ + ah 5 is homogeneous of weight wt(a) = (0, —p(p — 1)).
Corollary 5.4.3. For G = Sp(4), one has Cy i, = N(1,—p) + N(1 — p,1 — p) + N(0, —p(p — 1)).

Proof. By Th. 541l any element f € R,y is of the form f = P(a, A1, As) where P is a polynomial in 3 variables.

For f homogeneous of weight A € X7} (1), it follows that X is a linear combination with positive integer coefficients

of the weights of o, A1, As. a
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Corollary 5.4.4. For G = Sp(4), one has (Cyip) = ((1,—p), (-1, -1)).

The Schubert cone, the highest weight cone and the Griffith-Schmidt cone are given by

Cspt = N(1,—p) + N(1 — p,1 — p).
Chw = {(a1,0a2), par +az < 0}.
Cas = ((—1,-1),(0, —1)).

Hence, the saturated cones of Cspy and Cy;p, coincide with Chy,. Note that Prop. B3 gives (Cyip) C CpaNX7 (1) =
((=1,-1),(—1,p)). Therefore, we could have easily deduced (C,ip) = (Cspt) = Chw = ((—1,—1), (-1, p)) without
determining R, and Cy;p, first.

5.5. The case Sp(6). Now we take n = 3. We will see that computations get quickly very complicated. The cone
(Cyip) can easily be computed using previous results. First, the Schubert cone, the Griffith-Schmidt cone and the
highest weight cones are given by:

Csbi = N(1,0 = p) + N(1,1 = p,—p) + N(1 —p,1 —p,1 —p).
Cas = {(a1,az2,a3), 0> a1 > az > az}..

Chw = {(a1,a2,a3), p*ay + pas + az < 0}.
By Lem. .21 the cone Cspy is generated by the weights
(5.5.1) S1=(1,0,-p), S2=(1,p—1,-p), S3 =1,
The Griffith-Schmidt cone is s-generated by the weights
(5.5.2) (0,0,-1), (0,—1,-1), n..
By Lem. 23] the cone Chy is s-generated by the weights

(553) m = (p + 17 _p27 _p2)a 2 = (15 17 _p(p+ 1))7 Nw -
Proposition 5.5.1.

(1) One has (Cuip) = (11,72, 7> S1)-
(2) The cone (Cyip) is the set of (a1,a2,a3) € Z3 satisfying the inequalities

(5.5.4) ap > az > as
(5.5.5) p2ai + pas +az <0
(5.5.6) p2as + pai +as <0

Proof. By Cor. 310, we have (Cyip) C Csy N X7 ((T). It is easy to see that Cxy N X7 ;(T) is s-generated by
71,72, Nw, S1 and is given by the equations (5.5.4), (5.5.5), (55.6). O

Here is a representation of the cones. As it is 3-dimensional, we take a slice of the cone, perpendicularly to the
axis generated by 7, (which hence appears as a dot at the center of the picture). The exterior shape which looks
like a triangle with corners cut off is the trace of the polynomial cone on the slice. The two dotted half-lines that
intersect at 7, are the traces of the two hyperplanes that define X7 7(T). This picture represents all four cones
Chol, Crip, Cspt and Cgs. Please refer to (5.5.0)), (5.5.2), (5.5.3) for the points marked on the picture.
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X1, (1)

(0,1, —p) : S1 = (1,0, —p)

(=p,1,0)

(=0, 1) 0, —p, 1)

Let us try to compute R,ip. We use the following notation: For 1 <4,j < let §; ; be the minor of A obtained by
removing the i-th row and j-th column. First, the matrix I defined in (5:3.2) is given by:

(5.5.7) I = Af—+ 220

A
A
20 0

where €, f1, f2 € R,ip are defined as follows:

(5.5.8) €= a171a§)73 + CLLQCL;S_B + CLl_’gCLg_B
(5.5.9) f1=a1 A8 + A15§71
(5510) fQ = Afdg_]g - Agagg.

Remark 5.5.2. The weight of f; is 11 and the weight of fo is 7o (defined in (5.3))). These weights lie on the
hyperplane Y, p"~‘a; = 0. Actually, one can check that fi, fo are obtained by the association (35.8). The weight
of €is (1,0, —p?). This section is not attached to a highest weight.

We obtain a subalgebra Ry := ke, f1, fa, A1, Ag, Ag] C Ryip, by canceling out the denominators in I'. However,
contrary to the case n = 2, this naive subalgebra is strictly contained in R,i, because the map H : Ry/A1Ry —
R/A1R is not injective. For example, the following elements are in R, but not in Ry:

ISR VOO S .y
A€+1 ’ A;lIJ ) Aﬁ)

(5.5.11) 0

Define R; as the k-algebra ke, f1, fo, A1, A, A3, 0, p, 7]. It is isomorphic to a polynomial ring in 9 variables divided
by 3 equations (given in an obvious way by (E.5.11)). We believe that Ry = Ry, but we did not check it.

6. MODULAR INTERPRETATION

We continue to work with the group G = Sp(2n) endowed with its usual Hodge-type zip datum. We write
X = G-Zip and Y = G-ZipFlag.
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6.1. Dictionary. Recall that the stack of G-zips has the following modular interpretation. Let S be a scheme over
F,. Then a morphism of stacks S — X is the same as a tuple (M, (—, —),, F, V) where
(1) M is alocally free Og-module of rank 2n,
(2) (=, =) : M x M — Og is a perfect Og-linear pairing,
(3) © C M is a locally free isotropic Og-module of rank n, such that M/ is locally free,
(4) F: M® — M is an Og-linear morphism,
(5) V: M — M® is an Og-linear morphism,
satisfying the relations:
Im(V) = Ker(F) = Q®
Im(F) = Ker(V),
(Fz,y) = (2, Vy)® for all z € MP) y € M.

In the above, the sheaf M(®) is the pull-back of M via the absolute Frobenius morphism Fg : S — S. The pairing
(=, =)@ is the one induced from (—, —) on M),

Similarly, there is a moduli interpretation for the stack of (full) G-zip flags. A morphism S — ) is the same as
a tuple (M, (—,—),Q, F, V) as above, together with a full flag

(611) 0=FyCF C..CF,=9

where F; is a locally free Og-module of rank ¢ and the quotients 2/ F; are locally free for all i = 1,...,n. The natural
projection 7w : Y — X is given by forgetting the flag F,. This illustrates that the fibers of 7 are flag varieties. By
assumption, the quotient %, = F;/F;—1 is a line bundle for each i = 1, ...,n. For a n-tuple (as, ..., a,) € Z", define

(6.1.2) L(ar,...,an) =L " .0 L, .

Via the usual identification X*(T') = Z", the line bundles .#(ay, ..., a,) correspond to the line bundles .Z () studied
throughout the previous sections of this paper (therefore the notation is unambiguous). The goal of this section is
to give a modular interpretation of some of the sections defined in §5.31

Remark 6.1.1. Let M be a k-vector space equipped with a perfect pairing (—,—) : M x M — k, a o-linear
endomorphism Fy : M — M and a o~ !-linear endomorphism Vg : M — M. Assume that (Foz,y) = o(x, Voy).
Then we obtain a G-zip over k by defining F : M ®, k — M, F(x ® \) = MAFp(z) and V : M — M ®, k,
F(z) = Fo(x) ® 1, and taking Q := Im(Vp). We call (M, Fy, Vo, (—, —)) a symplectic Dieudonné space over k. This
defines an equivalence of categories between G-zips over Spec(k) and symplectic Dieudonné spaces. Similarly, we
can define a filtered symplectic Dieudonné space by adding to M a filtration 0 C F; C ... C F,, = ). These objects
correspond to G-zip flags.

Recall that an algebraic representation (V, p) of E gives a vector bundle ¥ (p) on X = G-Zip (see §L.2)). We only
consider representations of E that arise from a representation of P via the first projection £ — P. We now give the
representations that correspond to the vector bundles Q and M. If p: P — GL(V) is a representation, we denote
by pV its dual. Tt is clear that ¥ (p¥) ~ ¥ (p)¥. Denote by pr, : P — GL,, given by the composition of the natural
projection P — L composed by the identification L ~ GL,,. One can show that we have the following formula:
(6.1.3) Y (p}) = Q.

Hence we set po := pj. Similarly, denote by Std : Sp(2n) — G Lo, the natural inclusion (the standard representa-
tion). Denote by Std |p its restriction to P. Then we have

(6.1.4) Y (Std |$) ~ M.
Let V be an F,-vector space and p : P — GL(V) a representation of P defined over F,. Then we define p®) as the
Frobenius-twist of p. It is clear that ¥ (p(?)) ~ ¥ (p)®).

6.2. The Schubert sections. Recall that we defined for 1 < i < n a section A; of weight S; on Y in (&3.1]). We
give its modular interpretation. Consider the map f; of vector bundles obtained by the following composition
(6.2.1) FLaow Q(p)/fr(f_)i

Then taking the determinant of f;, we obtain a map A; := det(f;) : det(F;) — det(Q2/F,—;)P. One has clearly
det(F) = A ®...0 % and det(Y/ F;) = £j11 @ ... @ Z,. We deduce that A; identifies with a map

This is the same as a global section over S of the line bundle (%, 11 ® ... ® L) @ (A ® ... L)t = 2(S)).
We claim (proof omitted) that this section coincides with the section A; defined in (E31). In the case i = n, we

obtain the classical Hasse invariant, as the determinant of the map V : @ — Q).
28



For S = Spec(k), let (M, Fe, Fo, Vo, (—, —)) be a filtered symplectic Dieudonné space over k, and let z : Spec(k) —
G-Zip be the corresponding point. Then one has an equivalence

(6.2.3) Ai(2) # 0 < Vo(Fi) ® Fri = M.

6.3. The case n = 2. For n = 2, we know that the algebra R, is generated by Ay, Ao, v, where o = aLlAffl—l—agQ
(Th. BE4.T)). We already know the modular interpretation of Ay and Ay. We determine the modular interpretation
of a. We leave certain verifications to the reader.

To find the modular interpretation, we look closer at the formula for . Note that Aja = a;,1Af + Aqah , can
be seen as the scalar product of two vector-valued functions

t (»)
(6.3.1) Ao = (“1’1) (‘”72)
a1,2 az,2

One can easily check that the maps 21,25 : My — A? defined by =1 : (a; ;) — (ZM) and Zo : (ai;) — (Zl’2>
1,2 2,2
satisfy the following relations:

= B NN (-) W WP _(xz 0 _(a11 aip
(6.3.2) 1 (MAp(M)™Y) = pd’(M™1) E1(A) VM = (y z> , VA = (a271 a2)2>
_ 1 z 0 a a
3. 2o (MAp(M)™Y) = — p¥(M) E5(A M = A— (@ az)
(6:33) 2 ( (M) ) szQ( ) E2(4) v (y Z> v (a2,1 az,2

By the dictionary of vector bundles §6.11 we deduce that Z; is a global section over ) of the vector bundle
L7 @ QWP Similarly, 25 is a global section of the vector bundle .2 ® QY. From this observation, we can find
the modular interpretation of Z; and Z,. The map V : 4 — Q®) gives a section of Zfl ® Q® over ) which

corresponds to Z;. Similarly, the map V : Q — Q®) followed by the projection Q) — £P gives a map Q — £7,

hence a global section of .5 @ QY. This section corresponds to Z3. Since Aja = = o Eép )

composing the map V : & — Q®) with the Frobenius-twist of  — ZP. This gives a map £ — L7 *. The result
is divisible by A;. Therefore, we deduce the following result:

, we can obtain A« by

Proposition 6.3.1. The modular interpretation of « is the following. It is the unique map o : LY — ffz which
is functorial in S and makes the following diagram commute:

7 Y o VT ot o

A
s
s
\%4 s
e

Qr — - P

Without the group-theoretical interpretation of «, it would be very difficult to show that there exists such a
factorization.

6.4. Highest weight sections. In the case n = 3, we give a moduli interpretation for the sections f, fo attached
to the highest weight of V()\) for the two extremal weights 71 = (p + 1, —p?,—p?) and 72 = (1,1, —p(p + 1)),
respectively (Rmk. B5.2)). For any other weight A € Ciy, the corresponding function is obtained by taking a
product of powers of f1, fo and the Hasse invariant As, so it suffices to understand these sections.

The modular interpretation of f; is the following. Consider the map defined by the composition

2 2
(6.4.1) L@/ T Q0 @0l o AW 5 \(Q/F)) = (L e p) .

This induces a global section of .Z(n;), and we claim (without proof) that it is f;. For any filtered Dieudonné space
(M, Fs, Fy, Vi, (—, —)) with corresponding point z : Spec(k) — G-Zip, there is an equivalence:

(6.4.2) fi(2) #£0 <= F1 & Vo(F1) @ Vi (F1) = M.

The modular interpretation of fs is more involved. First, consider the natural map id ®pr : Fo @ Q — Fo @ L,
where pr : Q — %5 is the canonical projection. We claim that there is a unique map = : /\2 Q) — Fy ® %5 such that
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the following diagram commutes

(6.4.3) NOQ— Ko

m
|

Fo@0

where m is the natural map © ® y — x Ay. This follows simply from the surjectivity of m and the fact that Ker(m)
is generated by the elements = ® 2 with 2 € F», so Ker(m) C Fo @ Fo = Ker(id ®pr). Now, the map F : Fy — Q)
induces a map A” F : \> Fo = A>Q®). Hence we may define the composition

2 , 2 - .
(6.4.4) Aol=N\FLD NaW 25 7P o gp L2 g1 o gp.
This gives a section of .Z(72). We claim (without proof) that it corresponds to fs.
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