arXiv:2311.18562v1 [math.NT] 30 Nov 2023

Cohomology vanishing for Ekedahl-Oort strata on
Hilbert—Blumenthal Shimura varieties
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Abstract

We prove vanishing results for the Oth cohomology of automorphic line bundles on
the Ekedahl-Oort strata of the special fiber of Hilbert—-Blumenthal Shimura varieties.
This work vastly extends to all Ekedahl-Oort strata previous results of Diamond-
Kassaei and Goldring—Koskivirta. Furthermore, our results also cover the case of
unitary Shimura varieties of rank < 2 attached to an arbitrary CM extension. We also
prove a conjecture of Goldring—Koskivirta on the set of possible weights of automorphic
forms.

1 Introduction

In this paper, we prove a sharp vanishing result for automorphic line bundles on certain
stratifications of Shimura varieties. The family of Shimura varieties considered in this
paper will be called "of A;-type". These include Hilbert—Blumenthal Shimura varieties and
unitary Shimura varieties attached to a hermitian space of dimension 2 over a CM extension
E/F. We only consider the cohomology in degree 0. We start be reviewing the vanishing
results of Diamond-Kassaei (JDK23|) and Goldring-Koskivirta (J[GK18]), of which this
paper is a generalization. Fix a totally real extension F/Q. Hilbert—Blumenthal Shimura
varieties are attached to a certain reductive Q-group G C Resg/g(GL2x) (see section [2.5(for
details). They parametrizes abelian varieties of rank n = [F : Q] endowed with a principal
polarization, a compatible action of O and a level structure. Let X = Xp, denote the

special fiber (over F,) of a Hilbert-Blumenthal Shimura variety attached to F at a prime
number p of good reduction. It is a quasi-projective variety of dimension n defined over IF,,.
Denote by ¥ the set of embeddings 7: F — @p. Since by assumption F is unramified at p,
there is a natural action of the Frobenius homomorphism o € Gal(Qp'/Q,) = Gal(F,/F,)
on Y that we denote by 7+ o7. Denote by 2 the Hodge vector bundle of X, namely the
vector bundle e*(Q2!, /x) Where &/ /X is the universal abelian variety and e: X — &/ is the
unit section. The action of Op on &/ decomposes 2 as a direct sum 2 = @y, w,. For a
tuple k = (k,),ex € Z*, we define a line bundle

W = Q. (1.0.1)

TED

Note the minus sign in the exponent of w,; this sign convention differs from [DK23]. We use
it for consistency with the results of [GK18], which are formulated for more general groups.
The global sections H°(X,w¥) are called Hilbert modular forms of weight k. The Ekedahl-
Oort (EO) stratification of X is defined as follows: Two points x,y € X are in the same
stratum if the abelian varieties A,, A, corresponding to x,y satisfy that A,[p] >~ A,[p],
where we require this isomorphism to be compatible with the polarizations and the action



of Op. There is a unique open stratum called the ordinary locus, where A, is an ordinary
abelian variety. The EO strata are parametrized by subsets S C X, and the dimension of
the stratum Xg corresponding to the subset S is |S|. For each 7 € ¥, Andreatta—Goren
(JAGO5]) constructed a partial Hasse invariant Ha, whose vanishing locus is precisely the
codimension one stratum corresponding to the subset S\ {7}. The weight of Ha, is given
by ha, := e; —pe,-1,. It was proved by Goldring and the author (JGK18, Theorem D (a)|),
as well as Diamond-Kassaei ([DK23|, Corollary 8.2]) that for any k € Z* which is outside
of the cone spanned (over Qsg) by the weights ha, that H°(X,w¥) = 0. Furthermore,
[GK18] shows a more general result for other Ekedahl-Oort strata, termed admissible. The
admissibility is an explicit combinatorial condition on the subset S (see loc. cit. Definition
4.2.1). For any S and any 7 € ¥, one can define a generalized partial Hasse invariant Hag .
over Xg (the Zariski closure of Xg endowed with the reduced structure). For 7 € S, the
section Hag, is simply the restriction of Ha, to Xg. For 7 ¢ S, the section Hag, is a
non-vanishing section of weight hag, := —e; — pe,-1,. Denote by Cyna s the elements of
Z* which can be spanned (over Qsq) by the weights hag,. Then, Goldring and the author
proved:

Theorem 1 (|GK18, Theorem 4.2.3]). Let S be an admissible subset. Then for any weight
k ¢ Conas, the space HO(X g,wk) is zero.

The maximal stratum and the one-dimensional strata are always admissible. When p
splits completely in F, all EO strata are admissible. On the other hand, when p is inert
in F, very few strata are admissible. In this article, we give a vanishing result that applies
to all Ekedahl-Oort strata and generalizes the above theorem. Moreover, we include other
Shimura varieties attached to similar reductive groups.

We say that a reductive group G over a field k£ is of A;-type and rank n if G%d is

isomorphic to a product of n copies of PGL, t, where k is an algebraic closure of k. We let
X = Xj, be the good reduction special fiber of a Hodge-type Shimura variety attached to
a group of A;-type. Aside the case of Hilbert—Blumenthal varieties previously mentioned,
we may also consider certain unitary Shimura varieties. Specifically, let E/F be a CM-
extension where n = [F : Q] and (V,%) a hermitian space where V is a 2-dimensional
E-vector space. Then, the group of unitary similitudes G := GU(V,4) (restricted to Q)
is a group of A;-type of rank n. Contrary to the Hilbert-Blumenthal case, the Hodge
parabolic P (the stabilizer of the Hodge filtration) may be larger than a Borel subgroup
in the unitary case. Let X denote the set of embeddings 7: F — R and let ¥y C X be
the subset of embeddings where V ®p . R has signature (2,0) or (0,2). Then, the Hodge
parabolic P (viewed in G!) will contain all the factors corresponding to elements of 3.
Fix an isomorphism C ~ Q, and view ¥ as a subset of Homg(F,Q,). Denote again by o
the action of Frobenius on 3. Then, ¥ decomposes as a disjoint union of orbits under the
action of o. All of our results can be reduced to the case of a single orbit. The reason is that
we use as a main tool the stack of G-zips of Pink-Wedhorn-Ziegler ([PWZ11, PWZ15]),
where G is the Fp group obtained by reducing G modulo p, and this stack decomposes as a
direct product with respect to the o-orbits in 3. Therefore, for the rest of this introduction,
we will assume that p is an inert prime in F.

We order the elements of 3 as 71, ..., 7, such that 7,,; = o7;, where the index ¢ is taken
modulo n. We identify in this way ¥ with £, = {1,...,n}. Furthermore, we write R C E,
for the subset corresponding to ¥y and call it the parabolic type of X. For example, when
X is a Hilbert-Blumenthal Shimura variety, we have R = (). We let Flag(X) denote the
flag space of X, as defined by Goldring and the author in [GK19al, based on previous
work by Ekedahl-van der Geer ([EvdG09]). It parametrizes pairs (x,F,) where z is a



point of X and F, is a full flag in H};(A,) refining the Hodge filtration. The natural
projection 7: Flag(X) — X is proper with fibers isomorphic to a product of |R| copies
of PL. When R = (), we simply have Flag(X) = X. The flag space is endowed with
a natural stratification (Flag(X)g)s parametrized by subsets S C E,. Furthermore, for
any k = (ky,...,k,) € Z, it carries a line bundle £(k) (for R = (), one has £(k) = w¥).
The push-forward 7, (£(k)) is the automorphic vector bundle V(k) attached to the induced
representation V (k) := Ind5(k). Denote by Flag(X)g the Zariski closure of Flag(X)sg,
endowed with the reduced structure. We are interested in the following problem:

Question 1. For which k € Z" is the space H°(Flag(X)s, £(k)) nonzero?

In the Hilbert—Blumenthal case, Flag(X)g is simply the Ekedahl-Oort stratum Xg, and
Question 1 is thus very natural in and of itself. When R # (), we are mostly interested
in the case of the maximal stratum, corresponding to S = E,,. Since m.(L(k)) = V(k),
Question 1 boils down to understanding for which k € Z the space H°(X,V(k)) is nonzero.
In the case R # (), even though we are interested in the case S = E,, we need to solve
Question 1 for each stratum S in order to get to the maximal stratum, by an inductive
procedure.

We now explain the results of this paper in details. We fix a subset R C E, and a
Shimura variety X = Xy of Aj-type and parabolic type R. We say that a subset C C Z"
is a p-cone if it is defined by finitely many inequalities of the form

n—1

Zpi€i+d Tiva <0, (x1,...,2,) €L" (1)

1=0

where £1,...,¢, € {£1} and the index i + d is taken modulo n. We call the expression
appearing in a p-expression with starting index d. Such an expression is uniquely
determined by its starting index d and the set T" C E, of indices ¢ with ¢; = —1. Let
S C E, be a subset. We say that a p-cone C is S-adapted if it is defined by exactly |S|
inequalities of the type (1)), with starting index each of the element of S. An S-adapted
p-cone C is thus uniquely determined by a function

pe: S — ?(En)

(where P(E,,) is the powerset of E,,), which attaches to each element s € S the set of indices
1 € B, such that ¢;, = —1 in the p-expression with starting index s defining €. We say that
an S-adapted p-cone is homogeneous if pe 1s a constant function. For each subset S C FE,,,
there are n — |S| non-vanishing sections Ha'l) R, on the stratum Flag(X)g parametrized by

the elements i € E, \ S (see section for details). We write ha ng for the weight of

Hag?s. For any k in the subgroup spanned (over Z) by these weights, the line bundle £ (k)

is trivial on Flag(X)g. We say that an S-adapted p-cone is admissible if the p-expressions
that define € all vanish on this subgroup (the term "admissible" is unrelated to the one
used in Theorem 1).

Finally, we say that C is positive if the leading coefficients of the p-expressions defining
C with starting index s € S is 1 if and only if s € R. Intuitively, this condition is imposed
by the geometry of Shimura varieties: when p tends to infinity, € should contain the line
bundles £(k) that are ample in characteristic zero. We then have the following:

Theorem A. For any subset S C E,,, there exists a unique positive admissible homogeneous
S-adapted p-cone.



The inequalities defining the cone Cg can be very explicitly determined using the notion
of chain diagrams introduced in section 4.4, We explain the link with Question 1. Write
Cg for the unique positive admissible homogeneous S-adapted p-cone afforded by Theorem
A. The following is the main result of this paper:

Theorem B. Let S C E,, be a subset and k € Z". If k ¢ Cg, then one has
HO(Flag(X)s, £ (K)) = 0.

When R = {), this result extends to all strata Theorem 1 of [GKI§|] explained earlier
and gives a vanishing result for the cohomology of automorphic line bundles for any EO
stratum of Hilbert-Blumenthal Shimura varieties. Note that in general, the natural cone
that controls the vanishing of cohomology is not Cpna s but rather Cg. This explains why
Theorem 1 could only cover certain strata, precisely the ones for which Cpna s and Cg
coincide. We explain how to determine the cone Cg explicitly. For simplicity, we restrict
here to the case of Hilbert—Blumenthal Shimura varieties (i.e. R = ()). For any subset
S C E,, we define a subset ®(S) C E, as follows: For each element s € S, we consider the
sequence s — 1,5 — 2, ... where these elements are taken modulo n. We denote by v(s) the
smallest positive integer such that s — v(s) € S. Then, we define ®(.S) as the set

O(S)={s—i|seS, iodd, 1<i<n(s)}.

The cone Cg is the S-adapted homogeneous p-cone that corresponds to the constant function
p: S — P(E,) with value ®(S5). For example, if n =7 and S = {1, 3}, then ®(S) = {5,7}.
It follows that the cone Cg is defined by the two inequalities

Ty + pro + pPws + pdry — plos + pre — pPrr <0
PPy + pPre + x5 + pry — pPas + pPas — plag < 0.

We briefly explain our approach to prove Theorem B. It is based on the notion of intersection-
sum cone, first introduced by Goldring and the author in the recent preprints [GK22al,
GK22b|. It is a natural construction that attaches recursively to each stratum S a cone
Cy™ C Z". When |S| = 1, it is simply the cone Cppas of partial Hasse invariants on
S. For other strata S, it is defined as the convex hull of Cpn, ¢ and the intersection of
the cones eg’\?s} when s varies in S. The main property of these cones is that the space

H°(Flag(X)s, £(k)) is always zero when k ¢ €. Theorem B is then a consequence of
the following:

Theorem C. For any subset S C E,, the cone Gg’+ coincides with the cone Cg afforded
by Theorem A.

This result illustrates that the formation of the intersection-sum cones is natural and
contains meaningful information. Finally, we describe our last result, which is related to a
conjecture of Goldring and the author, formulated initially in [GK18]. Define the set

Cx :={keZ"| H'(X,V(k)) # 0}.

Since 7. (£(k)) = V(k), this set coincides with the set of k € Z" such that £(k) admits
nonzero sections on Flag(X). Define also Cx as the saturation of C, i.e. the set of k € Z™
that are spanned (over Qs¢) by the elements of C'y. The Cone Conjecture asserts that the
set Cx is encoded by the stack of G-zips. Zhang constructed in [Zhal8| a natural smooth
morphism of stacks (: X — G-Zip* which is surjective. For any k € Z", the vector bundle
V(k) can also be defined on G-Zip”. We define similarly a set C,, C Z" as the set of
k € Z" such that H°(G-Zip", V(k)) # 0 and define €, as the saturation of Cy,. Then by

pullback via ¢, we clearly have an inclusion C,, C €x. We conjectured:
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Conjecture 1 (|[GKI18, Conjecture 2.1.6]). One has Cx = Cyp.

For Hilbert-Blumenthal Shimura varieties, Conjecture 1 was verified by Goldring and
the author in [GK18| and proved independently by Diamond-Kassaei ([DK23|, Corollary
8.2]). In this case, an even stronger result is true: Both cones coincide with the subcone
CpHa C Cuip of partial Hasse invariants (the cone spanned by the weights ha, defined in
the beginning of the introduction). Imai and the author characterized precisely in [IK| the
cases when the equality Cpopa = C,ip holds: those for which the parabolic P is defined over
F, and the action of the Frobenius on the roots of L are given by —wy r, where wy r, is the
longest element of the Weyl group Wy, of L. In particular, this condition does not hold for
any group of A;-type outside of the Hilbert—-Blumenthal case. Imai and the author defined
in loc. cit. another subcone Cy, C €y, called the lowest weight cone, related to the lowest
weight vector of the induced representation V (k). In this article, we show:

Theorem D. Conjecture 1 holds for all Shimura varieties of Ay-type. More precisely, one
has
Cw = Cuip = Cx = Cp, N X7 (7).

To conclude this introduction, we give an overview of each section. In section 2, we
review the theory of Shimura varieties, the Ekedahl-Oort stratification, the stack of G-
zips. Section 3 is dedicated to the various cones that will play a role in this paper, namely
the intersection-sum cone Gg’Jr, the cone of partial Hasse invariants Cpha g, the zip cone
Cip, etc. In section 4, we introduce the notion of p-cones and study their properties (we
define the terms S-adapted, homogeneous, admissible, positive). Finally, section 5 contains
the computations necessary to prove Theorem C, which is the main technical result of the
paper. Theorem B and D are derived as consequences of Theorem C.
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2 Shimura varieties

2.1 Prelimenaries

Let (G, X) be a Shimura datum of Hodge-type ([Del79]). In particular, G is a connected,
reductive group over Q. For each neat compact open subgroup K C G(Ay), the Shimura
variety Shi (G, X) is a quasi-projective scheme defined over a number field E (the reflex
field of (G, X)). Let p be a prime number and v|p a place of E. We say that p is a prime
of good reduction for Shy (G, X) if K can be written as K = K,K? where K, C G(Q,) is
hyperspecial and K? C G(A’;) is compact open. The condition on K, means that the group
Gy, is unramified and that K, = §(Z,) for some reductive model G of Gg, over Z,. In this
case, Kisin (|Kis10]) and Vasiu ([Vas99]) have shown that for each place v|p in E there exists
a smooth integral model S defined over Og, that is canonical (in the sense of Milne). The
main object that we study in this paper is the special fiber Sk 1= Sk ®oy, E,, which is a
smooth, quasi-projective variety over Fp. Madapusi-Pera has constructed smooth toroidal
compactifications 8" of 8 in [MP19], for a choice of a sufficiently fine cone decomposition
that we omit in the notation.



2.2 Ekedahl-Oort strata and stack of G-zips

Fix an algebraic closure k of F),. Let G denote the connected reductive F,-group § ®z, F,,.
Denote by ¢: G — G the Frobenius homomorphism. The Shimura datum (G, X) induces
a conjugacy class of cocharacters of Gy,. We fix a represententive p1: Gy, — Gg. From p,
we obtain a pair of opposite parabolics Py (), where Py (p)(k) (resp. P_(u)(k)) consists of
the elements g € G(k) such that the map

Gup — Gi; t = p(t)gu(t)™"  (vesp. t — u(t) " gpu(t))

extends to a regular map AL — Gj. The centralizer of p is a Levi subgroup L(u) =
Py(u) N P_(p). Define P := P_(n), Q := (P (u)@, L := L(p) and M := LP). Let
w: L — M be the Frobenius homomorphism. Define the zip group F by:

E:={(z,y) € Px Q| p(6f (x)) = 0%, (y)}

where 0F: P — L denotes the map sending = € P to its Levi component T € L (and
similarly for 0]?4) Pink-Wedhorn-Ziegler introduced the stack of G-zips of type p, denoted
by G-Zip" in [PWZI15| Definition 1.4]. It can be defined as the quotient stack

G-ziph = [E\G}).

where E acts on Gy, by (z,y) - g := zgy~' for all (z,y) € E and all g € G. One can also
interpret it as a moduli stack of certain torsors. It is a smooth stack over k£ whose underlying
topological space is finite. Zhang has shown that there exists a smooth morphism

¢: Sk — G-Zip”". (2.2.1)

This map is also surjective on each connected component of Sk, as explained in [GK22bl,
§1.1.4]. Goldring and the author showed that this map extends to a morphism ¢*": S —
G-Zip". Furthermore, Andreatta proved in [And23| that the extension (*** is smooth.

The fibers of the map are called the Ekedahl-Oort strata (EO strata for short)
of Sk. They are smooth, locally closed subsets of Sk. In the case of Shimura varieties
of PEL-type, Sk parametrizes abelian varieties endowed with a polarization, an action by
a semisimple algebra and a level structure. In this case, two points x,y € Sk lie in the
same EO stratum if and only if the abelian varieties A,, A, corresponding to x,y satisfy
A,[p] ~ A,[p], where we require that the isomorphism is compatible with polarizations and
the actions of the semisimple algebra.

2.3 Parametrization of Ekedahl-Oort strata

Next, we give a parametrization of the points of G-Zip”. For convenience, we assume that
there exists a Borel pair (B,7') defined over F, such that B C P and such that p factors
through 7" (this can always be achieved after replacing p by a conjugate cocharacter). Write
BT for the opposite Borel of B, i.e. the unique Borel subgroup such that BN Bt = T.
Let ®* C X*(T) (resp. ®]) be the set of positive T-roots in G (resp. L), where we say
that a T-root « is positive if the a-root group U, is contained in BT. Write A (resp.
I := Ap) for the set of simple roots of G (resp. L), and denote by W (resp. Wp) be the
Weyl group of G (resp. L). For a € ®, let s, be the corresponding root reflection. Write
¢(w) for the length of an element w € W and let < denote the Bruhat-Chevalley order on
W. Write wy (resp. wp ) for the longest element of W (resp. Wr). Let W C W be the
subset of elements w € W which are of minimal length in the right coset Wjw. It is a set
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of representatatives of the quotient W;\W. The maximal element of 'W is wq jw,. For
w € W, fix a representative w € Ng(T') (where Ng(T') is the normalization of T"), such that
(wywe)" = Wiy whenever (wywy) = €(w)+£(ws) (this is possible by choosing a Chevalley
system, [ABD™66, XXIII, §6]). If no confusion occurs, we simply write w instead of w.

We write X% (T') for the set of dominant characters. We say that a character A € X*(T')
is L-dominant if (A, a") > 0 for all a € I. We denoted by X7 ;(T') the set of L-dominant
characters. Since (B,T) is defined over F,, all objects defined above are endowed with an
action of the Galois group Gal(k/F,). We write o € Gal(k/F,) for the p-power Frobenius
element. We set

z = o (wo r)wp.

Since G-Zip" = [E\G}], the points of the underlying topological space of G-Zip" correspond

bijectively to the E-orbits in Gj. Each such orbit is locally closed and smooth. For w € W
set Gy, == E - (27'w) (the E-orbit of z~'w). Then, one has the following:

Theorem 2.3.1 ([PWZ11l, Theorem 7.5]).

(1) The map w — G, is a bijection from TW onto the set of E-orbits in Gy.
(2) Forw € "W, one has dim(G,,) = ((w) + dim(P).

(3) The Zariski closure of G, is

Go= || Guw (2.3.1)

w' elW, w'xw

where <X is a certain partial order defined in [PWZ11, §3,5] that is finer than the Bruhat—
Chevalley order.

In particular, there is a unique open FE-orbit U, C G corresponding to the longest
element wg jwy € 'W. For each w € W, we put X,, :== [E\G,]. It is a locally closed
smooth substack of G-Zip" = [E\G}]. We obtain a stratification G-Zip" = ||, cry Xw
and the closure relations between strata are given by (2.3.1). We also write U, := [E\U,)]
for the unique open stratum and call it the p-ordinary locus of G-Zip”, by analogy with
Shimura varieties.

2.4 The flag space

Goldring and the author defined the stack of zip flags G-ZipFlag” in [GK19al, §2.1| based
on previous work of Ekedahl-van der Geer ([EvdG09|) in the case of Siegel-type Shimura
varieties. It can be defined as a quotient stack

G-ZipFlag! := [F'\G]

where £/ = EN(BX@G). Since E' C F, there is a natural projection map 7: G-ZipFlagh —
G-Zip" whose fibers are isomorphic to £/E" ~ P/B. Let X be a k-scheme endowed with
a morphism of stacks (: X — G-Zip”. Consider the fiber product

Flag(X) Shos, G-ZipFlag

X —— G-zip"

¢

We call Flag(X) the flag space of X ([GK19al §9.1]). In the case when X is the special
of a Hodge-type Shimura variety and ¢ is Zhang’s morphism (22.2.1)), the space Flag(X)
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parametrizes pairs (z,F,) where z € X and F, is a full flag of H}(x) which refines the
Hodge filtration. The map 7 is simply the forgetful map (z,F,) — z. Next, we define the
flag stratification on the flag space. Set Sbt := [B\G/B] and call it the Schubert stack. By
the Bruhat decomposition, the points of Sbt are parametrized by the elements w € W and
are of the form

Sbt,, := [B\BwB/B] .

By |[GK19b, §4.1], there is a natural smooth, surjective morphism of stacks
U: G-ZipFlag! — Sbt := [B\G/B].

For all w € W, we define F,, to be the preimage ¥~!(Sbt,,) and call it the flag stratum of
w. It is locally closed and smooth. Explicitly, it is the quotient stack

Flag, = [E"\BwBz™].

Furthermore, the Zariski closure of JF,, is normal (since the Zariski closure of the Bruhat
stratum BwB is normal). Given a pair (X, () as above, we obtain by pullback via (g., a
locally closed stratification (Flag(X),)wew on Flag(X), where

Flag(X)y := ¢ H(Fw).

In particular, this discussion applies to the pair (Sk, () where (: Sx — G-Zip* is Zhang’s
morphism . We obtain a flag space Flag(Sk) attached to Skg. When Sk is a Siegel-
type Shimura variety, the flag space was first introduced and studied by Ekedahl-van der
Geer in [EvdG09].

2.5 Shimura varieties of A;-type

We say that a reductive group G over a field k is of A;-type and rank n if the adjoint group
G%d is a product of n copies of PGL, 7. We say that a Shimura variety is of A;-type if it is
attached to a reductive Q-group G of A;-type. We will usually denote the special fiber of
such a variety by the letter X, as the letter S will have other use. There are mainly two
examples of such Shimura varieties, that we describe below.

Hilbert—Blumenthal Shimura varieties These varieties are sometimes also called
Hilbert modular varieties. In this case, the group G is defined as follows: Let F/Q be
a totally real extension of degree n := [F : Q]. For any Q-algebra R, define

G(R) :={g € GLy(F ®q R), det(g) € R*}.

This defines a connected, reductive Q-group. It is the preimage of G, o under the natural
determinant map det: Resg/q(GLyr) — Resp/g(Gmr). If we write 3 := Homg(F,R) for
the set embeddings 7: F — R, then Gg is naturally a subgroup of [] ... GL, g, namely the
group of tuples of matrices (M, ),ex satisfying that det(M,) = det(M,) for any 7,7’ € X.
For a given compact open subgroup K C G(Ay), the Hilbert-Blumenthal Shimura variety
Shi (G, X) is an n-dimensional quasi-projective variety that parametrizes principally po-
larized abelian varieties of rank n with a compatible action of O and a K-level structure.
Let p be a prime number that is unramified in F. Then p is prime of good reduction for
Shi(G,X) if K = K,K? with K, C G(Q,) hyperspecial. Write X for the special fiber of
Shk (G, X) at p. The F,-group G depends on the ramification of p in F. Assume that pOg
decomposes as p; ...p, for (distinct) prime ideals p; in O (recall that p is unramified in
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F). Writing x; = Og/p; for the residual field of p; and f; = [x; : F,| for the residual degree
of p;, we have n = """ | fi and G is naturally a subgroup of the product

[ [ Res. ¥, Lo, - (2.5.1)

=1

We make the following observation: Let G, G2 be reductive groups over [F,, endowed with
cocharacters p;: G — Gy (for i =1,2), and assume G = G X Go. Define p = (1, p12).
Then the stack G-Zip" decomposes naturally as a direct product

G-Zip" = G1-Zip" x Gy-ZipH*. (2.5.2)

Thus, even though the Shimura variety X does not decompose in this way as a direct
product, all objects defined from the stack of G-zips will naturally decompose according
to the Fp-factors of G. This makes it possible to reduce all group-theoretical arguments to
the case r = 1.

Unitary Shimura varieties In this case, we consider a CM-extension E/F and set
n = [F: Q]. Welet V be an E-vector space of dimension 2, endowed with a hermitian form
1: VxV — E. Let G be the group of unitary similitudes of (V, ) (viewed as a reductive
group over Q) with similitude factor in G,,. Fix a CM-type {m,...,7,} C Hom(E,C). For
cach embedding 1 < i < n, the signature of V®g ., Ris (r;,2 —r;) € {(0,2),(1,1),(2,0)}.
The Shimura variety attached to G parametrizes principally polarized abelian varieties of
dimension 2n, endowed with a compatible action of O and a K-level structure (where
K C G(Ay) is a compact open subgroup). One imposes the compatibility condition that
the characteristic polynomial of & € Op acting on the Lie algebra of the abelian variety is
given by

[TCX = @) (¥ = )
i=1
where z — Z denotes complex conjugation.

When p is a prime number that is unramified in F and K = K,K? with K, C G(Q,)
hyperspecial, the Shimura variety Shx(G,X) has good reduction at p. The reductive
Zy-model G of Gg, is given by the choice of a O ®z Z,-lattice in V ®q Q, which is
self-dual for the form . If we ignore the similitude factor for simplicity and look at the
subgroup G’ := U(V, ) of unitary transformations, then the reduction modulo p of G’
(denoted by G') is isomorphic over F, to a group of the form appearing in the case
of Hilbert-Blumenthal varieties. Again, the decomposition over F, of G’ is determined by
the ramification of p in F. However, the case of unitary Shimura varieties differs from that
of Hilbert—Blumenthal varieties in that the Hodge parabolic P can be larger than the Borel
subgroup B. Over k we can canonically identify

G'/k = H GLQJC .
=1

Then, P (intersected with G},) decomposes as a product P = [[;, P, where P; = GLgy
for r; € {0,2} and P, is the Borel subgroup of lower-triangular matrices in GLg ) when
r; = 1. The set of i € {1,...,n} such that r; € {0,2} will be called the parabolic type and
will always be denoted by R. We will denote by X or Xg the special fiber of such unitary
Shimura varieties. The dimension of Xy is given by

dim(Xg) = n — |R. (2.5.3)
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To uniformize our results, we will always work with the reductive F)-group (2.5.1)) even
though it is not exactly the group G that appears in the setting of Hilbert-Blumenthal and
unitary Shimura varieties. This change does not affect the stack of G-zips and is harmless
in the formulation of our results.

3 Cones of mod p automorphic forms

In this section, we recall the theory established in [IK] and |[GK22b| regarding the various
cones of weights that are naturally attached to a Shimura variety of Hodge-type.

3.1 Automorphic vector bundles

We keep the notation introduced in section . For any character A € X*(T'), consider the
induced representation
Vi(\) :=Ind5(N).

Note that V;(\) = 0 when A is not in the set X7 ;(7T') of L-dominant characters. Attached
to Vr(A), there is an automorphic vector bundle V;(\) defined on the Shimura variety
Sk (actually, this vector bundle can even be defined on the integral model 8k). In our
applications to A;-type Shimura varieties, we will lighten the notation and write simply
V(k) for this vector bundle, where k € Z™. The rank of V;(\) coincides with the dimension
of V(). Elements of the space of global sections

H(Sk, V(X))

will be called mod p automorphic forms of weight A and level K. It is natural to ask when
this space vanishes. This is the question that has motivated Goldring and the author in a
series of papers starting from [GK18]. To study this space, it is useful to consider the flag
space Flag(Sk) defined in section 2.4 For each A € X*(T'), there is a line bundle Vyag(X)
naturally attached to A on Flag(Sk) (in sections ] and [5] this line bundle will be denoted
by L(k) for k € Z" to simplify the notation). If we denote by 7: Flag(Sk) — Sk the
natural projection, we have

7 (Vaag (V) = Vi(N). (3.1.1)

In particular, the space of mod p automorphic forms of level K and weight )\ identifies with
the space of global sections of Vgae () over Flag(Sk). Since the flag space admits a flag
stratification (Flag(Sk)w)wew, it is natural to introduce the following set:

Crw = {A € X*(T) | H*(Flag(Skx)w, Vaag(N)) # 0} (3.1.2)

where Flag(Sk),, is the Zariski closure of Flag(Sk ), endowed with the reduced structure.
We define Ck ,, as the saturation of Cf,,, i.e. the set of A € X*(7T') that can be spanned
over Q>¢ by elements of Ck,,. We will always use the calligraphic letter € to denote the
saturation of a cone C' C X*(T)).

One of the motivations to introduce the various sets Cg, is that one can hope to
determine them inductively starting at the elements w € W of length one and ending at
the maximal element wy € W. For the maximal element, note that Flag(Sk)., is open
dense in Flag(Sk). Hence, since global sections of Ve (A) and V;(A) coincide by (3.1.1)),
the set Ck y, coincides with the following set

Cx :={\e€ X*(T) | H*(Sk,V:(\)) # 0}. (3.1.3)
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Again, we write Cx for the saturation of C'x. Since V;(A) = 0 when A is not L-dominant,
we have Cx C X3 ;(T). However, the cones Ck,,, for w # wy are in general not contained
in X3 (7).

3.2 Partial Hasse invariant cones for strata

In this section, we explain that to each stratum Flag(Sk),, one can naturally attach a
subset Cpnaw C Cr o called the cone of partial Hasse invariants of w (by "cone" we mean
an additive monoid with zero). Recall that there is a morphism of stacks ¥: G-ZipFlag! —
Sbt whose fibers define the flag stratification (F,)wew. Intuitively, the set Cpha, is the
set of characters A € X*(T) such that Vg,.()\) admits a nonzero section over F,, which
arises by pullback from a nonzero section over Sbt,,. A much more explicit definition is the
following: For each w € W, write E,, for the set of positive roots a € &+ such that

ws, < w and L(ws,) = ((w) — 1.

Intuitively, the elements ws,, are the lower neighbors of w in the Weyl group W with respect
to the Bruha-Chevalley order. Write X7  (T') for the set of characters A € X*(7T') such
that (A, ") >0 for all « € E,,.

Definition 3.2.1 (|GK22b| §2.3]). We define the cone Conaw of w as the direct image of
the set X7, (T) under the map

ha: X*(T) = X*(T), A —wA + pwo weo " ().

Moreover, we write Copan for the saturation of Conaw and call it the cone of partial Hasse
tmovariants of w.

The intuitive interpretation of Cph,, explained in the beginning of this paragraph im-
plies immediately that C,na,, is contained in Cx,,. When w = wy, we simply write Cpn,
for the cone Cpnauw,-

Remark 3.2.2. If y € X*(T) satisfies (x,a") = 0 for all « € E,,, then if we write A = hy,(x),
the line bundle Vg,,(\) admits a nowhere-vanishing section (see [GK22bh, §2.3|), and thus
is trivial on Flag(Sk ).

3.3 Intersection-sum cones

Next, we attach to each element w € W another natural cone, called the intersection-sum
cone, denoted by €»". It was first introduced by Goldring and the author in [GK22al,
GK22b|. The set € is defined inductively on the length of w as follows: When ¢(w) = 1,
we simply set C»" = Cpnaw. Then, for any w € W of length > 2, define

N+ __ n,+
ew - epHa,w +sat m ewga

OLEEw

Here, for two cones C1,Cy C X*(T'), we denote by C; +4 Co the saturation of the sum
C; + C3. The definition of € combines information about w and of its lower neighbors.
To explain the relevance of this definition, we make the following assumption for simplicity:

Assumption 3.3.1. For all w € W, the elements ¥ are linearly independent over Q in
X (T) ®z Q.
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This assumption is rarely satisfied. However, for general groups, one can slightly alter
the definition of €{'" to remove the need of Assumption (this is work in progress with
Goldring |[GK]). However, note the above assumption is satisfied in the case when G is an
Aj-type reductive group. The main property of intersection-sum cones is the following:

Theorem 3.3.2 (|GK22a, Theorem 2.3.8]). Under Assumption one has for all w €
W an inclusion
GK,w C 62’+.

In other words, this theorem says that the space H°(Flag(Sk )w, Vaag(\)) is zero when-
ever A lies in the complement of €. Let us consider the case w = wy. By Theorem m,
we have an inclusion Cg ., C €. Also, recall that C ., coincides with Cg defined in sec-
tion |3.1l Furthermore, we know that Cx is contained in the set of L-dominant characters.
Thus, we deduce the more precise inclusion:

Cx C CurN X (T). (3.3.1)

3.4 The zip cone

So far we have attached several cones to each flag stratum Flag(Sk),, for w € W, satisfying
certain inclusions. Although we will not use it in full, we mention here one more natural
construction that one could consider in this setting. In the definition of the cones Cx ,, and

Cx (see (3.1.2)), (3.1.3))), one could replace the flag stratum Flag(Sk ), and the scheme Sk
by their "group-theoretical counterparts", namely the stratum &, and the stack G-Zip"

respectively. By modifying in this way the cone Cg,, we obtain another cone, that we
denote by Cgag . Similarly, the modified version of Cx is denoted by €, and is called the
zip cone. Explicitly, Cpagw and €, are respectively the saturations of the following two
sets:

Chiagw = {\ € X7(T) | H(Fo, Vaag(N)) # 0}
Coip := {\ € X*(T) | H°(G-Zip",V;(\)) # 0}.

If we denote by py: P — GLg(V7()A)) the homomorphism given by the representation Vi(\),
the space H°(G-Zip*, V1(\)) is the k-vector space of regular maps f: Gy — V7()\) satisfying
the condition

flazb™) = pa(a) f(2) (3.4.1)
for all (a,b) € E and all x € G,. Under Assumption [3.3.1) we have inclusions

epHa,w - eﬂag,w C GK,w - GB’JF. (342)

Similarly to (3.1.1)), the equation m.(Vaag(A)) = Vi(A) holds also for the natural projection
map 7: G-ZipFlag! — G-Zip”. Therefore, similarly to the equality Ck ., = Cx, we have
Chag,w, = Caip- Hence, for w = wy, we have inclusions

Cota C Cap C Cx CCFNXT (T). (3.4.3)

Goldring and the author proposed in |[GK18|[Conjecture 2.1.6] the following conjecture,
that we refer to simply as the Cone Conjecture:

Conjecture 3.4.1. For any Hodge-type Shimura variety, one has Cx = Cip.
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In other words, this conjecture states that the vanishing of the degree zero cohomology
of automorphic vector bundles is encoded by the stack of G-zips. It was checked in [Kos19)|
that the cone Ck is independent of the level K (however the cone Ck does depend on K).
Thus it is not unreasonable to expect that such an equality holds. The above conjecture
was proved for several Shimura varieties in [GK18|, (GK22a|: Hilbert—Blumenthal varieties,
Siegel modular varieties of rank 2 and 3, unitary Shimura varieties of rank < 4 (with the
exception of the case of signature (2,2) at an inert prime). The case of Hilbert—Blumenthal
varieties was also proved by Diamond-Kassaei ([DK23| Corollary 8.2]).

One of the results of this paper is the following:

Theorem 3.4.2. Conjecture holds for all Hodge-type Shimura varieties of Aq-type.

We give the proof of this theorem in section [5.12] It requires the use of a family of mod
p automorphic forms attached to the lowest weight vectors of the representations V;(\) (see
section . We explain below a strategy to prove Conjecture using the intersection-
sum cones (under Assumption . In view of the inclusions , it clearly suffices
to show that Cg, coincides with € N X% (T). We will show that this is true when G
is a group of A;-type. One advantage of this method is that it behaves well under F,-
products. Specifically, assume that G = G| x G where G, Gy are reductive F)-groups and
that © = (p1, pe) for two cocharacters ji;: Gy — Gip (for ¢ = 1,2). As we explained in
([2.5.2), the stack G-Zip" splits into a direct product of G1-Zip"* and Go-Zip"2. If we write
T =T, x Ty where T; is a maximal torus in G; (for ¢ = 1,2), then all the cones Cppaw,
Co™, Chag,w, Caip decompose as C x Cy where C; C X*(T;) is the corresponding subcone.
Note that since Sk does not split in this way, we can a priori say nothing about the cone
Cx. We deduce that if the equality C,, = C>" N X7 ;(T') holds for all the F)-factors of G,
then it also holds for G, and thus Conjecture holds.

Finally, we end this section with a word on the cone Cyn, of partial Hasse invariants
(for the maximal stratum). For Hilbert-Blumenthal varieties, Siegel threefolds and Picard
surfaces, Goldring and the author proved in [GK18| a more precise statement than Conjec-
ture [3.4.1) namely that Cpn, = C,ip, = Cx. However, the inclusion Copa C C,ip is in general
strict. In [IK], Imai and the author characterized exactly when this inclusion is an equality:

Theorem 3.4.3. The following are equivalent:
(i) One has Cppa = Cyip.
(ii) The parabolic P is defined over F, and o acts on I by —wy .

For groups of A;-type studied in this paper, the parabolic P will in general not be
defined over [F,,. In those cases, the above theorem shows that Cx is not spanned by partial
Hasse invariants.

3.5 Lowest weight cone

As mentioned above, partial Hasse invariants do not suffice to describe the cone Cx of
weights of mod p automorphic forms in general. We introduce another family of natural
mod p automorphic forms that will be necessary. We explain their construction on the stack
of G-zips. First, recall that the unique open stratum in G-Zip* is U, := [E\U,] (see section
. The Zariski open subset U, C G coincides with the E-orbit of 1 € G. Moreover, the
stabilizer of 1 in F is a finite (in general non-smooth) group scheme L, which embeds
naturally into the Levi subgroup L C P via the first projection pr;: £ — P. Denote
by P, the largest algebraic subgroup contained in P and defined over IF,, in other words
Py = ez 0'(P). Since B is defined over F,, Py contains B and is a parabolic subgroup.
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Write Ly for the unique Levi subgroup of Py containing 7" and Iy C I for the simple roots
of Ly. The underlying reduced group scheme of L., is the etale group scheme Ly(IF,). Since
U,~ E/L,, we obtain U, = [E\E/L,] ~ [1/L,]. It follows that we have an identification

HO(W,,, Vi(N)) = V() e, (3.5.1)

Our approach is to first construct a section on the open substack U, an then determine
explicit conditions when this section extends to G-Zip". For any f € V;()), we can define
the L,-norm Normy (f) of f by taking the product of the translates of f by the elements
of L, (see [IK, §3.5]). The L,-norm of f lies in V;(NX) where N is the order of L,. Thus,
via the identification ([3.5.1)), the norm Normy_(f) identifies with a section over U, and
hence by pullback via  to a "rational" automorphic form of weight N\ defined over the
p-ordinary locus of Sk.

In the case when f = f) hign is the highest weight vector of V;()), we can determine
exactly when NormL¢( Frhigh) extends to a global section. For each root a € @, let r, > 1
be an integer such that o™ (a) = .

Proposition 3.5.1 ([IK|, Proposition 3.5.1]). The section Normp,(fhighr) extends to a
global section if and only if for all o« € AT, the following holds:

ra—1

> 2 (wA ') <. (3.5.2)

weWp, (Fq) i=0

For the lowest weight vector fiowx of V7(A), this problem is surprisingly much more
difficult. We need to make a technical assumption on the group G' (Condition 5.1.1 of
IIK]). We do not recall this condition here, but we simply note that it is satisfied for groups
of the form G = Resr,n (Go,Fpn) where G is a split reductive over IF,. In particular, it
holds for groups of A;-type considered in this paper.

Theorem 3.5.2. Define \g := wo 1,wo s \. Suppose that for all « € AT, one has

ra—1

Yo D T (wrgo'(@Y) < 0. (3.5.3)

wEWp (Fp) i=0
Then Normy,, (fiow,x) extends to a global section.

Define Ch,, (resp. Ci) as the set of A € X7 ;(7T') satisfying the inequalities (resp.
(3.5.3)). By the above results, both €y, and €, are contained in C,,. In general, there
is no inclusion relation between these cones and the cone C,n, defined earlier. When P
is defined over IF,,, one sees easily that Normp,_ (fiow,x) = Normz, (fuigh,x) and Cu, = Chu.
However, in general the cone €, seems to be the more relevant of the two.

3.6 Torsion line bundles

Let A € X*(L) be a character of L, i.e. an algebraic group homomorphism A: L — Gy, .
In this case the representation V;(\) is one-dimensional, and coincides with A itself. Thus,
for A € X*(L) the vector bundle V;(A) is a line bundle on G-Zip" and Sk. Note that for
any A, N € X*(L) we have V(A + X) = V;(A) ® V/(X). By (3.4.1), a global section of
Vi(\) (for A € X*(L)) is simply a map f: G — A! satisfying

flaxb™") = Aa) f(2)

for all (a,b) € E and all x € G. Let us examine the special case when A\ € X*(G).
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Lemma 3.6.1. For all A € X*(G), the line bundle V(\) is torsion, in the sense that
Vi(A)®™ =V (mA) = Og,. for some integer m > 1.

Proof. Take f to be the character A: Gy — G, C A'. For any = € G}, we have A(azb™!) =
Aa)A(b)™*X(z). By definition of the group E, for (a,b) € E the Levi component of b is
the Frobenius homomorphism applied to the Levi component of a. Thus, we have \(b) =
Ap(a)) = (67 X)(a)P. This implies that f is a section of the line bundle V(A — pa~1())).
Since f is non-vanishing, this implies that V;(A — po~!()\)) is trivial. The map X*(G) —
X*(G), A = XA —po~l()) is injective (because its mod p reduction is an isomorphism),
hence there is an integer m > 1 such that mX™*(G) is contained in the image of this map.
This shows that for any A € X*(G), the line bundle V;(\)®™ is trivial. O

Furthermore, one can see easily see that X*(G) is contained in all the (saturations of
the) cones defined in this section. It will be convenient to ignore these torsion line bundles

and quotient out all objects by X*(G). Hence, we will view all the cones as subsets of
XH(T)/X+(G).

3.7 Asymptotic behaviour

This section discusses heuristically the behaviour of the various cones when the prime
number p goes to infinity. Let A € X*(T") be a character and assume that Vgag(A) is ample
on the flag space Flag(Sk). Then by ampleness, Vg,q(\) has nonzero sections on any closed
subscheme of Flag(Sk). In particular, A lies in the cones Cx,, for all w € W and in Ck. It
is difficult to determine which line bundles V., () are ample (see [Alel, BGKS| for partial
results). However, it is known to experts that in characteristic zero, the line bundle Vgae ()
is ample if and only if A lies in the following set

o _ . (A, ¥y >0 for a €1,
GS_{)\GX(T) ' (A, a¥) <0 for o€ T\ OF

If a line bundle is ample in characteristic zero, then it is also ample modulo p for large p,
because ampleness is an open condition on the basis. Thus for A € Cgs, the line bundle
Viag(A) is ample for large p on Flag(Sk). Thus, when p goes to infinity we expect CZg to
be contained "at the limit" in the cones Cg,, for all w € W.

For the maximal element wy, we can say something stronger. For A € C¢gg, choose any
nonzero section f of V;(A). By a reduction mod p argument (|[Kosl9, Proposition 1.8.3]),
one can show that there exists a nonzero global section of V() in characteristic p as well.
This implies that the set C%g is contained in Cx for all p (not only for large p). Since
Conjecture predicts that Cx = C,ip, this set should also be contained in C,;. In
IIK], Imai and the author showed a more precise result: Denote by Cgg the closure of Cgg
(i.e. replace the strict inequalities in Cg by inclusive inequalities). Then we proved the
following for a general connected reductive group G over F,:

Theorem 3.7.1 ([IK|, Theorem 6.4.3]). One has Cgs C Cip.

4 p-cones

In this section, we introduce the theory of p-cones. This theory is for the most part
independent of group-theoretical considerations, but it is tailored to the case of a Weyl
restriction Respn/r, (GLy,,) for a fixed integer n > 1. As we explained in section and
3.4 we can reduce the proofs of our results to this fundamental case.

15



4.1 Preliminaries

Let n > 1 be an integer and let G be the group
G = ReSFg/]Fn(GLQ,FPn)-

Over the algebraic closure k, the group G) decomposes as a direct product of n copies of
GLy . We order the factors so that the action of the Frobenius o € Gal(k/F,) is given on
G(k) by
(21,0 xy) = (0(xg),...,0(x,),0(x1))

where o(z) is the usual Frobenius action on x € GLg(k). Let T (resp. B) denote the
maximal torus (resp. Borel subgroup) consisting of n-tuples of diagonal (resp. lower-
triangular) matrices. It is clear that the Borel pair (B, T') is defined over F,. The characters
of T form a Z-module of rank 2n. For a tuple k = (ky, ..., k,), identify k with the character

xl xn - k-
T — Gy, R, — x;t.
b (( yl) ( y)) 1:1

Set A for the Z-submodule of X*(7T') consisting of characters of this form. Then we have a
decomposition

X*(T) = X*(G) @ A.

As explained in section we ignore the torsion line bundles corresponding to characters
in X*(G). Note that if € C X*(T) is a subcone containing X*(G), then we can write
C = X*(G)® (€N A). Thus, for simplicity we may intersect all subcones of X*(T") defined
in the previous section with the submodule A. We identify A with Z™ via the map k — yx.
For these reasons, we will define in the next section the notion of p-cone as a certain subcone
of Z™.

We identify the Weyl group W := W(G,T) with W = {£1}". The maximal element
wo € W corresponds to (—1,...,—1). An element € = (eq,...,¢,) € W acts on A = Z™ by

e k= <€1l€1,...,€nk’n)

for all k = (ky,...,k,) € Z". The Frobenius element o € Gal(k/F,) acts on A = Z™ by the
rule

oc-k= (l{?n7k1,...,]€n_1).

Write ey, ..., e, for the standard basis of Z". The above formula shows that oe; = ;14
(where €,41 = e1). We put
E,={1,...,n}.

For any subset S C FE,, and any i € E,,, set

s = e
1 ifi¢gs.

Define an element dg € {£1}" by 65 = (6(51), . ,5@). Write P(E,,) for the powerset of E,.
The map S + dg is a bijection
0: P(E,) — W. (4.1.1)
The inverse of ¢ is the map that takes ¢ € {£1}" to the subset {i € E,, | &; = —1}.
We fix a subset R C FE, and call it a parabolic type. The choice of R gives rise to a

parabolic subgroup P = Pr of Gy defined as P = P; x --- x P, where P, is the lower-
triangular Borel of GLyy if ¢ ¢ R and P, = GLyy, for i € R. In particular, Py = B and
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Pg, = G. It is the parabolic subgroup attached to the cocharacter pur: Gy — Gy which
is trivial on the factors ¢« € R and is given by

()

on the factors i ¢ R. The pair (G, u) gives rise to a stack of G-zips as explained in section
2.20 The element wo; € Wy corresponds to 6z € {£1}".

Independently of the theory of Shimura varieties, all the group-theoretical objects CpHa w,
Chag.w, Cuip, CoyT are defined as in the previous section and they are subcones of X*(T')
containing X*(G). For applications to Shimura varieties, we need only remember that the
group G was slightly modified. In this section, we will replace all indices w by the subset
S C E, that w corresponds to via the bijection (4.1.1)). Therefore, we write Cpha s, Chiag,s,
Gg’+ for the corresponding cones. To reiterate, we implicitly consider these subcones of
X*(T) as subsets of Z™ by intersecting them with A and identifying A = Z". By abuse of
language, a subset S C E,, will sometimes be referred to as a stratum.

Even though this section is completely group-theoretical, we will sometimes mention
the connection to Shimura varieties. Since the letter S will always denote a subset of F,,,
we will denote by X the special fiber of a Hodge-type Shimura variety of A;-type and
rank n. To make the choice of the parabolic type explicit, we sometimes write X = Xg.
The flag strata are denoted by Flag(Xg)s for S C E,. The cone Cg, and Cx will be
denoted by Cx g and Cx respectively. Furthermore, to lighten the notation, we write V(k)
for the automorphic vector bundle V;(\) where A = xy. Similarly, we write £(k) instead
of Vﬂag<)\).

4.2 Definition

For a tuple (x1,...,z,) and any integer m € Z, we define x,, as the element x, where r is
the unique integer satisfying r = m (mod n) and 1 < r < n (we say simply that the index
m is taken modulo n). Let d € E, be an integer and ¢ = (ey,...,¢,) € {£1}". For all
r=(1,...,T,) € Z", we set:

n—1
F(x) = Zpi€i+d93d+i
i=0

where the index of d + ¢ is taken modulo n. We call Fe(d)(x) the p-expression with starting
index d and signs €1, ...,e,. Similarly, if " C F, is a subset and € = dr is the element of
W corresponding to 7', we write F}d) (z) instead of F\(x).

Definition 4.2.1. We say that a cone C C Z" is a p-cone if it can be defined by finitely
many inequalities of the type

F9(z)<0, zez"
ford e E, and e € {£1}™.

To motivate this definition, we consider the cone of partial Hasse invariants Cyna s
(Definition[3.2.1)) and show that it is a p-cone. We start with some notation. Let (xq,. .., zy,)
be a sequence of elements in a ring. For any i, j € Z, we define an element J; ;(x) as follows:
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Ifi=j+1 (mod n), then we set J; ;(z) = 1. Otherwise, let j* denote the smallest element
> i such that 7' = j (mod n). Put:

JZ'J‘ (LL’) = H L.

We then have the following lemma, which is an immediate computation left to the reader:

Lemma 4.2.2. For tuples a = (ay,...,a,) and b = (by,...,b,) of elements of a ring, let
M be the following matrix

_bn—l
—b,, an,

Then, for all 1 < i,j < n, the (i,j)-coefficient of the adjoint matriz Adj(M) is given by
Jit1i-1(a)J;j—1(b). Furthermore, the determinant of M is given by

=1 =1

For w € W, recall that Cpn,, is defined as the saturation of the cone h, (X7 (7))
where hy,: X*(T) — X*(T), A = —w + pwo jwoo~*(N\). In our case, writing S for the
subset corresponding to w, we find that the matrix of the map h,, (restricted to A = Z™)
in the standard basis of Z™ is given by

R

M = - - :M(—5S,(5R).
: _p(g(”—l)
R
—pdy; o
From Lemma above, we deduce the following proposition:

Proposition 4.2.3. The cone Cona g is a p-cone. Specifically, it is given by the following
mequalities:

(—1)¥ ( D Jiwiia(=08) i (R)p™ I w4 Y Jj+i,z’1<_5S>Ji,j1(6R)pjixj> <0

1<j<i-1 i<j<n

foralli e S.

4.3 S-adapted p-cones

Definition 4.3.1. Let S C E,, be a subset of cardinality |S| = s. We say that a p-cone C
i1s S-adapted if it is defined by exactly s inequalities whose starting indices are the elements
of S. In other words, we have

C={rez" | F{)(x) <0, ieS}

for certain elements e € {+1}" (wherei € S).
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It is easy to see from Proposition that CpHa s is an S-adapted p-cone. For a given
subset S C F,, in order to define an S-adapted p-cone, it suffices to give the elements
e® ¢ {£1}" for each i € S. Write e = 6, for a certain subset 7 C E,. Thus, an
S-adapted p-cone is uniquely determined by a function

Ye: S — P(E,), i+ TW.
This shows that there are exactly 2™ such cones.

Definition 4.3.2. We say that an S-adapted p-cone C is homogeneous if ve is a constant
function.

Therefore, for any subset S, the S-adapted homogeneous p-cones are parametrized by
subsets T' C F,. Specifically, for any subset T' C E,,, there is a unique S-adapted homoge-
neous p-cone € such that pe is the constant function with value T'. In general, the partial
Hasse invariant cones Cph, s are not homogeneous.

4.4 Chain diagrams

In this section, we define certain diagrams as a visual aid in order to represent p-cones.
We define the standard chain diagram T, (of length n) as a circular diagram of n vertices
numbered from 1 to n, with connecting arcs between vertex i and vertex i + 1 (where n+ 1
is the same vertex as 1). More generally, for given subsets R C FE,, (the parabolic type)
and S C E,, we define a diagram I',,(R, S) as follows:

e We consider a n vertices numbered from 1 to n.
e We connect i and ¢ + 1 with a dotted line whenever i +1 ¢ S and i ¢ R.
e When i+ 1¢ S and i € R, we connect ¢ and i + 1 with a plain line.

When 7+ 1 € S, the points ¢ and ¢+ 1 are never connected. To help visualize the sets S, R,
we draw a circle (resp. a square) around the vertices corresponding to S (resp. R). We call
the diagram I',,(R, S) thus constructed a chain diagram of length n, parabolic type R and
stratum S. This diagram is simply a useful visual way to encode the datum of two subsets
S, R of E,. For example, the figure below is the case n = 8, R = {1,3} and S = {3, 6}.

Figure 1: The chain diagram of parabolic type {1, 3} for the stratum {4, 6}

Eventually, we will show that the vanishing of the Oth cohomology groups on the flag
stratum Flag(Xg)g is controlled by the diagram I',(R, S).
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Definition 4.4.1. Let I' =T,(R, S) be the chain diagram of parabolic type R and stratum

S. We define the following:

(a) We say that a subset C' C E, is connected in T' if any two points of C' are connected by
a finite sequence of (dotted or plain) lines.

(b) We say that C is a connected component of T if it is maximal among the connected
subsets of T'.

(c) Suppose that T' is disconnected and let C' be a connected component of I'. We define
the head (resp. the tail) of C' as the unique element x € C' such that x +1 ¢ C (resp.
r—1¢C).

Note that by definition, the tail of a connected component C' is the unique element of
S that lies in C'. For example, the connected components of the diagram I' in Figure [1| are
Cy = {4,5} and Cy = {6,7,8,1,2,3}. The heads of C, Cy are respectively 5 and 3. The
tails of C7, Cy are respectively 4 and 6.

4.5 Admissible p-cones

We continue our classification of p-cones by defining admissible p-cones below. The con-
dition defining this notion is related to the theory of partial Hasse invariants explained in
section [3.2] Again, fix a parabolic type R C E, and a stratum S C F,,. We explained in
Remark that certain line bundles £ (k) are trivial on the Zariski closure Flag(Xg)s.
To be specific, for i € E,, define

(i—1) o

i —€; — p(5 €i—1 ifie s

haﬁis = ) e (4.5.1)
e —pop €1 ifi ¢ S.

In short, we may write ha%?s = 5g)ei - pég_l)ei_l for any ¢ € E,. The cone Cpn, g is the

saturation of the cone ' ’
Cotas = 3 _Nhas + > 7 halg. (4.5.2)
ics i¢s
As we noted in Remark [3.2.2] the line bundle £(k) is trivial for any k in the Z-module
spanned by the weights ha }; g fori e E,\S. Write Kg g for the saturation of this Z-module
inside Z". It is also a submodule of Z". It coincides with the set of weights k € Z™ where
all the inequalities defining Copa s (see Proposition vanish. We call the subgroup
Kgr, s the kernel of the stratum S. When the choice of R is clear, we simply write Kg for
this subgroup. For any k € Kpg g, the line bundle £(k) is torsion on the Zariski closure
Flag(Xg)s. We may rewrite equation (4.5.2)) as follows:

CpH375 = ZN ha%?s + KR,S-
€S

Since we want to study the various cones of mod p automorphic forms on the various
strata, it is natural to impose the condition that the kernel of S is contained in the cone
that we consider, since elements of Kg correspond to torsion line bundles. This leads to
the definition of admissibility of an S-adapted p-cone that we explain below.

Definition 4.5.1. Let I',,(R,S) be the chain diagram of parabolic type R and stratum S,
and let T C E,, be a subset.
(a) We say that T is admissible (or I'-admissible) if it satisfies the following:
o [f two wertices are connected by a dotted line, then one of them lies in T and the
other one lies in E, \ T.
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o [f two vertices are connected by a plain line, then either both vertices lie inT' or both
vertices lie in E, \ T.
We denote by Adm(I") C P(E,,) the set of all I'-admissible subsets.
(b) Let € C Z" be an S-adapted p-cone, and let ve: S — P(E,) be the corresponding
function. We say that C is admissible if e takes values in the subset Adm(T).

For a chain diagram I', write m(I") for the set of connected components. Then an
admissible subset T" C F,, is entirely determined by the knowledge of the intersection
T N S. Indeed, consider the tail x of a connected component C' C I'. Then, if we know
whether or not © € T, then we can determine inductively which elements of C' lie in T
by using Definition M(a) We deduce that there are exactly 2/°! admissible subsets in
E,. Similarly, an admissible p-cone is determined by a function 7e¢: S — Adm(I"), so there
are exactly 2/9%I5I such cones. Finally, the number of homogeneous admissible S-adapted
p-cones is also 21!, since 7¢ is constant in that case. We end this section by making the link
between the above discussion regarding the kernel Kg and the definition of admissibility:

Lemma 4.5.2. Let C be an S-adapted p-cone. Then C is admissible if and only if it satisfies
the containment Kg C C.

Proof. For d € S, denote simply by Féd) () < 0 the p-expression with starting index d
corresponding to the subset ye(d), i.e. the inequality Fégz d)(x) < 0. Then, the condition
that € is admissible simply means that for all d € S and all x € Kg, one has Féd)(x) = 0.

Hence, when € is admissible it contains Kg. Conversely, assume Kg C € and let z € Kg.
Since Kg is a subgroup, —z also lies in Kg, which implies that for any d € S both Féd)(x)

and Féd)(—x) are non-positive. Hence Féd) (x) = 0 and we deduce that € is admissible. [

4.6 Positivity

Next, we consider another natural condition on p-cones that stems from the geometry of
Shimura varieties. Recall (section that when p goes to infinity, ampleness considera-
tions imply that the open Griffiths-Schmid cone C¢gq is contained "at the limit" in all the
cones Cg . This imposes a "positive direction" for characters. In our case, the cone C¢q
(intersected with A) is given by

S— ( )EZ” xi>0f0ri€R’
Gs — T1y.eooy Tp xl<OfOrZ€En\R '

Taking inspiration from this discussion, we introduce the following positivity condition for
S-adapted p-cones. Let I' be the chain diagram of parabolic type R and stratum S. Let
C C Z™ be an S-adapted p-cone and write ~e: S — P(E,) for the associated function.

Definition 4.6.1.
(a) Leti € E, be an element. We say that a subset T C E,, is i-positive if it satisfies

t—1eT < i—1€R.
(b) We say that C is positive if for all i € S, the set ve(i) is i-positive.

Let € C Z™ be any p-cone (not necessarily S-adapted), defined by some p-expression
F;{i’j)(x) <0 (for k=1,...,m) where d, € E, and £*) € {£1}". We define the limit cone
Co as the "limit" of the cone € when we let p go to infinity. It is the cone obtained by
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retaining the dominant coefficients of p in each p-expression FE((CQ“))(:U) Specifically, we write

e® = (W . e for each k and we put
Coo = {2 €Z" | 5&?7195%_1 <0, k=1,...,m}.

Proposition 4.6.2. Let C be an S-adapted p-cone. Then C is positive if and only if it
satisfies the containment C¢g C Cx.

Proof. For each ¢ € S, write C; for the cone defined by the inequality FT(,Z()Z)(x) < 0 where
T® = ~4e(i). Thus, € is the intersection of the cones €; for i € S. Similarly, C,, is the
intersection of the cones C; o for i € S. Therefore, the inclusion €y C €y is equivalent
to the condition that for any i € S, the cone Cg is contained in C; o for all i € S. The
coefficient in front of p"~! in the p-expression F,ﬁ()i) (z)is —1 when i —1 € T and is 1 when
i—1¢ T, The result follows easily. O

For example, one can check easily that the S-adapted p-cone C,y, s is positive.

4.7 Partial Hasse invariants and p-cones

As we saw in section [4.5 admissibility characterizes when an S-adapted p-cone € contains
the kernel Kg of a stratum S. We explain here a stronger notion of admissibility which
corresponds to the stronger containment Cpyas C € where Cpha g is the cone of partial
Hasse invariants for the stratum S.

We say that a subset T' C E,, is Hasse-admissible if it is admissible and for all i € S\ T,
the following condition holds:

1—1eT <— 1—1€R.

Using the terminology of Definition [4.6.1], the above condition means that 7" is i-positive
with respect to all the elements in S\ 7. Let € be an S-adapted p-cone. We say that
C is Hasse-admissible if the corresponding function ve: S — P(FE,) takes values in Hasse-
admissible subsets. Hence, if € is Hasse-admissible and positive, the set pe(i) is j-positive

for all j € (S\T)U{i}.

Proposition 4.7.1. Let C be an S-adapted p-cone. The containment Cponas C C holds if
and only if € is Hasse-admissible and positive.

Proof. Let T' C E,, be an admissible subset. Let ¢ € S and write CE,Z;) for the cone in Z"
defined by the inequality F}i) (z) < 0. We will show the following: the inclusion Cppa s C Gg)
holds if and only if 7" is j-positive for all j € (S\ T) U {i}.

Write oy = (5}”, . ,(5;")) for the characteristic function of T', i.e. §(Tj) =—1forjeT
and 5¥) =1 for j ¢ T. Recall that we defined the weights hag?s for all j € E, in (4.5.1]).
For j € S we have ha%?s = € — 5g_1)pej_1. Since T is admissible, we already know
that Krs C Gg,f). It follows that the inclusion Cpha s C Ggf) is satisfied if and only if
F}i)(hag’)s) <0 for all j € S. For j # i, this inequality amounts to

sy 469 <o,

which is equivalent to the condition: If j ¢ T', then j —1 € R <= j— 1€ T. On the
P ) ()
other hand, when j = i, the inequality F’(haps) < 0 amounts to

—p"ay VoY 18 <o,
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which is equivalent to 5%71)5(;71) =1,thustot—1€ R < ¢—1¢&T. We have proved
that Cpna s C Gg) holds if and only if 7" is j-positive for all j € (S\ T) U {i¢}. The result
follows immediately. m

We know that Cph, g is a positive admissible S-adapted p-cone. In particular, it is given
by a certain function
PpHa,s : S — :P(En> (471)

Concretely, this function is given as follows: Write S¢ for the complement of S in F,,. For
any ¢ € S, the set ppnas(7) is the set of elements j € E,, satisfying: the number of elements
in the sets RN [j, i — 1] and S°N]j, ¢ have different parity. This is simply a reformulation

of Proposition 4.2.3|

5 Cohomology vanishing

The key observation of this paper is that intersection-sum cones of Shimura varieties of
Aj-type follow a very clear pattern. For general Hodge-type Shimura varieties, these cones
are combinatorially difficult to describe. However, the results of this paper seem to indicate
that they have a deeper significance and admit a more conceptual definition.

5.1 The function ¢
We fix a parabolic type R C FE,,. We start with the following proposition:

Proposition 5.1.1. Let S C E, be a subset. There exists a unique positive admissible
homogeneous S-adapted p-cone.

Proof. Recall that a homogeneous S-adapted p-cone C can be parametrized by a subset
T C E, such that ~¢ is the constant function with value T'. The positivity condition
implies that for all elements ¢ € S, the subset T is i-positive, which means that

1—1eT «<— 1—1¢€ R.

The heads of the connected components are exactly the elements ¢ — 1 for ¢ € S. Therefore,
the above equivalence determines completely which heads lie in 7. But then, the admis-
sibility condition implies that we know 7' completely on each connected component. The
result follows. O

Note that the proof of Proposition gives a way to construct the subset T: We

first determine which heads of connected component are in T, and then we extend T by
admissibility.
Ezxample 5.1.2. Let us give an example for illustration. Let n =8, R = {1,3}, S = {4,6}
as in Figure[I] The associated chain diagram has two connected components, whose heads
are respectively 3 and 5. Of these two elements, only 3 lies in R. Hence 3 € T"and 5 ¢ T.
Using the admissibility, we deduce the rest of elements of T'. We find in the end:

T = {3,4,6,8}.

Therefore, the unique positive admissible homogeneous S-adapted p-cone is defined by the
inequalities:

p°ry + p°my — p'rs — 4 + pr5 — P26 + pPrr — plag <0
pry + ptry — pPrs — pPuy + pTws — 26 + pr7 — pPag < 0.
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Recall that the starting indices are imposed by the indices in S, and the minus signs are
assigned by the indices in 7T'.

For any subset S C E,, we write ®r(S5) for the subset T' C E,, corresponding to the
unique positive admissible homogeneous S-adapted p-cone (for simplicity, we omit n from
the notation). For instance, in Example above, one has ®r({4,6}) = {3,4,6,8} for
n =38 and R = {1,3}. This defines a function

Dp: P(E,) — P(E,).

We write Cp g for the unique positive, admissible S-adapted homogeneous p-cone. In other
words, it is the S-adapted p-cone that corresponds to the constant function p: S — P(E,)
with value ®z(S). When the choice of R is clear, we simply write ®(.5) for the set ®g(.S)
and Cg for the cone Cpr .

5.2 Main result

Fix a parabolic type R C F,. Our main technical result is the following theorem.

Theorem 5.2.1. Let S C E, be a subset. The intersection-sum cone Gg’+ 1S a positive,
admussible S-adapted homogeneous p-cone. Hence, it coincides with the unique such cone

Cr,s afforded by Proposition[5.1.1]

Note that in general a convex hull of p-cones is not a p-cone, thus it is not a priori obvious
that Gg’+ is defined by p-expressions, let alone that it is S-adapted and homogeneous.
However, once we know that it is an S-adapted p-cone, it is clear that it must be positive
and admissible because it contains Cuna s by definition. Theorem shows that the
intersection-sum cone is a natural and meaningful construction. It is possible to define
these cones for any Shimura varieties (and even independently of Shimura varieties), thus
one can hope for a generalization of Theorem [5.2.1]to arbitrary reductive groups. Howeveer
it is unclear to us what form this generalization would take.

As a consequence of the above theorem, we obtain the following vanishing result. Let
X = Xpg be a Hodge-type Shimura variety of A;-type and parahoric type R.

Theorem 5.2.2. Let S C E,, be a subset. For any k € Z™ such that k ¢ Cr g, we have
H°(Flag(XR)s, £(k)) = 0.

Proof. Since G;“m = Cpr,s by Theorem , this follows immediately from Theorem .
]

The proof of Theorem will occupy a large portion of the remainder of this section.
We make a few preparatory remarks in the next paragraphs below.

5.3 Ordering

We make some natural definitions about the ordering of integers modulo n. Let S C E,, be
a subset. For elements x,y € S, say that y follows z in S if y is the first element of S that
appears in the sequence

r+lLx+2,24+3,... (5.3.1)

(recall that an integer k is identified with the unique element of E,, congruent to & modulo
n). For three vertices x,y,z € F,, we say that z is between x and y if z appears before
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y (or at the same time as y) in the sequence (5.3.1)). Write [z, y] for the set of elements
that are between x and y. Similarly, define |z,y| := [z,y] \ {z}, [z, y] == [z,y] \ {y} and
Jz,y[ = [z, y] \ {z,y}.

In certain cases we will write S = {s1,...,s,} and define cyclically s; ,,, := s; for any
m € Z (for example, s,,1 = s1). By re-numbering the elements, we may assume that for
each 1 < d < r, the element s;,; follows s; in the set S. Note that we are free to choose
which element of S is s;, and this choice then determines uniquely the numbering of all
elements.

5.4 Galois translation

Recall that the Frobenius o acts on Z™ as follows:
g - (lfl, ce ,k’n) = (k?n,kl, .. 'ykn—l)-

In particular oe; = e;11 where (eq,...,e,) is the standard basis of Z". Similarly, for i € E,
define o(i) := i + 1 (recall that n + 1 is identified with 1). When we consider a subset
S = {s1,...,s.} (ordered as in section above), this translation operator o will be
useful to reduce to the case s; = 1. This will make notation more convenient in certain
computations. Note that the operator ¢ acts naturally on all objects that we have defined
so far. For example, one sees easily that for any subset T C {1,...,n} and i € T, one has

Fy(w) = F,7) (o)
for all x = (z1,...,x,) € Z". Similarly, we have

Coros = 0(Crs)

where Cp g is the unique positive admissible homogeneous S-adapted p-cone. This follows
from the relation ®,z(05) = o(P(S)) that is clear from the construction of ®(.S). Simi-
larly, one has Conars = 0(CpHa,s) and G:’; = a(eg’+) (caution: here the cones Cpna s and
" must be taken with respect to the parabolic type o R).

Note that these natural manipulations involving the action of ¢ would be impossible to
carry out on the Shimura variety Xz. Indeed, since Pg is not defined over IF,, the various
cones attached to R and o R correspond to different Shimura varieties altogether and hence
are a priori unrelated. This freedom is one of the advantages of our group-theoretical

approach.

5.5 Removable elements

Fix a parabolic type R. We omit R from the notation.

Definition 5.5.1.
(a) For a subset S C E,, and an element j € S, we say that j is removable from S if

(S) = (S \ {7}).
(b) We say that S is irreducible if none of the elements of S is removable from S.

One has the obvious but useful lemma below:
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Lemma 5.5.2. Assume that j € S is a removable element of S and write T := ®(S). Then
the cone Cg\ ;3 satisfies the inequality

F(z) <0

for any i € S\ {j}.
Proof. Indeed, since ®(S) = ®(S5'\ {j}) and i # j, one of the inequalities defining the cone
Cs\(y} is precisely F:(FZ)(:U) <0. O

5.6 Invertible elements

For a cone € C Z", denote by K(€) C € the set of invertible elements, i.e. the elements
A € € such that —\ € €. The set K(€) is the largest subgroup contained in €. For example,
K(GpHa,S) = KS.

Definition 5.6.1. Let C C Z" be a cone, and €' C C a subcone. We say that €' is saturated
in Cif for alln > 1 and all x € C, one has nx € ¢' =z € C'.

In particular when C = Z", we have the notion of a saturated subcone of Z". If C is
saturated in Z™ and €' is saturated in €, then €’ is also saturated in Z". A subcone € C Z"
defined by linear inequalities is always saturated in Z" (thus all p-cones are saturated in
Z™). Tt is clear that K(C) is always saturated in €. It satisfies even a stronger property: if
z,y € Cand x4+ y € K(C), then both z,y are in K(C).

Lemma 5.6.2. Let C C Z" be a cone defined by r linearly independent inequalities
filz) <0, ze€Z", i=1,...,r

By this, we mean that the linear forms f;: Q" — Q are linearly independent over Q. Then
K(@) is a free module of rank n—r, and coincides with the set of x € Z™ such that fi(x) =0
foralli=1,...,r.

Proof. 1t is clear that K(C) coincides with the set of x € Z™ such that f;(z) = 0 for all

i =1,...,7. Since the f; are linearly independent, they vanish on a codimension r subspace
of Q". Hence, the rank of K(C) is n — r. O

Lemma 5.6.3. Let S C E, be a subset and C an S-adapted p-cone. Then, the |S| inequal-
ities defining Cg are linearly independent.

Proof. C is defined by inequalities of the form Fiﬁ?i)
T® c E,. It is clear that the forms F;i()”: 7" — 7 are linearly independent when we
reduce them modulo p (because the starting indices are pairwise distinct). Hence, they are

also linearly independent over Q. n

Corollary 5.6.4. Let S C E, be a subset and C an S-adapted p-cone. Then K(C) is a free
module of rank n — |S| which is saturated in Z™.

We deduce that if ¢ C € C Z" are two saturated subcones of Z", then one has K(€') C
K(€) and the quotient K(€)/K(C') is free of finite rank.

Proposition 5.6.5. Let C C Z™ be an S-adapted admissible p-cone. Then one has
K(€) = Ks.

Proof. Since C is admissible, it contains Kg = K(Cpna s) by Lemma . Hence we have
K(Cpha,s) C K(€). Since both Cphas and € are S-adapted, we know by Corollary
that K(Cpha,s) and K(C) are free modules of rank n — |S|. Furthermore, since the quotient
K(C)/K(CpHa,s) is free, we deduce that K(C) = K(Cpha,s)- O

() <0 for i € S and certain subsets
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5.7 System of generators

Definition 5.7.1. Let C C Z" be a subcone of Z" and A, ..., A\, € C.

(a) We say that Ay, ..., A\ is a system of Qsg-generators of C if any element of C can be
written as a linear combination of the \; with non-negative rational coefficients.

(b) We say that A1, ..., A\ is a system of Qxq-generators of € modulo kernel if any element
of € can be written as x +y where x is a linear combination of the \; with nonnegative
rational coefficients and y € K(C).

Fix a parabolic type R C E,. Let S C E, be a subset and let Cpya,s be the cone of
partial Hasse invariants for S. Recall that Con, g is the saturation of the cone

Comas = »_Nhal)s + Y Z halys

€S ¢S

where hag?s = —(55.;)61- — p(ngl)ei,l. The kernel K(Cphas) = Kg is generated as a group by

the elements hag)s for i ¢ S. Thus, the elements hag)s =e; — pég_l)ei_l for i € S form a
system of on—gevnerators of Cpha,s modulo kernel. 7
Let Cr g be the unique positive admissible homogeneous S-adapted p-cone. We seek
a system of Qsg-generators modulo kernel for Crg. Write 7" := ®g(S) and define for all
i € S the vector: . . .
geng?s = 553)61 — p5g_1)ei_1.
Note that when i € S\ T we have 5% = 1 and hence geng?s = hag?s. Also, since the cone

D =55 50 we can also write geng?s = 0We; — poliVe,_

Cg.s is positive, we have 6
Proposition 5.7.2. The vectors gengs (fori € S) form a system of Q>¢-generators modulo
kernel of Cr g.

Proof. The cone Cgg is defined by the |S| inequalities F()(a:) < 0 where i € S and
T = ®x(S). Hence, it suffices to show that F @ (gen%)s) is zero for distinct elements i, j € S

and is negative for ¢ = j. Assume first that ¢ # j. Looking at the expression of F} (x)

and the fact that ¢ # j, one sees easily that F}i) (x) vanishes when = = 552)6] — pég_l)ej_l,

hence F})(geng)s) = 0. Finally, in the case i = j we find that F}i)(geng?s) = —(p"—1),
which terminates the proof. m

We deduce that Cg g is the saturation in Z" of the following cone:

Z N gen%?s +Kgs.

€S

5.8 Proof of Theorem [5.2.1]

This section contains the technical computations necessary to prove Theorem [5.2.1 We fix
an integer n > 1 and a parabolic type R C F,, throughout and omit them from all notation.
In particular, we write ®(5) instead of ®r(S). We will show by induction that for all strata
S C E,, the intersection-sum cone Gg* coincides with Cg (the unique positive, admissible
S-adapted homogeneous p-cone).

For a stratum such that |S| = 1, the intersection-sum Cg™ is defined to be Cppas. We
already know that this is an admissible, positive S-adapted p-cone. Furthermore, since
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|S| = 1 it is obviously homogeneous. Therefore, we may assume |S| > 2 and prove the
result by induction. Recall that Cg is defined by the |S| inequalities

Fz) <0, azez"
where T'= ®(S) and i varies in S. We need to show that Cy" = Cg. Write

S ={s1,...,5}

where r := |S| and the elements are ordered as in section Consider all lower neighbors
of S, namely the subsets of the form S, := S\ {sx} for 1 < k < r. By the induction
hypothesis, we know that the intersection-sum cone of Sy coincides with Cg,, the unique
positive admissible homogeneous Si-adapted p-cone (where all these notions are taken with
respect to the subset Sy). We thus have:

N+ _
es - GpHa,S +sat m eSk'
kesS

We need to prove the two inclusions GQ’JF C Cg and Cg C Gg’+.

5.8.1 Proof of the inclusion e@* C Cg

This is the more interesting of the two inclusions, as it gives an upper bound for the cone
eg*, hence also one for the cone Cg, ¢ by Theorem . Since Cg is positive and admissible,
we already know that Cpnas C Cg. Thus, it suffices to show that (),.,., Cs, C Cs. We

write
) Cs.

1<k<r

We must prove that for each i € S, the cone C" satisfies the inequality F}i) (x) < 0 for
T = ®(S). Suppose that we have shown: For any R and any S such that 1 € S, the cone
C" satisfies FT(,I)(x) < 0. Then, let S, R be arbitrary and take i € S. Using the translation
operator o and applying the assumption to the sets o= 0DS o=-DR we deduce that "
satisfies F%Z) (x) < 0. Therefore, we may assume that s; = 1 and show that C" satisfies
F}l)(a:) < 0. In this case, we can write the elements of Sas 1 =957 < sy <---< s, <n for
r=|S].

The easiest situation is when some element s, (k # 1) is removable from S. As we
explained in Lemma [5.5.2] in this case the cone Cg, (where S, = S\ {si}) satisfies the
inequality F}Sl)(x) < 0. In particular, the cone G also satisfies this inequality. Therefore,
we are reduced to the situation when none of the elements s, ..., s, is removable from S.
We will assume that this is the case from now on. The proof then continues by considering
two cases: The case when s; is removable from S and the case when it is not.

Write ®(S5) =T and ®(S;) = T}, for k = 1,...,r. We will show that there exist positive
integers A\, A1, ..., \, satisfying

AFE Z)\ FER ( (5.8.1)

Tk+1

forall z = (xq,...,2,) € Z". Since C" satisfies all inequalities F}Zi)l () <Ofork=1,...,r,
this will show that it also satisfies F\°" (z) < 0.
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The case when s; is removable In this case, we define A, A1, ..., A\, as follows: set
Ai=p(p"+1)"tand for 1 <k <r—1put
)\k - 2k71<pn . 1)psk <pn + 1)r7k71_
For k =r, put
=201t

It is now a tedious computation to check the equality ([5.8.1)). Since this computation is
the key to the main theorem [5.2.1] we carry it out in details below. We can write

§ i c(itsk)
Tk+1 p5Tk+1 Litsy-

Let II(z) denote the right-hand side of 5.8.1. We find:

(z) = ("~ 1) (sz o (p" + 1) R ERY (o )) + 2 B ()

(p" — 1) (ZZ’“ e (ph 4 1) R 1219 oy a:mk) +27 1pSTZp5”sT Tis,-

=0

We want to find the coefficient in front of the variable z,, (for 1 < m < n) in the above
expression. Note that x,, can appear in two different ways in this expression because one
can have i+s;, = i'+s+n for different values of 7, k, 7', k’. Taking this into account, we filter
m with respect to the intervals [s4, s4.1[. Recall that when d = r, we have s,,1 = s1 =1
and the interval [s,, s;[ consists of the integers from s, to n. Form € [sq4, squ1[ and d < r—1,
the coefficient in front of z,, in II(z) is

r—1
Cry = <Z2k l p +1 r k— 15Tk+1+p Z 2k 1 p +1)r k—1 Tk+1)+2r 1 m+n5T1'

k=d+1

For d = r, the coefficient in front of z,, in II(x) is

r—1
_ <pn_1)pm (sz 1(p +1)7‘ k— 15Tk+1> +2r71pm jrgl

k=1

By assumption, none of the elements s; (for k # 1) is removable from S. Note that when
we remove s, from S, only the elements of [s;_1, s[ are affected. Thus, T'N [s;_1, s;[ and
T; N [si—1, ;| coincide for all i # k and are complementary for i = k. We deduce that
8 = ™ for k # d and 5%21 = —6\™_ Using this and the formula for the sum of the

Tk+1

2 pr+1

" o (m pn+1r—1_2d—1pn+1r—d B . o
:<p_1)p5<T>(< et S

7 T— k
geometric sequence 261 (pn + 1)7—k-1 = @D ( 2 ) , we find for 1 <d <r—1:

—1

2dpn

pr—1

4 ((pn + 1)7"7d71 o 2rd1)> + 2r71pm+n5§1n

— pm(s;m) ((pn + 1)7"71 _ (pn 4 1)r7d71<2d71(pn + 1) 4 2d71(pn _ 1) _ den) . 2r71pn 4+ 27‘1pn)
_ pm(pn + 1)T—15¥n) _ )\pm—lééﬂm)‘
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Thus, ¢, coincides with the coefficient of x,, in \F. (81)( ). In the above computation, we
have not used the assumption that s; is removable This assumption is only necessary for
the case d = r. In this case, we have d. m) = 6 Therefore, a similar computation yields:

r—1
<p _1 (sz 1 p +1)r k— 15Tk+1> +2r71pm 77):1

= pmay ((p" - 1) A +<;2 _ 1; i + 27“—1)

_ pm(pn + 1)7"715’%771) _ )\pmfl&%m)

From this, we deduce in the case when s; is removable.

The case when s; is not removable In this case, S is irreducible (i.e. none of its
elements is removable), hence the situation is more symmetric. Therefore, we will not need
to distinguish between the cases 1 < d <r —1 and d = r as above. However, we need to
change the definition of A\, A, ..., A, as follows. For all 1 < k < r (including k = r), we set

)\k — 2k—1psk <pn + 1)r—k;

To define A\, we consider the polynomial

r—1
. ) XT _ 27‘
=y ritixd ot =~ 9,
2 X 2

It is clear that if ¢ > 2 then Q(¢) > 0. We put

P+ —20 @41 -2
pr—1 pr—1

A=Q(p"+1) =

Again, we check that the identity (5.8.1)) holds. Letting again II(x) denote the right-hand
side of ([5.8.1)), we have

M(x) =Y 2" 'p™(p" + 1) EL (x)
k=1

s r— i c(it+s
—22’“ "+ 1) ’“Z Ot T,

For m € [s4, sq+1[ and 1 < d < r, the coefficient in front of x,, in II(x) is

d r
Con :pm (Z2k—1(pn+1)r kéYTCILH_l +pn Z 2k—1(pn_|_1)7“ k5£+1>

k=1 k=d+1

. n_'_lr_2d—1 n_'_lr-‘rl—d : _ 9dyn _ _
" n 1) — 9rpn "
_ el >((p +pn)_1 p ) g

This terminates the proof of (5.8.1)) in the case when s; is not removable.
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5.8.2 Proof of the inclusion Cg C Gg’+:

Proposition 5.8.1. Lett € S be an element.
(1) Ift ¢ T, then geng?s € Coha,s-

(2) Ift € T, then genlys € ;s Corpy)-

Proof. When t ¢ S then geng?s = hag?s € CpHas. To prove (2), write again S =
{s1,...,8.}, where for all i, s;;; follows s; in S (see section . We write ¢ = s;, for

some 1 < k < r and assume that t € T. For each 1 < 5 < r, we need to prove that the

vector x = gen%?s lies in Cg\(s;}, i-e. that it satisfies the inequality F}jd)(x) < 0 for all

d # j, where T; = ®(S'\ {s;}). Since t € T', we have x = —e; — 5gfl)pet,1.

First, assume that s; # t. In this case, the coefficient of x;_; and z; in the p-expression
F}jd)(x) are 5%__1)19’” and 5%_)]9’"“ respectively (for a certain integer m). Hence, for all
d # j, 1 <d < r, the sign of F}jd)(x) when z = geng?s is the same as the sign of the

expression © (D) 1)
t t—1 t—1
—5Tj — 5Tj o .

Thus, it suffices to show that not both of (5%,) and (5%71)55571) are equal to —1. Thus we
may assume ¢t ¢ T;. Since t € T by assumption, we are reduced to the case j = k + 1
(in all other cases one would have ¢ € T;). But in this case, we have t € S\ {s;} so the
admissibility condition for Cg\(s,; implies that 5%_1)51(;_1) =1.

Finally, we consider the case when s; = t. In particular we have t € S\ {s;}. In
this case, the coefficients of x;_; and z; in the p-expression F}j) (x) are 5%71)]9”_1 and (5%)
respectively. Hence, the sign of F:(p? (x) when z = gen%?s is the same as the sign of

—oy) — proy VoY,

Again, since t € S\ {s;} in this case we deduce by admissibility that 5%_1)5g_1) =1, and
the result follows. O

Finally, we complete the proof of the inclusion €5 C €. Recall that the kernel K(Cg)
coincides with K(Cphas). Moreover, Cg is Qso-generated modulo kernel by the elements
geng?s for t € S. By Proposition |5.8.1, we have geng?s € GQ’JF for all t € S. It follows that

for any = € Cg, there is an integer N > 1 such Nz € 62’+. By definition the cone GQ’JF is
saturated, so we have z € Gg’+. This terminates the proof of Theorem m

5.9 Hasse-regularity
Let X = Xy be a Shimura variety of A;-type and parabolic type R. Recall by (3.4.2)) that

for any subset S C F,, we have inclusions
CpHa,s C Cx,s C Cg

where we used the equality Gg’+ = Cg (Theorem |5.2.1)) and we omitted the cone Cg,g s that
we will not use in what follows.

Definition 5.9.1. We say that S is Hasse-reqular if Conas = Cx 5.
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In particular, if €5 = CyHa,g then S is obviously Hasse-regular. The notion of Hasse-
regularity can be defined for arbitrary Hodge-type Shimura varieties. In the case of unitary
Shimura varieties of signature (n — 1,1) at a split prime, Goldring and the author have
shown in [GK22b| that the stratum Flag(X), is Hasse-regular for all elements w € W
in the closure of the element wp jwy (the longest element of 7). In the theorem below,
we give a characterization of the strata S which satisfy Cs = Cpna,s. When |S| = 1 this
equality holds by definition. Let I" be the chain diagram of parabolic type R and stratum
S. Write S¢ for the complement of S in E,. Write # F' to denote the number of element
of a finite set F'.

Theorem 5.9.2. Assume |S| > 2. Then the following are equivalent:

(i) One has Cs = CpHa s-

(ii) CpHa,s ts homogeneous.

(iii) For any connected component C' C I, the numbers # C' N R and # C have different
parity.

Proof. Since Cppas is a positive, admissible, S-adapted p-cone, (i) and (ii) are obviously
equivalent. Using the description of the function pyhas given in (4.7.1), we see that ppHa s
is a constant function if and only if for any 5 € E,,, the parity of the number

is independent of i € S. If we change ¢ to the element ¢t that follows 7 in .S, the above
number changes by the quantity # CNR + # C' NS where C' is the connected component
of i™. Since ¢ can be chosen arbitrarily in S and |S| > 2, we deduce that condition (ii)
is equivalent to # CNR = # C N S° (mod 2) for all connected components C' in T.
Since each connected component C' has a unique element in S by definition of I', one has
# CNS® = (# C)— 1. The result follows.

O

In particular, when the equivalent conditions of Theorem are satisfied, we have
equalities Cponas = Cxs = Cg. Therefore, one could say as a slogan that for those
strata, "the weight of any nonzero mod p automorphic form on Flag(X)g is spanned by
the weights of partial Hasse invariants of the stratum".

5.10 The general case

So far we have only considered the case when G is a Weyl restriction G = Resr,n (GLZIFpn ).
In the context of Shimura varieties of A;-type explained in this group corresponds to
the case when p is inert in the totally real field F. If p follows a more general ramification
pattern, we need to consider a group of the form

G = ReSurpml /IE‘p<GL2,Fpm1) XX ReS]Fme /JFP(GLQ,FW)

where n = mqy + --- 4+ m, is a partition of n by positive integers. In this case, one can
apply to each F,-factor G; = Resg ., /FP(GLZJFpmi) all of the theory of p-cones carried out
in sections [4 and [5] As we explained before, all group-theoretical objects decompose with
respect to the IF,-factors. For any subset S C E,,, we may decompose S = S; U ---U.S, for
subsets S; corresponding to the [F)-factors and similarly R = R, U---U R, for the parabolic
type. Then, define Cg g as the direct product of the Cg, 5,. With this definition, Theorem
[5.2.2) on the vanishing of cohomology holds without modification. Similarly, a version of
Theorem [5.9.2 can easily be formulated in this more general setting as well.
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5.11 The maximal stratum

We return to the case G = Resr,, /Fp(GLQJFpn). We now restrict ourselves to the case of the
maximal stratum, parametrized by the longest element wy € W. For groups of A;-type, it
corresponds to the subset S = FE,,. In this case, note that we have

dp(E,) = R.

By Theorem [5.2.1], we know that the cone Cyx is contained in the cone Cpg,, which is defined
by the n inequalities '
F(z)<0, zeZ', i=1,...,n.

The method used to prove this result does not use the fact that the map (gag: Flag(X) —
(G-ZipFlag" is a base extension of a map (: X — G-Zip". Hence it would hold more
generally for any smooth morphism (': Y — G-ZipFlag! satisfying certain conditions
(replacing the stratum Flag(X),, with the preimage (""'(Flag,)). The fact that (g is
a base extension of ( forces Cx to be contained in the L-dominant cone X7 /(T'), as we
mentioned in (3.3.1)). Therefore, the cone Cx satisfies the additional constraints

1’120, 1 € R.

Here we determine a set of generators for the intersection Cp, N X7 ;(T). Denote the
elements of F, \ R as follows:

En\R:{Tl,...,T‘h}

where h = n — |R|. Again, we assume for each ¢ that r;;; is the element of E, \ R that
follows r; (where r,41 = r1). Let g; denote the gap between r;_; and 7, i.e. the smallest
positive integer g; such that r;_; + ¢g; = r;. Let (eq,...,e,) denote the canonical basis of
7" and extend the definition of e; to any ¢ € Z by n-periodicity. For each 1 < ¢ < h and
each k =1,...,¢9; — 1 (when g; > 2), define the following elements

)\I(;) = Er; +pkeri—k (5111)

Moreover, for k = g; define '

A=, —pie, .. (5.11.2)
We thus obtain exactly n = Z?Zl g; weights of the form )\,(f) forl1<i<hand 1<k <yg.
It is immediate to check that the weights /\,8) are L-dominant and satisfy the inequalities

Fg) () <0 fori=1,...,n, thus they lie in the intersection Cpg, N X7 (7).
Proposition 5.11.1. The cone Cp, N X7 ;(T) is Q>o-generated by the weights )\,(;) for
1<i<handl1 <k <y.

It will be convenient to modify )\l(:) by defining n,(ci) = I%)\l(:) . Before giving the proof,
we start with the following easy lemma.

Lemma 5.11.2. The elements )\S) (for 1 <i<h,1<k<g;) form a basis of Q™.
Proof. When p goes to infinity, n,(:) converges to £e,,_, which are clearly linearly indepen-
dent vectors. The result follows. ]

33



We now prove Proposition [5.11.1{ by showing that any » = (z1,...,2,) € Cg, NX7] [(T)
is a linear combination with non-negative rational coefficients of the 77;?)- Foreach 1 <5 <
n, define k; as follows:

kj :=max{u >1| e, ¢ R}.
Consider the matrix M whose jth column is the vector
0e; +p Mejun.

Note that this vector is of the form 77,(:) for 7 such that e; = ej;; and e; = e,, . We
have simply changed the ordering of the vectors so that the diagonal coefficients of the
matrix are £1. Then, one checks easily that for x € Z", the vector y = M 'z satisfies the
following: If i € R, then the i-th coordinate of y is

Yi = T
For i ¢ R, the ith coordinate of y is
1 & (i414u) w1 1 (i+1)
Yi=— 0 P Tipipu = ——— F ).
pr—1=" = e @)

Since x € Cg, N X_*H(T), we obtain y; > 0 for all 1 < i < n. This terminates the proof of
Proposition [5.11.1]

5.12 The Cone Conjecture

Recall that we defined in section the lowest weight cone C,. We also explained that
under a certain condition (satisfied for groups that are Weyl restrictions of split F,-groups)
the cone Gy, is contained in C,;p. Let X = X be a Hodge-type Shimura variety of A;-type
and parabolic type R C F,. By the equality G%’j = Cp, (Theorem , the inclusions
and the containment €, C C,ip, we obtain:

€|W C Gzip - GX - GEn N X1J<T)
Recall that the Cone Conjecture predicts that we have C,, = Cx.

Theorem 5.12.1. When X = Xg is a Hodge-type Shimura variety of Ai-type, Conjecture
holds true. More precisely, one has

Chw = Cup = Cx = Cp NX7,(T). (5.12.1)

This cone is generated over Qs by the weights /\E:) defined in (5.11.1)) and (5.11.2)).

Proof. Tt suffices to show that C, = Cg, N X7 ;(T). Recall that for a general group G, the
cone €, is the set of A € X% /(T') satisfying the inequality for each o € A0, Here,
recall that F is the smallest parabolic subgroup containing B defined over F,. In other
words, Py = (\;cz0"(P). In the trivial case when R = E,, one has P = G and one sees
easily that C, = X7 (T), thus all four cones in coincide with X7 (7"). Note that in
this case X is a zero dimensional variety by (2.5.3)), but Flag(X) is a G/B-fibration over
X, which explains why Cx = X7 (7).
In all other cases, we have

Py=()o"(Pr) =()Pory = B.

1EZ 1€EZ
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Hence we have W, = {1}, and the lowest weight cone is given by the set of L-dominant

characters x = (71,...,2,) € X7} ;(T) satisfying the inequalities
n—1 o
Zp%gﬂ)xiﬂ» <0, j=1,...,n.
i=0
These are exactly the inequalities defining the cone Cp,_ . This terminates the proof. O

5.13 The Hilbert—Blumenthal case

This section is dedicated to the special case of Hilbert-Blumenthal varieties (i.e. the case
R = {)). We make explicit in this case the main theorems proved for a general parabolic
type R C E,. In this case Flag(X) = X and the line bundle £(k) coincides with the line
bundle w* defined in (1.0.1). For a subset S C E,,, the flag stratum Flag(X)g is simply the
Ekedahl-Oort stratum parametrized by S, that we denote by Xg. The function

o: P(E,) — P(E,)

can be concretely described as follows: For a subset S C E,,, let I' = TI',,(0, S) be the chain
diagram of type () for the stratum S. For each element s € S, write y(s) for the number of
elements in the connected component of I' whose head is s — 1. It is the smallest positive
integer such that s — y(s) € S. Then, define ®(S) as the set

O(S)={s—i|seS, iodd, 1<i<n(s)}

We write Cg = Cy g for the unique positive admissible homogeneous S-adapted p-cone. It

is given by the inequalities Fg()s)(:v) < 0 for & € Z™ where i varies in S. Theorem [5.2.2
then translates as follows:

Theorem 5.13.1. Let S C E,, be a subset and k € Z". If k ¢ Cg, then
HO(Ys,wk) =0.

Next, we make the link with previous results of Goldring and the author in [GK18|. In
this previous work, we introduced a combinatorial notion of "admissibility" for strata (un-
related to the admissibility of p-cones defined in this paper). This condition says precisely
(using the terminology of the present paper) that all connected components of I contain
an odd number of elements. For those strata, the authors proved that one has an equality

GX,S - C')pHa,S-
This is simply a special case of Theorem [5.9.2] Indeed, for R = () it translates as follows:

Theorem 5.13.2. Assume |S| > 2. Then the following are equivalent:
(i) One has Cs = CpHa s-

(ii) Cpma,s s homogeneous.

(iii) For any connected component C C I', the number # C' is odd.
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5.14 Siegel-type Shimura varieties

We end this article with a brief discussion about possible generalizations to other Shimura
varieties. One of the main examples that we have in mind is the case of Siegel-type Shimura
varieties A,,, which parametrizes principally polarized abelian varieties of dimension n (with
a level structure). This variety is associated with the group GSp,,, which seems totally
unrelated to the groups of A;-type considered in this paper. However, the two cases bear a
striking resemblance. In [GK18, [GK22a)], Goldring and the author completely determined
for n = 2, 3 the cone Cx defined in in the case of Siegel-type Shimura varieties (when
n = 3, we only proved the result for p > 5). For n = 3, we showed that Cf is given by

2
. + 29+ pr3 <0
o | cX* (T p Ty 2 _ 5.14.1
K= {(3317552 3) a(T) pr1 4 p?re + 25 <0 ( )

In this case, the condition (z1,xs,x3) € X_*H(T) simply means that z; > zo > x3. In
other words, C is the intersection of a p-cone with X7 /(T') just as for the cases considered
in this article (see Theorem [5.12.1). Even better: One can add to the two inequalities in
a third one, given by x| + pxs +p*x3 < 0. This does not change the right-hand side
of because this inequality is implied by the two other inequalities combined with
the condition (21,22, 23) € X% ;(T). Thus, we see that the cone Cx for the group GSpg
can be written as
Cr = Cr, N X7 (T).

In other words, the inequalities defining Cf inside X7 ;(7') are the same as for Hilbert—
Blumenthal Shimura varieties. The only difference is the L-dominance condition, which
has a different meaning for the group GSps.

References

[ABD*66] M. Artin, J. E. Bertin, M. Demazure, P. Gabriel, A. Grothendieck, M. Raynaud
and J.-P. Serre, SGA3: Schémas en groupes, vol. 1963/64, Institut des Hautes
Etudes Scientifiques, Paris, 1965/1966.

[AGO5| F. Andreatta and E. Goren, Hilbert modular forms: mod p and p-adic aspects,
vol. 173 of Mem. Amer. Math Soc., Amer. Math. Soc., 2005.

[Ale] T. Alexandre, Vanishing results for the coherent cohomology of automor-
phic vector bundles over the Siegel variety in positive characteristic, preprint,
arXiv:2202.06691.

[And23] F. Andreatta, On two modp period maps: Ekedahl-Oort and fine Deligne-
Lusztig stratifications, Math. Ann. 385 (2023), no. 1-2, 511-550.

[BGKS] Y. Brunebarbe, W. Goldring, J.-S. Koskivirta and B. Stroh, Ample automorphic
bundles on Zip-schemes, in preparation.

[Del79| P. Deligne, Variétés de Shimura: Interprétation modulaire, et techniques de
construction de modeéles canoniques, in Automorphic forms, representations and
L-functions, Part 2, edited by A. Borel and W. Casselman, vol. 33 of Proc.
Symp. Pure Math., Amer. Math. Soc., Providence, RI, 1979 pp. 247-289, Proc.
Sympos. Pure Math., Oregon State Univ., Corvallis, OR., 1977.

36



[DK23]

|[EvdG09|

[GK]

[GK18]

[GK19a|

[GK19b)

|GK22a]

|GK22b)

[IK]

|Kis10]

[Kos19|

[MP19]

[PWZ11]

[PWZ15]

[Vas99]

[Zhal8]

F. Diamond and P. L. Kassaei, The Cone of Minimal Weights for Mod p Hilbert
Modular Forms, Int. Math. Res. Not. IMRN (2023), no. 14, 12148-12171.

T. Ekedahl and G. van der Geer, Cycle classes of the E-O stratification on
the moduli of abelian varieties, in Algebra, arithmetic and geometry, edited by
Y. Tschinkel and Y. Zarhin, vol. 269 of Progress in Math., Birkh&auser, Boston,
MA, June 2009, Penn. State U., PA, 2009 pp. 567-636.

W. Goldring and J.-S. Koskivirta, Mod p automorphic forms for orthogonal
groups, in preparation.

W. Goldring and J.-S. Koskivirta, Automorphic vector bundles with global sec-
tions on G-Zip®-schemes, Compositio Math. 154 (2018), 25862605, DOI, MR
4582533.

W. Goldring and J.-S. Koskivirta, Strata Hasse invariants, Hecke algebras and
Galois representations, Invent. Math. 217 (2019), no. 3, 887-984, DOL.

W. Goldring and J.-S. Koskivirta, Stratifications of flag spaces and functoriality,
IMRN 2019 (2019), no. 12, 3646-3682.

W. Goldring and J.-S. Koskivirta, Divisibility of mod p automorphic forms and
the cone conjecture for certain Shimura varieties of Hodge-type, 2022, preprint,
arXiv:2211.16817.

W. Goldring and J.-S. Koskivirta, Griffiths-Schmid conditions for automorphic
forms via characteristic p, 2022, preprint, | arXiv:2211.16819.

N. Imai and J.-S. Koskivirta, Weights of mod p automorphic forms and partial
Hasse invariants, preprint, arXiv:2211.16207.

M. Kisin, Integral models for Shimura varieties of abelian type, J. Amer. Math.
Soc. 23 (2010), no. 4, 967-1012.

J.-S. Koskivirta, Automorphic forms on the stack of G-zips, Results Math. 74
(2019), no. 3, Paper No. 91, 52 pp.

K. Madapusi Pera, Toroidal compactifications of integral models of Shimura
varieties of Hodge type, Ann. Sci. Ec. Norm. Supér. (4) 52 (2019), no. 2, 393
514.

R. Pink, T. Wedhorn and P. Ziegler, Algebraic zip data, Doc. Math. 16 (2011),
253-300.

R. Pink, T. Wedhorn and P. Ziegler, F-zips with additional structure, Pacific
J. Math. 274 (2015), no. 1, 183-236.

A. Vasiu, Integral canonical models of Shimura varieties of preabelian type,
Asian J. Math. 3 (1999), 401-518.

C. Zhang, Ekedahl-Oort strata for good reductions of Shimura varieties of Hodge
type, Canad. J. Math. 70 (2018), no. 2, 451-480.

37


https://doi.org/10.2140/ant.2023.17.923
http://msp.org/idx/mr/4582533
http://msp.org/idx/mr/4582533
https://doi.org/10.1007/s00222-019-00882-5
https://arxiv.org/abs/2211.16817
https://arxiv.org/abs/2211.16819
https://arxiv.org/abs/2211.16207

	Introduction
	Shimura varieties
	Prelimenaries
	
	Parametrization of Ekedahl–Oort strata
	The flag space
	

	
	Automorphic vector bundles
	Partial Hasse invariant cones for strata
	Intersection-sum cones
	The zip cone
	Lowest weight cone
	Torsion line bundles
	Asymptotic behaviour

	
	Preliminaries
	Definition
	
	Chain diagrams
	
	Positivity
	

	Cohomology vanishing
	
	Main result
	Ordering
	Galois translation
	Removable elements
	Invertible elements
	System of generators
	Proof of Theorem 5.2.1
	
	

	Hasse-regularity
	The general case
	The maximal stratum
	The Cone Conjecture
	The Hilbert–Blumenthal case
	Siegel-type Shimura varieties


