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The Riesz-Thorin interpolation theorem

Theorem

Let θ ∈ (0, 1), 1 ≤ p0, p1 ≤ ∞, and 1 ≤ r0, r1 ≤ ∞. Suppose that
T is a linear operator from Lp0(Rn) + Lp1(Rn) to Lr0(Rn) + Lr1(Rn)
for which

‖Tf ‖Lr0 ≤ C0‖f ‖Lp0 (Rn) and ‖Tf ‖Lr1 ≤ C1‖f ‖Lp1 (Rn).

Define p and r by

1

p
:=

1− θ
p0

+
θ

p1
and

1

r
:=

1− θ
r0

+
θ

r1
.

Then T is bounded from Lp(Rn) to Lr (Rn).
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Calderón’s first complex interpolation method

A couple (X0,X1) of Banach spaces is said to be compatible if X0

and X1 can be embedded into a Hausdorff topological vector space
Z . Let S := {z ∈ C : 0 < Re(z) < 1} and S be its closure.

Definition (Calderón’s first complex interpolation functor)

Let (X0,X1) be a compatible couple of Banach spaces. The space
F(X0,X1) is defined to be the set of all continuous functions F :
S → X0 + X1 such that

1 sup
z∈S
‖F (z)‖X0+X1 <∞;

2 F is holomorphic on S ;

3 For each j = 0, 1, the function t ∈ R 7→ F (j + it) ∈ Xj is
continuous;

4 ‖F‖F(X0,X1) := maxj=0,1 supt∈R ‖F (j + it)‖Xj
<∞.
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Calderón’s first complex interpolation method (cont.)

Definition (Calderón’s first complex interpolation space)

Let θ ∈ (0, 1). Define

[X0,X1]θ := {F (θ) : F ∈ F(X0,X1)}.

The norm on [X0,X1]θ is defined by

‖f ‖[X0,X1]θ := inf{‖F‖F(X0,X1) : f = F (θ) for some F ∈ F(X0,X1)}.

Theorem (Calderón, 1964)

Let θ ∈ (0, 1). Suppose that T is a bounded linear operator from Xj

to Yj for j = 0, 1. Then, T is bounded from [X0,X1]θ to [Y0,Y1]θ.

Example

Let θ ∈ (0, 1), 1 ≤ p0, p1 ≤ ∞, and 1
p := 1−θ

p0
+ θ

p1
. Then

[Lp0 , Lp1 ]θ = Lp
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Morrey spaces

Definition

Let 0 < q ≤ p <∞. The Morrey space Mp
q =Mp

q(Rn) is defined
to be the set of all functions f ∈ Lqloc(Rn) such that

‖f ‖Mp
q

:= sup
a∈Rn,r>0

|B(a, r)|
1
p
− 1

q

(∫
B(a,r)

|f (x)|q dx

)1/q

<∞.

Remark: If p = q, then Mp
q = Lp.

Example

Let 0 < q < p <∞. Then f (x) := |x |−n/p ∈Mp
q.
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Prevous results

Theorem (Stampacchia, 1964)

Let θ ∈ (0, 1), 1 ≤ p0, p1 < ∞, 1 ≤ r0 ≤ s0 < ∞, and 1 ≤ r1 ≤
s1 <∞. Define p, r , and s by(

1

p
,

1

r
,

1

s

)
:= (1− θ)

(
1

p0
,

1

r0
,

1

s0

)
+ θ

(
1

p1
,

1

r1
,

1

s1

)
.

If T is a bounded linear operator from Lp0 to Mr0
s0

and from Lp1 to
Mr1

s1
, then T is bounded from Lp to Mr

s .

Theorem (Ruiz and Vega, 1995)

Let θ ∈ (0, 1) and n > 1. There exist 1 ≤ p0, p1 < ∞, a bounded
linear operator T from Mp0

q to L1 and from Mp1
q to L1, but T is

not bounded from Mp
q to L1 where 1

p = 1−θ
p0

+ θ
p1
.

The case n = 1 can be seen in [Blasco, Ruiz, and Vega, 1999].
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Previous results (cont.)

Theorem (Cobos, Peetre, and Persson, 1998)

Let 1 ≤ q0 ≤ p0 <∞, and 1 ≤ q1 ≤ p1 <∞ Define p and q by

1

p
:=

1− θ
p0

+
θ

p1
and

1

q
:=

1− θ
q0

+
θ

q1
.

Then [Mp0
q0 ,M

p1
q1 ]θ ⊆Mp

q.

Theorem

Keep the notations of the previous theorem. Assume p0
q0

= p1
q1

. Then

1 (Lu, Yang, and Yuan, 2014) [Mp0
q0 ,M

p1
q1 ]θ =Mp0

q0 ∩M
p1
q1

Mp
q

2 (H. and Sawano, 2016)
[Mp0

q0 ,M
p1
q1 ]θ

=

{
f ∈Mp

q : lim
N→∞

∥∥∥f − f χ{ 1
N
≤|f |≤N}

∥∥∥
Mp

q

= 0

}
.
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Calderon’s second complex interpolation method

Definition (Calderon’s second complex interpolation functor)

Let (X0,X1) be a compatible couple of Banach spaces. G(X0,X1) is
defined to be the set of all continuous functions G : S → X0 + X1

such that:

1 sup
z∈S̄

∥∥∥ G(z)
1+|z|

∥∥∥
X0+X1

<∞ and G is holomorphic in S ;

2 For every j = 0, 1 and t ∈ R, G (j + it)− G (j) ∈ Xj ;

3 ‖G‖G(X0,X1) := max
j=0,1

sup
−∞<t<s<∞

‖G(j+it)−G(j+is)‖Xj
|t−s| <∞.

Definition (Calderon’s second complex interpolation space)

For θ ∈ (0, 1), define

[X0,X1]θ = {G ′(θ) : G ∈ G(X0,X1)}.

and ‖f ‖[X0,X1]θ := inff =G ′(θ) ‖G‖G(X0,X1).
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The second complex interpolation of Morrey spaces

Theorem (Lemarié-Rieusset, 2014)

Let 1 ≤ q0 ≤ p0 <∞, 1 ≤ q1 ≤ p1 <∞, and p0
q0

= p1
q1

. Define p
and q by

1

p
:=

1− θ
p0

+
θ

p1
and

1

q
:=

1− θ
q0

+
θ

q1
.

Then [Mp0
q0 ,M

p1
q1 ]θ =Mp

q.
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Complex interpolation of quasi-Banach spaces

Definition

Let S := {z ∈ C : 0 < Re(z) < 1} and S be its closure. Let X be
a quasi-Banach space.

1 A map f : S → X is said to be analytic, if for any z0 ∈ S ,
there exist η ∈ (0,∞) and {hj}∞j=0 ⊂ X such that the disk

∆(z0, η) ⊂ S and for all z ∈ ∆(z0, η)

f (z) =
∞∑
j=0

hj(z − z0)j in X .

2 A quasi-Banach space X is called analytically convex if there
exists a positive constant C such that, for any continuous and
bounded function f : S → X which is analytic in S ,

sup
z∈S
‖f (z)‖X ≤ C sup

z∈S̄\S
‖f (z)‖X .
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The first complex interpolation method

Let (X0,X1) be a compatible couple of quasi-Banach spaces such
that X0 + X1 is analytically convex.

Definition (The first complex interpolation functor)

The space F(X0,X1) is defined to be the set of all continuous func-
tions F : S → X0 + X1 such that

1 supz∈S ‖F (z)‖X0+X1 <∞ and F is analytic in S ;

2 for j = 0, 1, the function t ∈ R 7→ F (j + it) ∈ Xj is continuous.

3 ‖F‖F(X0,X1) := maxj=0,1 supt∈R ‖F (j + it)‖Xj
<∞.

Definition (The first complex interpolation space)

For θ ∈ (0, 1), define

[X0,X1]θ := {F (θ) : F ∈ F(X0,X1)}

and ‖f ‖[X0,X1]θ := inff =F (θ) ‖F‖F(X0,X1).
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The second complex interpolation method

Definition (The second complex interpolation functor)

Let (X0,X1) be a compatible couple. Denote by G(X0,X1) the set
of all continuous functions G : S̄ → X0 + X1 such that:

1 sup
z∈S̄

∥∥∥ G(z)
1+|z|

∥∥∥
X0+X1

<∞ and G is analytic in S ;

2 for every j = 0, 1 and t ∈ R, G (j + it)− G (j) ∈ Xj ;

3 ‖G‖G(X0,X1) := max
j=0,1

sup
−∞<s<t<∞

‖G(j+is)−G(j+it)‖Xj
|t−s| <∞.

Definition (The second complex interpolation space)

For θ ∈ (0, 1), define

[X0,X1]θ := {G ′(θ) : G ∈ G(X0,X1)}.

and ‖f ‖[X0,X1]θ := inff =G ′(θ) ‖G‖G(X0,X1).
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Main theorem

Theorem (H. and Sawano, 2016)

Let θ ∈ (0, 1), 0 < q0 ≤ p0 < ∞, and 0 < q1 ≤ p1 < ∞. Assume
that p0

q0
= p1

q1
. Define

1

p
:=

1− θ
p0

+
θ

p1
and

1

q
:=

1− θ
q0

+
θ

q1
.

Let A := {f ∈Mp
q : lim

N→∞
‖f − χ{ 1

N
≤|f |≤N}f ‖Mp

q
= 0}. Then

1 If min(q0, q1) < 1, then

A ⊆ [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q.

2 [Mp0
q0 ,M

p1
q1 ]θ =Mp

q.

Remark: This theorem is also valid for Morrey spaces on a metric
measure space (X , µ) equipped with a σ-finite measure µ.
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Proof of A ⊆ [Mp0
q0
,Mp1

q1
]θ

We may assume that q0 > q1. Suppose that f ∈Mp
q satisfies

lim
N→∞

‖f − χ{ 1
N
≤|f |≤N}f ‖Mp

q
= 0 (1)

For every z ∈ S , define

F (z) := sgn(f )|f |
p
p0

(1−z)+ p
p1

z
.

Since f = F (θ), once we show that F ∈ F(Mp0
q0 ,M

p1
q1), we can

conclude that f ∈ [Mp0
q0 ,M

p1
q1 ]θ.

Proof of F ∈ F(Mp0
q0 ,M

p1
q1): Note that our assumptions yield p0

q0
=

p1
q1

= p
q . By using the decomposition F0(z) := χ{|f |≤1}F (z) and

F1(z) := F (z)− F0(z), we have F (z) ∈Mp0
q0 +Mp1

q1 and

sup
z∈S
‖F (z)‖Mp0

q0
+Mp1

q1
≤ ‖f ‖

p
p0

Mp
q

+ ‖f ‖
p
p1

Mp
q
<∞.

The continuity of F on S and t ∈ R 7→ F (j + it) ∈ Mp0
q0 can be

checked by utilizing (1).
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Proof of A ⊆ [Mp0
q0
,Mp1

q1
]θ (cont.)

Proof of F ∈ F(Mp0
q0 ,M

p1
q1) (cont.): For the proof of F is analytic

in S , it suffices to show that F |Sε is analytic where ε ∈ (0, 1/2) and
Sε := {z ∈ S : ε < Re(z) < 1− ε}. For a fixed z0 ∈ Sε, we set

η :=
min(Re(z0 − ε),Re(1− ε− z0))

2

and hj := F (z0)
n!

((
p
p1
− p

p0

)
log |f |

)j
. Then, the disk ∆(z0, η) ⊆ Sε

and for all z ∈ ∆(z0, η)

∞∑
j=0

hj(z − z0)j = F (z) in Mp0
q0

+Mp1
q1
.

Finally, by using p0
q0

= p1
q1

= p
q again, we have

max
j=0,1

sup
t∈R
‖F (j + it)‖Mpj

qj

= max
j=0,1

‖f ‖
p
pj

Mp
q
<∞.
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q

Let f ∈ [Mp0
q0 ,M

p1
q1 ]θ. Then, there exists F ∈ F(Mp0

q0 ,M
p1
q1) such

that
f = F (θ) and ‖F‖F(Mp0

q0
,Mp1

q1
) . ‖f ‖[Mp0

q0
,Mp1

q1
]θ
.

For a fixed ball B = B(a, r) ⊆ Rn and z ∈ S , define

GB(z) := |B|
1−z
p0

+ z
p1
−
(

1−z
q0

+ z
q1

)
χBF (z).

By using the properties of F ∈ F(Mp0
q0 ,M

p1
q1), we can check that

GB ∈ F(Lq0 , Lq1) and

‖GB‖F(Lq0 ,Lq1 ) ≤ ‖F‖F(Mp0
q0
,Mp1

q1
) . ‖f ‖[Mp0

q0
,Mp1

q1
]θ
. (2)

If we can prove that

‖GB(θ)‖Lq ≤ ‖GB‖F(Lq0 ,Lq1 ), (3)

then by combining (2) and (3), we have f ∈Mp
q.



Introduction Complex interpolation of Banach spaces Complex interpolation of quasi-Banach space Main Theorem References

The proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q (cont.)

Proof of ‖GB(θ)‖Lq ≤ ‖GB‖F(Lq0 ,Lq1 ): Let u ∈ (0,min(q0, q1)). Set
r0 := q0

u , r1 := q1
u , and r := q

u . Then we have

‖GB(θ)‖uLq = ‖ |GB(θ)|u ‖Lr = sup
‖g‖

Lr
′=1

∫
X
|GB(θ, x)|ug(x) dx .

Let g =
∑N

k=1 ajχEk
where ak ≥ 0. For every z ∈ S , we define

G̃B(z , x) =
N∑

k=1

(
1

|Ek |

∫
Ej

|GB(z , y)|u dy

)
χEk

(x) (z ∈ S̄ , x ∈ Rn).

Then we have∫
Rn

|GB(θ, x)|ug(x) dx =

∫
Rn

G̃B(θ, x)g(x) dx ≤ ‖G̃B(θ)‖Lr . (4)
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The proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q (cont.)

Proof of ‖GB(θ)‖Lq ≤ ‖GB‖F(Lq0 ,Lq1 ) (cont.): Note that G̃B(·, x) is

subharmonic on S and continuous on S , because

z ∈ S̄ 7→ 1

|Ek |

∫
Ek

|GB(z , x)|u dx

have the same property. Therefore, log G̃B(·, x) is subharmonic on
S . Consequently

log G̃B(θ, x) ≤
1∑

j=0

∫
R
Pj(θ, t) log G̃B(j + it, x) dt,

where Pj(θ, t) := sin(πθ)
2(cosh(πt)+(−1)j+1 cos(πθ))

. By using Jensen’s in-

equality, we have

G̃B(θ, x) ≤ f0(θ, x)1−θf1(θ, x)θ

where fj(θ, x) := 1
1+(−1)j+1θ−j

∫
R G̃B(j + it, x)Pj(θ, t) dt (∀j = 0, 1).
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q (cont.)

Proof of ‖GB(θ)‖Lq ≤ ‖GB‖F(Lq0 ,Lq1 ) (cont.): By using Hölder’s
inequality, we have

‖G̃B(θ)‖Lr ≤ ‖f0(θ, ·)‖1−θ
Lr0 ‖f1(θ, ·)‖θLr1 . (5)

We use Hölder’s inequality again to obtain

1

|Ek |

∫
Ek

|GB(j + it, y)|u dy ≤ 1

|Ek |
1
rj

(∫
Ek

|GB(j + it, y)|qj dy
) 1

rj
,

so ‖G̃B(j + it, ·)‖Lrj ≤ ‖GB(j + it, ·)‖u
L
qj , for all t ∈ R. Consequently,

‖fj(θ, ·)‖Lrj ≤
1

1 + (−1)j+1θ − j

∫
R
‖GB(j + it)‖uLqjPj(θ, t) dt.

(6)
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q (cont.)

Proof of ‖GB(θ)‖Lq ≤ ‖GB‖F(Lq0 ,Lq1 ) (cont.): We combine the
previous inequalities to obtain

‖GB(θ)‖uLq ≤
(

1

1− θ

∫
R
‖GB(it)‖uLq0P0(θ, t) dt

)1−θ

×
(

1

θ

∫
R
‖GB(1 + it)‖uLq1P1(θ, t) dt

)θ
. (7)

Since GB ∈ F(Lq0 , Lq1), ‖P0(θ, ·)‖L1 = 1− θ, and
‖P1(θ, ·)‖L1 = θ, we have

‖GB(θ, ·)‖Lq ≤
(

sup
t∈R
‖GB(it, ·)‖Lq0

)1−θ (
sup
t∈R
‖GB(1 + it, ·)‖Lq1

)θ
≤ ‖GB‖F(Lq0 ,Lq1 ),

as desired.
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q

Let f ∈ [Mp0
q0 ,M

p1
q1 ]θ. Then f = G ′(θ) for some G ∈ G(Mp0

q0 ,M
p1
q1)

and

‖G‖G(Mp0
q0
,Mp1

q1
) . ‖f ‖[Mp0

q0
,Mp1

q1
]θ . (8)

For z ∈ S and j ∈ N, write fj(z) := G(z+ij−1)−G(z)
ij−1 .Then fj(θ) ∈

[Mp0
q0 ,M

p1
q1 ]θ with

‖fj(θ)‖[Mp0
q0
,Mp1

q1
]θ
≤ ‖G‖G(Mp0

q0
,Mp1

q1
) (9)

By the first part of main theorem, we have fj(θ) ∈ Mp
q, and com-

bining this with (8) and (9) yield

‖fj(θ)‖Mp
q
. ‖f ‖[Mp0

q0
,Mp1

q1
]θ (10)
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊆Mp

q (cont.)

Since lim
j→∞

fj(θ) = f in Mp0
q0 +Mp1

q1 , ∃{fjk}∞k=1 ⊆ {fj}∞j=1 such that

lim
k→∞

fjk (θ)(x) = f (x) a.e.

Thus, by the Fatou lemma and (10), we obtain f ∈Mp
q with

‖f ‖Mp
q
. ‖f ‖[Mp0

q0
,Mp1

q1
]θ .
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊇Mp

q

Assume that q0 > q1. Let f ∈Mp
q. For z ∈ S , we define

F (z) := sgn(f )|f |p
(

1−w
p0

+ w
p1

)
and G (z) :=

∫ z

θ
F (w) dw .

Since G ′(θ) = F (θ) = f , the proof of f ∈ [Mp0
q0 ,M

p1
q1 ]θ is complete,

once we can show that G ∈ G(Mp0
q0 ,M

p1
q1).

Proof of G ∈ G(Mp0
q0 ,M

p1
q1): Let

G0(z) := χ{|f |≤1}G (z) and G1(z) := χ{|f |>1}G (z).

Since |Gj(z)| ≤ (1 + |z |)|f |
p
pj for z ∈ S and j ∈ {0, 1}, we have

‖G (z)‖Mp0
q0

+Mp1
q1
≤ (1+|z |)

1∑
j=0

‖|f |p/pj‖Mpj
qj

≤ (1+|z |)
1∑

j=0

‖f ‖
p
pj

Mp
q
,

so G (z) ∈Mp0
q0 +Mp1

q1 and sup
z∈S

∥∥∥ G(z)
1+|z|

∥∥∥
Mp0

q0
+Mp1

q1

<∞.
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊇Mp

q (cont.)

Proof of G ∈ G(Mp0
q0 ,M

p1
q1) (cont.): The continuity of G on S

follows from

|Gj(z + h)− Gj(z)| . |h||f |
p
pj

for every j = 0, 1, z ∈ S , and h ∈ C with z + h ∈ S .
Let ε ∈ (0, 1/2) and Sε := {z ∈ S : ε < Re(z) < 1 − ε}. Given
z0 ∈ Sε, by letting

η :=
1

2
min(Re(z0)− ε, 1− ε− Re(z0)),

we have ∆(z0, η) ⊆ Sε and for all z ∈ ∆(z0, η)

G (z) = G (z0) +
∞∑
j=0

F (z0)
((

p
p1
− p

p0

)
log |f |

)j
(j + 1)!

(z − z0)j+1

in Mp0
q0 +Mp1

q1 .
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Proof of [Mp0
q0
,Mp1

q1
]θ ⊇Mp

q (cont.)

Proof of G ∈ G(Mp0
q0 ,M

p1
q1) (cont.): Finally, since |F (j+ it)| = |f |

p
pj

(∀t ∈ R,∀j ∈ {0, 1}), we have

‖G‖G(Mp0
q0
,Mp1

q1
) = max

j=0,1
sup

−∞<t<s<∞

‖
∫ s
t F (j + i t̃) dt̃‖Mpj

qj

|t − s|

≤ max
j=0,1

∥∥∥∥|f | ppj ∥∥∥∥
M

pj
qj

≤ max
j=0,1

‖f ‖
p
pj

Mp
q
<∞.
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Closed subspaces of Morrey spaces

Definition

Let 0 < q ≤ p <∞.

1 The tilde space M̃p
q is defined to be M̃p

q := L∞c
Mp

q ;

2 The star space
∗
Mp

q is defined to be
∗
Mp

q := L0
c ∩M

p
q
Mp

q
,

where L0
c is the set of all compactly supported functions;

3 The bar space Mp
q is defined to be Mp

q := L∞ ∩Mp
q
Mp

q
.

Theorem

Let θ ∈ (0, 1), 0 < q0 ≤ p0 <∞, 0 < q1 ≤ p1 <∞, and p0
q0

= p1
q1

.

Define p and q by 1
p := 1−θ

p0
+ θ

p1
and 1

q := 1−θ
q0

+ θ
q1
. Then

1 [M̃p0
q0 ,M

p1
q1 ]θ = M̃p

q;

2 [Mp0
q0 ,

∗
Mp1

q1 ]θ = M̃p
q.
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