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Abstract

We study the orbital stability of standing wave solutions for a nonlinear
Schrédinger equation with an attractive delta potential and a repulsive power non-
linearity in one space dimension.

1. Introduction

In this paper, we consider the following nonlinear Schrodinger equation with
a delta potential:

(1) i0pu = —0%u + yo(x)u + aluPtu, (t,z) € R xR,

where y € R, @ = £1, 1 < p < oo, and §(x) is the delta measure at the origin.
The equations of the form (1) arise in a wide variety of physical models with a
point defect on the line (see, e.g., [5, 8, 9, 10, 11] and references therein). The
formal expression —92 +~d(x) in (1) is formulated as a linear operator A, or H,
associated with a quadratic form a, on H'(R):

ay(u,v) =R {/ Opu(x)0yv(z) d + ’YU(O)’U(O)} . u,v € HY(R).
R
Remark that H!(R) — Cy(R). The linear operator A, : H'(R) — H }(R) is
defined by
(Ayu,v) = ay(u,v), u,v € HY(R).

Moreover, we define a linear operator H., in L*(R) by H,v = —92v for v € D(H.)
with the domain

D(H,) = {v € HA(R\ {0}) N H'(R) : 9,0(+0) — d,0(=0) = 70(0)}.
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Then, H, is a self-adjoint operator in L?*(R), and satisfies
(Hyu,v)p2 = ay(u,v), u,v € D(Hy).

The following spectral properties of H, are known: oess(H,) = 0ac(H,) = [0, 00),
osc(Hy) =0. If v >0, 0p(Hy) =0. If v <0, 0p(Hy) = {—~?/4} with its positive
normalized eigenfuction (|7|/2)Y/2e~171#1/2 (see [1, Chapter 1.3] for details).

In this paper, we consider the case where v < 0 and o = 1 (attractive poten-
tial and repulsive nonlinearity), and study the structure and the orbital stability
of standing wave solutions e*“*y,,(z) for (1), where w € R and ¢, € H(R) is a
positive solution of the stationary problem:

(2) Ao+ we + a\<p|”_1<p =0 in H_l(R).

The well-posedness of the Cauchy problem for (1) in the energy space H!(R)
follows from an abstract result in Cazenave [3] (see Theorem 3.7.1 and Corollary
3.3.11 in [3], and also Section 2 of [7]).

Proposition 1. For any uy € H'(R) there exist T* = T*(ug) € (0,00]
and a unique solution u € C([0,T*), H(R)) of (1) with u(0) = ug such that
limg_ps ||u(t)||gr = oo if T* < oco. Moreover, u(t) satisfies the conservation of
charge and energy:

[u()llzz = lluollzz,  E(u(t)) = E(uo)
for all t € [0,T*), where the energy E is defined by

1 Yy « 1
E(v) = 5”(‘%1)”%2 + §|U(0)|2 + P+l ||’U||ZL);+1

for v e HY(R).
The stability of standing waves is defined as follows.

Definition. We say that a standing wave solution ey, of (1) is stable in H'(R)
if for any ¢ > 0 there exists n > 0 such that if ug € H'(R) and ||ug — ¢u || < n,
then the solution wu(t) of (1) with u(0) = ug exists for all ¢ > 0 and satisfies

inf |ju(t) — e’ .
sup fnf u(®) = eTeullm <<
Otherwise, e, is said to be unstable in H'(R). Moreover, ¢!y, is said to
be stable in H ,(R) if the condition ug € H'(R) is replaced by ug € HL ;(R) in

the above definition of the stability in H!(R).

Before we state our main results, we recall some known results for the case
where v € R and o« = —1 (attractive nonlinearity). When v € R, & = —1 and
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w > v2/4, the stationary problem (2) has a unique positive solution in H!(R).
The positive solution ¢, of (2) is given by

ou(z) = (@)U@—l) {COSh (Wlx +b7(w))}—2/(p—1>

for x € R, where by (w) = tanh_l(fﬁ) (see [5, 6, 7]).

For the stability of standing wave solutions e™“!y,, of (1), the case where
v < 0 and a@ = —1 (attractive potential and attractive nonlinearity) was first
studied by Goodman, Holmes and Weinstein [8] for the special case p = 3, and
then by Fukuizumi, Ohta and Ozawa [7] for general case 1 < p < oo. The follow-
ing is proved in [7]. If 1 < p < 5, the standing wave solution ey, of (1) is stable
in HY(R) for any w € (72/4,00). If p > 5, there exists w} = wi(v,p) € (v?/4, )
such that e™?yp,, is stable in H1(R) for any w € (y?/4,w7), and is unstable in
H(R) for any w € (w}, 00).

The case where v > 0 and @ = —1 (repulsive potential and attractive non-
linearity) was studied by Fukuizumi and Jeanjean [6] for radial case, and by
Le Coz, Fukuizumi, Fibich, Ksherim and Sivan [12] for general case. The fol-
lowing is proved in [6]. If 1 < p < 3, the standing wave solution ey, of
(1) is stable in H!  (R) for any w € (y?/4,00). If 3 < p < 5, there ex-
ists w3 = wi(v,p) € (y?/4,00) such that e, is stable in H! j(R) for any
w € (w3,00), and is unstable for any w € (y2/4,w3). If p > 5, e“tp,, is unsta-
ble for any w € (y2/4,00). While, it is proved in [12] that if 1 < p < 3 and
w € (y?/4,00) orif 3 < p < 5 and w € (w},0), then the standing wave solution
e“typ, of (1) is unstable in H*(R).

Remark that for the case where v = 0 and o« = —1 (attractive nonlinearity
without potential), it is well-known that the standing wave solution e™?yp,, is
stable for any w € (0,00) if 1 < p < 5, and it is unstable for any w € (0, 00) if
p>5 (see [2, 4, 3]).

We now state our main results for the case v < 0 and o = 1 (attractive
potential and repulsive nonlinearity).

Theorem 1. Let v < 0, a =1, 1 < p < 0o and 0 < w < v2/4. Then, the
stationary problem (2) has a unique positive solution ., € H*(R) given by

@ <@>WD fsnn (=304 0, }WU

for x € R, where c,(w) = tanh™ ' (2\/w/|y|). Moreover, the standing wave solu-
tion etp,, of (1) is stable in H'(R).

Theorem 2. Let v < 0, a =1, w =0 and 1 < p < 5. Then, the stationary
problem (2) has a unique positive solution py € H'(R) given by
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B 2(p+ 1)72 1/(p—1)
@ eole) = ({4+ (v 1)|7||w|}2>

for x € R. Moreover, the stationary solution ¢ of (1) is stable in H'(R).

Remark. We do not consider the case w ¢ (0,4%/4) or w = 0 and p > 5 in
Theorems 1 and 2. In Section 2, we prove that there are no nontrivial solutions
of (2) in H'(R) for these cases (see Propositions 2, 3 and 5).

The plan of this paper is as follows. In Section 2, we study the structure of
solutions of the stationary problem (2). In Section 3, we prove Theorem 1 by the
method of Cazenave and Lions [4] (see Section IIT of [4] in particular). In Section
4, we prove Theorem 2 by modifying the argument in Section 3.

2. Stationary problem

First, we define the action S, and the set A,, of the nontrivial solutions for
the stationary problem (2) as follows.

1 w ¥ «Q 1
Su(w) = G0:0l5a + 5 loliza + )P + 5zt

A, ={uec H (R): S (u) =0, u#0}.
The following regularity result for solutions of (2) is known.

Lemma 1. Let vy € R\ {0}, « € R, w € R and ¢ € A,. Then, ¢ satisfies the
following.
p € C(R)NC*(R\{0}),
—¢"(z) +we(w) +alp(@) o) =0, = eR\{0},
¢'(+0) = ¢'(=0) = 7%(0),
. _ . ’ _
2a
(9) o' (@) = wlp(@)* + —= ()P, = eR\{0}.
p+1

For the proof of Lemma 1, see those of Lemma 3.2 in [7] and of Lemma 25

in [6].

Proposition 2. Let 1 < p < oo, ¥ <0 and a > 0. If w > ~v%/4, then A, is
empty.

Proof. Suppose that there exists ¢ € A,,. Then, we have

d
2+ allp|PHh, = S S(Ap)xz1 = 0.

10201172 + wllelZ2 = 1 (0) I
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Moreover, since the first eigenvalue of H, is —v2/4, i.e.,

2

. Y
inf{[|8;v[|72 — [y[[0(0)* : v € H'(R), [[v]lz2 = 1} = -
we have
1
0= 110:¢l72 + wleliz — IeO)* + allelfi
1 1
> (w=/4)lel7z + allelpn > alels > 0.
This is a contradiction. Hence, A, is empty. O

Lemma 2. Let v € R\ {0}, « € R and w € R. Let ¢ be a nontrivial solution of
(5)~(9). Then, p(z) # 0 for all x € R.

Proof. Suppose that there exists xg € R such that ¢(xg) = 0. If g > 0, then by
(9) we have ¢'(x¢) = 0. By the uniqueness of solutions of the Cauchy problem for
(6), we see that ¢(x) = 0 for all x € (0, 00), and by (7) we have ¢(0) = ¢'(0) = 0.
For the case o < 0, we see that ©(0) = ¢’(0) = 0 in the same way. Thus, by the
uniqueness of solutions of the Cauchy problem for (6), we see that ¢(x) = 0 for
all z € R. Since ¢ is a nontrivial solution, this is a contradition. Hence, ¢(x) # 0
for all x € R. 1

Lemma 3. Let v € R\ {0}, a € R and w € R. Let ¢ be a nontrivial solution of
(5)—(9). Then we have either (i) or (i):

(i) Se(z) =0 for allx € R,

(i) there exists c € R such that Rp(x) = cSp(z) for all x € R.

Proof. We put u = ¢ and v = Syp. Then, (u,v) satisfies

{ —u"(z) + wu(z) + alp(z) [P~ u(@)

07
—v"(z) + wo(x) + alp(z) P~ () = 0

for all z € R\ {0}. Thus, we have (v/(z)v(z) — u(z)v'(x)) =0 for z € R\ {0}.
Moreover, by (8), we have

(10) ' (x)v(z) = u(z)v'(z) for all z e R\ {0}

If there exists o € R such that v(xo) = 0, then by (10) and Lemma 2, we have
v'(xg) = 0. Then, as in the proof of Lemma 2, we see that v(z) = 0 for all z € R.
That is, we have the case (i). Otherwise, v(x) # 0 for all x € R. Then, by (10),
we have

=0

d (u(:c)) _ d(@)v(z) — u(z)v(z)

dx \ v(z) v(x)?

for all © € R\ {0}, which implies (ii). O
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Proposition 3. Let1 <p <oo, y<0 and a>0. Ifw <0, then A, is empty.

Proof. Suppose that there exists ¢ € A,,. Then, by (8) in Lemma 1, there exists
L > 0 such that

e P—1<u
et <

for all |z| > L. Moreover, by (9) in Lemma 1 and by Lemma 2, we have

2
PP =le@P (o + 2 lewr) < =Bl <o
for || > L. This is a contradiction. Hence, A,, is empty. O

Proposition 4. Let 1 < p < oo, v <0, a=1and 0 < w < v2/4. Then,
A, = {ep, : 6 € R}, where o, is defined by (3).

Proof. By direct computations, we see that ¢, € A, and we have {ep,

0 € R} C A,. Next, let ¢ € A,. Then, by Lemma 3, there exist § € R and
a real-valued function w such that ¢(z) = e®w(x) for all z € R. Moreover, w
satisfies (5)—(9). By the phase plane analysis on the (w,w’)-plane, we see that

either w = ¢, or w = —¢p,,. This proves A, C {e?¢, : 0 € R}. O

Proposition 5. Let y <0 and a=1. If 1 <p <5, then Ay = {?py : 0 € R},
where g is defined by (3). If p > 5, then the set Ay is empty.

Proof. By direct computations, we see that ¢q satisfies (5)—(9) with w = 0
for any 1 < p < co. If 1 < p < 5, then ¢y € H'(R) and we see that
Ao = {e?pg : € R} in the same way as in the proof of Proposition 4. While, if
p > 5, then pg ¢ L?(R) and we see that A is empty. O

3. Proof of Theorem 1

In this section, we always assume 1 < p < 00,7 <0, =1l and 0 < w < 72/4.
We put
d, = inf{S,(v) : v € H'(R)},
M, ={uc H'R):S,(u) =d,}.

Lemma 4. —oco<d, <0 and M, C A,.

Proof. We first prove d,, > —oo. By the Sobolev and Hélder inequalities, there
exist positive constants C'; and Cs such that

p+1

lv(0)]* < [0l 7o + C2

1
10:0l172 + Crllvl|Za (1,1 < gllazvlliz +

N | =

p+1
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for any v € H*(R). Thus, we have

1 p+1 C12

1 2
(11) E(v) > ZHazUHLz + WHUHLPH -

for v € H'(R), which implies d > —C5/2. Thus, d,, > —occ.
Next, we prove d,, < 0. We put ®(x) = e~ 1"1121/2 Since @ is an eigenfunction
of H,, corresponding to the first eigenvalue —2/4, we have

)\2 2 2 2 )\p+1 p+1
o < Su0®) = S (10.8]: +[2(0) +wl|2[:) + 2@l
A2 7 2 AP +1
=5 (=) 1ol + S i <o

for sufficiently small A > 0. Thus, d, < 0.

Finally, we prove M,, C A,. Let w € M,. Then, we have S/ (w) = 0.
Moreover, since S, (w) = d, < 0, we have w # 0. Thus, we see that w € A,,.
This proves M, C A,,. O

Lemma 5. Let {v,} C H'(R) and S,,(v,) — d.. Then, there exist a subsequence
{vn} and w € M,, such that v,y — w in H'(R).

Proof. By (11), we see that {v,} is bounded in H'(R). Thus, there exist a
subsequence of {v,} (we denote it by the same letter) and w € H*(R) such that
vy, — w weakly in H!(R). Moreover, since the embedding H'(—1,1) — C[—1,1]
is compact, we see that v, (0) — w(0). Thus, we have

dy < S, (w) <liminf S, (vy,) = d,,

which implies that w € M,, and v,, — w in H'(R). 0
Lemma 6. M, = A, = {¢?¢,, : 0 € R}.

Proof. By Lemmas 4 and 5, we have () # M, C A,. Moreover, by Proposition
4, we have A, = {e?%¢p, : € R}, which implies M,, = A,,. O

Now we give the proof of Theorem 1.

Proof of Theorem 1. We prove this by contradiction. Suppose that e™!y,, is
not stable in H*(R). Then, there exist a constant gy > 0, a sequence {u,,(t)} of
solutions of (1) and a sequence {t,} in (0,00) such that

(12) [un(0) = pullar — 0,

(13) érel]RHun(tn) e ool = €0

By (12) and the conservation of charge and energy, we have
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S (un(tn)) = Sw(un(o)) — Su(pw) = do.

By Lemmas 5 and 6, there exist a subsequence {u,(t,/)} and 6y € R such that
Up (tn) — €0, in HY(R). This contradicts (13). Hence, e**yp,, is stable in
H'(R). 0

4. Proof of Theorem 2

In this section, we always assume 1 < p <5, 7 < 0 and a = 1. We put

X ={ve LP(R): 9,v € L*(R)},
d=if{E(v):ve X},
M={pe X :E(p) =d},
A={pe X :E'(p)=0, p#0}.

Lemma 7. —co <d <0 and M C A= {ep,: 0 € R}.

Proof. The facts —oo < d < 0 and M C A can be proved in the same way as in
the proof of Lemma 4. Remark that the inequality (11) holds true for v € X. If
¢ € A, then we see that ¢ satisfies (5)—(9) with w = 0. Then, as in the proof of
Proposition 5, we have A = {e¥¢, : § € R}. O

Lemma 8. Let {v,} C X and E(v,) — d. Then, there exist a subsequence {v, }
and w € M such that v,y — w in X.

Proof. By (11), we see that {v,} is bounded in X. Since X is reflexive, there
exist a subsequence of {v,} (we denote it by the same letter) and w € X such
that v, — w weakly in X. Then, we have v,(0) — w(0), v,, = w weakly in
LPTL(R), and 9,v,, — d,w weakly in L?(R). Thus, we have

d < E(w) < liminf E(v,) =d,
n—oo
which implies that w € M, [|v,||pp+r — [Jw||pp+1 and ||Opvp|[z2 — [|Ozw]| 2.
Hence, v,, — w in X. O

Lemma 9. Let {v,} C H(R), E(v,) — E(po) and ||v,||zz — ||wollzz. Then,
there exist a subsequence {v,} and 6y € R such that v, — €% pq in H'(R).

Proof. By Lemmas 7 and 8, we see that M = A = {epy : § € R} and
d = E(pp). Thus, by Lemma 8, there exist a subsequence of {v,,} (we denote it
% weakly
in L?(R). By the weakly lower semicontinuity of norm and by our assumption,

by the same letter) and 6 € R such that v, — €%y in X, v, — e

we have
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|| eieo it90

wollzz < liminf [[v,][zz = |lpollzz = [le" w0l L2,
n—oo

which implies that v, — ey in L?(R). Hence, v, — €% g in H'(R). O
Now we give the proof of Theorem 2.

Proof of Theorem 2. We prove this by contradiction. Suppose that ¢g is not
stable in H*(R). Then, there exist a constant g9 > 0, a sequence {u, ()} of
solutions of (1) and a sequence {t,} in (0,00) such that

(14) %, (0) — wollz1 — 0,
(15) inf ||un (tn) - e ollm = o

By (14) and the conservation of charge and energy, we have

l[un(tn)ll2 = llun(0)llz2 — llvoll 2,
E(un(tn)) = E(un(0)) = E(e0).-

By Lemma 9, there exist a subsequence {un/(t,/)} and 6y € R such that
U (tr) — €%y in HY(R). This contradicts (15). Hence, ¢, is stable in
H(R). O
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