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Abstract

The existence of a toric projective crepant resolution is shown for series of finite
abelian noncyclic quotient singularities of dimension four which are not complete
intersections.

1. Introduction

We denote the canonical line bundle of a normal Q-factorial algebraic variety
X by Kx. Let ¢ : Y — X be a resolution and {D;};=12,.. » be the exceptional
divisors of ¢. Then the adjunction formula Ky = p*Kx + Z?:l a; D; holds for
a rational number a;, the discrepancy for D;, which we denote by discr(D;). If
discr(D;) equals to 0 for all 4, then ¢ is called a crepant resolution.

It is known that a crepant resolution always exists for a quotient singularity
by a finite subgroup of SL(n, C) if n is equal to three or less [6][8][9][13][14]. But
not in the case in general when n is greater than or equal to four. Since around
1990, arithmetic conditions for the existence of a crepant resolution has been
shown for some series of cyclic quotient singularities [2][4][5]. It is also shown
that a crepant resolution exists for c.i. singularities [1][3].

In this paper, we show the existence of a projective crepant resolution for
a few series of quotient singularities by abelian noncyclic and non-c.i. type sub-
groups of SL(4,C) by toric method. Roughly speaking, our proof of the main
theorem consists of two steps. Let p be an arbitrary prime number. First, we
classify the finite abelian subgroups generated by order p elements of SL(4,C)
into five types and focus on a class which is named (213) type (see Proposition
4.1). These actions are “simplest” in view of elemental divisors theory. We con-
struct crepant resolution for the quotient singularity by those groups, such as

G:=(3(1,a,0,p—a—1),2(0,0,1,p—1)) C SL(4,C) (a =1, el p—2orp-1).
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2. Toric quotient singularities

In this section, we shall recall a relation between age and discrepancy by
using toric language. Let us fix some notations. The main reference are [7], [10].

Throughout the section, N is Z™ and M is its dual module Homz (N, Z). We
denote the canonical pairing by (, ). We write the extension of scalar N @ z R
as Ng. For a finite fan (N, A), we denote the toric variety corresponding to it
by X (V,A) and also written as X (N, o) if A consists of the faces of a cone o.

Proposition 2.1. A toric variety X(N,A) is nonsingular if and only if each
o € A is generated by a part of a basis of N. (See p.15 of [10].)

We shall use the following.

Corollary 2.1. Let o be an n-dimensional simplicial convex cone generated by
n primitive elements x1, ..., x, in N. Then X (N, o) is nonsingular, if and only
if {x1,..., 2, } is a basis of N.

Let g be an element of finite order in GL(n,C). Then g is diagonalizable
and there exists h € GL(n, C) such that

627ri91 0
hgh™! = i
0 e27ri9n
where 01,65, , 0, are rational numbers in [0,1). We define the age of g as

age(g):=01 + 02 + - + 0O,.

The age is independent of the choice of h. The age of g is an integer if g is
in SL(n,C).
We shall use the following vector notation:

62771'91 0
1
;(tlatQa"' 7tn) = .
0 627ri9n
where 6; equals to % and t1,to,- - - , t, are nonnegative integers which are less than

s. The age of g equals to %(tl +---+t,). We denote the vector %(tl,tg, cee )
by v(g).
Let g1,92, - , gm be elements in SL(n, C). If g1, g2, , g are commutative
each other, then the elements g1, g2, - - - , g are simultaneously diagonalizable.
Let G C SL(n,C) be an abelian finite subgroup. We may assume that G is
diagonalized. We consider the natural action of G on C". In this case, the action
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of groups is represented as the following theorem by toric technique.

Theorem 2.1. Let {e1,e9,--- ,e,} be the canonical basis of N. Let N' be the
module N + 3 c5v(9)Z. Then N is a submodule of N' with finite index.

Let A be the finite fan which is generated by o = (e, eq,-- ,en>R>0 and
¥ (N,A) — (N',A) be the natural morphism of finite fans. Then 1 corresponds
to the morphism of toric varieties denoted by X (¢) : X(N,A) — X(N',A) and

X () 1is the quotient map by N'/N ~ G.

It is known that any toric variety admits an equivariant resolution of singu-
larities.

Theorem 2.2. Let A’ be a locally finite nonsingular subdivision of a fan A in N.
Then the equivariant holomorphic map id, : X(N,A’) — X (N, A) corresponding
to the natural map (N,A") — (N, A) is proper birational and is an equivariant
resolution of singularities for X (N, A).

Moreover, for a primitive vector v € N’ such that vR~ is in A', there exists
an element g in G such that v(g) = v by the quotient ma} in Theorem 2.1. For
an exceptional divisor Dy, the following formula holds:

discr(Dy) = age(g) — 1,
where Dy = orb(Rqv(g))-

For the details of the above proposition, theorems or corollary, see [10] (es-
pecially Sections 1.4 and 1.5) and see [15] for the assertions with respect to age
and discrepancy.

Next, we shall review a projectivity condition for toric morphisms.

Definition 2.1. An R-valued function h on the support |A| is called a A-linear
support function if h is Z-valued on N N|A| and linear on each o € A where |A|
means Useao.

The set consisting of all A-linear support functions becomes an additive
group. The group is denoted by SF(N, A). In Definition 2.1, if A is a finite fan
and h is @-valued on N N|A|, h is also A-linear support function by taking some
multiple. Let A(1) be the set of all 1-dimensional cones in A. For p € A(1), we
denote the primitive element in N N p by n(p).

Proposition 2.2. There ezists an injective homomorphism

SF(N,A) — zAW

h— (h(”(P)))peAu)-

A support function h is determined by integers h(n(p)).
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If X is nonsingular, there exists an isomorphism such that
SF(N,A) & z2W),

Proposition 2.3. A toric resolution ¢ : X (N, A) — X(N,A) is complete if and
only if |A] equals to |Al.

Definition 2.2. Suppose |A| equals to |A|. A A-linear support function h is
said to be strictly upper convex on A if h satisfies the following conditions.

(a) (ly,x) > h(z) for all ¢ € A and for all = € Ng,

(b) (ly,x) = h(zx) if and only if z € o,

where [, is an element in M such that (I, z) equals to h(x) if x is in ¢ and (I, )
equals to (I,,z) for z € 7 if 7 is a face of o.

Let (N, A) be a finite fan and A(n) be the set of the n-dimensional cones in
A. A set {ly; 0 € A(n)} C M is determined uniquely by h € SF(N, A).

Proposition 2.4. For a complete toric resolution ¢ : X (N, A) — X (N, A), the
following conditions are equivalent.

(a) ¢ is projective.

(b) There exists h € SF(N,A) such that h is strictly upper convex on A.

3. Complete intersection quotient singularities

In this section, we shall describe a part of the results of [11] and [12]; which
give the criterion for some quotient singularities to be complete intersection. No-
tations and actions used here are similar to the previous sections.

Definition 3.1. Let S be the ring C[X1,Xs, -+ ,Xy] and I be the index set
{1,2,3,--- ,n} of the variables, D be a set consisting of subsets of I and w be a
map from D to the set of the positive integers Z~ . The pair (D,w) is said to be
a special datum, if D and I satisfy the following conditions.

(a) the subset {i} is an element in D for any i € I,

(b) if J and J' are elements in D, then J and J' satisfy the condition J C J,
JcJorJnJ =,

(¢) if J is a mazimal set in D, then w(J) equals to 1,

(d) if J and J' are elements in D and if J' contains J properly, then w(J") divides
w(J) and w(J) is bigger than w(J'),

(e) if Ji, J2 and J are elements in D and if J; < J (i =1,2), then w(J1) equals
to w(J2), where the notation < means that J; is a subset of J and there exist no
element in D between J; and J.

Definition 3.2. Let D = (D, w) be a special datum, we put Rp to be the subring
C[Xy;J € D] of S where Xj = ([L;c,; X))@,
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We denote the diagonal matrix whose (,7) component is a (resp. (i,7) com-
ponent is a and (j,j) component is b) and the other diagonal components are 1
by (a;i) (resp. (a,b;i,7)) here.

Definition 3.3. Let D = (D,w) be a special datum. A group Gp is the one
generated by the following elements: {(e., e;';i,5)|J1, Joy, J € D, i € Jy, j €
JQ, J1 < J, Jo < J and w = w(Jl) = UJ(JQ)}

Proposition 3.1. If D = (D,w) is a special datum, then
(1) the ring Rp is a complete intersection
(2) Rp is the invariant subring under the action of the group Gp.

Theorem 3.1. If G is a finite abelian subgroup of SL(n,C) and if the invariant

ring S is a complete intersection, then there is a special datum D such that
SG ZRD andG:GD.

4. Result

We have found some infinite series of noncyclic and non-c.i. finite subgroups
G of SL(4,C) such that C*/G admits a toric projective crepant resolution.

Proposition 4.1. Let p be a prime number and G be an abelian finite subgroup
of SL(4,C) generated by order p elements. Then G is a vector space on the prime
field of order p. The dimension of G as a vector space is at most three and G is
conjugate in SL(4,C) to one of the followings.

(1) (dim G =1) A cyclic group (%(a,b, ¢,d) 2 Z/pZ.
(2) (dim G = 2) Noncyclic groups with two generators
(1,0,a,p —a—1),5(0,1,b,p —b—1)) = (Z/pZ)?, (212),
(1,a,0,p—a—1),5(0,0,1,p—1)) = (Z/pZ)* (a #0), (213),
(0,1,0,p—=1),2(0,0,1,p = 1)) = (Z /pZ)?, (223).
(3) (dim G = 3) Noncyclic groups with three generators

(3(1,0,0,p = 1), £(0,1,0,p — 1), 5(0,0,1,p — 1)) = (Z /pZ)®.

Proof. Let G be an abelian finite subgroup of SL(4,C) generated by diago-
nal matrices. We define an injective homomorphism of groups ¢ : (R/Z)%* —
GL(4,C) as

{
{
{

[l= W= B =

eQﬂ'zm 0
2miy
($7y727w) = 2miz

0 2miw
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and ¢ : (R/Z)% — SL(4,C) as

627rm 0
27y
(Z, Y, Z) = eZTriz

0 e27ri(17w7yfz)

Then we have the following diagram.

(R/Z)% — SL(4,C)

[ )
(R/Z)% — GL(4,C)

And we also have the following diagram where the vertical arrows are canonical
quotient maps.

! !
G — (R/Z)%

We write G + Z%3 as G. G is a free abelian group of rank at most three.
We choose an isomorphism p : G = Z%%. Then the composition of the in-
clusion map Z®" — G(= Z®") and p is Z-linear. We write the composition:
Z% G5 Z9 as .

We may assume the image of v equals to d1Z ® do Z ® d3Z where dy, dy and
ds are integers with dj|da|ds. Clearly, G is isomorphic to é/Z®3. Hence, G is
isomorphic to Coker v = (Z/d1Z) ® (Z /d2 Z) @ (Z /d3 Z).

By assumption, d; equals to p or 1 where ¢ is 1, 2 or 3. Hence an abelian
finite subgroup of SL(4,C) generated by order p elements becomes the type
(1), (212), (213), (223) or (3) using a change of bases. O

Theorem 4.1. There exists a projective toric crepant resolution for the following
types:

(a) Type (212) where a =b=1,

(0)
(c) Type (223),
(d) Type (3).

Proof. The case (a).

We will prove this case at the latter part of the proof of the case (b), a = p—2.
The case (b).

We define the hypersurface spanned by the elements (1,0,0,0), (0,1,0,0),
(0,0,1,0) and (0,0,0,1) as H. Let G be a group of the type (213).

If a equals to 1 and p # 2, the quotient space ct /G corresponds to the toric

(
Type (213) where a =1, %, p—2orp—1,
(
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variety X (N’, A) where the lattice set N’ is Z* + %(17 1,0,p—2)Z + %(0, 0,1,p—
1)Z and A is the finite fan which consists of the faces of the cone generated by
the points (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1). We define the subset
{Lii,g.p— 20— 5)ii = 0,1,2,- 251, j = 0,1,-++ ,p—2i} C N' as P. The
age of all the points in P equals to 1.

We give a resolution for the singularity X (N, A) by subdividing A N H as

the figure [fig(213)-(1)].

(1,0,0,0) =

[fig(213)-(1)]

On the edge connecting (%, %, p;zk,()) and (%, %, 0, p;%), there appear (p—2k+1)

points where the integer k satisfies the condition 0 < k < ZH — 1. See [fig(213)-
(1)-pt].

p+1times

[fig(213)-(1)-pt]

The figure [fig(213)-(1)] includes p? triangular pyramids of the following types:
[figl], [fig2], [fig3], [figd], [figh], [figh] and [fig7].



16 K. Sato

(55, 2554,0,1)

(1707070) 1 1 -1
;(pTv pTa 170)

(0,1,0,0) [figl]

1
;(CC17$17I27P -2z — ﬁU2)
1

E(xl — 1,.%1 — 1,%2 —‘—2,[)— 2.’1,'1 —.%2)

(1,0,0,0) <

%($17$1:$2+1:P*2$1*CL’2*1) [ﬁg2]

1

s(@r—Lw — 1,02 +2,p— 21 — 2)

S(@1, @1, 22,p — 221 — 22)

(0,1,0,0)
s(@n @, e+ 1,p =221 — 22 — 1) [fig3]

Y

%(yl — Ly —1Ly2+2,p—2y1 —y2)
(1,0,0,0) L
s =Ly —Ly+1p—2y1—y2+1)

S y,y2 + 1L,p— 2y —y2 — 1) [fig4]

%(yhylayQ + 1ap_ 2y1 — Y2 — 1)

%(y17y1,y2+1,p—2y1—y2—1) (0,1,0,0)

/

Sy =Ly —Lya+1Lp =25 —ys + 1)
[fig5]
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%(2172170,}7 - 2Z1)

1,20+ 1,0,p— 22, — 2)

(L,0,0,0) =— "~

%(21721,1,1)7221 -1) [figb]

%,(szl-,oap - 221)

(07 17 07 0)

%(21 + 1,21+ 1,0,p—22 —2)

%(zl,zl, 1,p—2z — 1) [fig7]

The variables satisfy the conditions z1,y1,21 € [1, p%l] NZ, g,y €
[O,p—;l]ﬂZ,prxlfmg >1land p—2y; —ys > 0.

All the determinants of the matrices made by the generators of the trian-
gular pyramids equal to 1% for the [figl], [fig2], - - -, [fig7]. Therefore, the cones
generated by the four vertices of each triangular pyramid are nonsingular and the
variety corresponding to the fan (N, A) is a resolution for X (N’, A) where A is
the finite fan decomposed as the figure.

The age of every lattice point corresponding to the exceptional divisors for
this resolution equals to 1. Hence, the resolution is crepant.

Next, we prove that this resolution is projective.

We shall define A-linear support function A which is strictly upper convex
on A by giving a Q-value for each lattice point in A N H. If h is strictly upper
convex on A N H, h is strictly upper convex on A. Let h have the following
Q-value 3; at each lattice point in A N H, then h is strictly upper convex on A,
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where the rational number (§; equals to 1 + ZZ:O % and the integer i runs from
0 to 253,
2

From here, we shall construct a projective crepant resolution for the case
a equals to p — 1. We also treat the case p = 2. The lattice set N’
is Z* + %( -1,0,0)Z + = (0 0,1,p — 1)Z. We define a subset { (i,p —
i,0,0), %(0,0,],}9 —J)i,j = 0,27 -,p} € N’' as P. The age of the elements
in P is always 1. We shall give a resolution for X (N’, A) by subdividing A N H
as the figure [fig(213)-(p-1)].

(, 1,0,0) [fig(213)-(p-1)]

The figure [fig(213)-(p-1)] only contains the triangular pyramids as shown in
[fig8].

%(0»0791 - 1-p7 y1+ 1)

%(0>O7y17p_ yl)

1
5($1+1,p—zl—170,0) [fig8)]

By the similar way as the case that a equals to 1, the cone as shown in [fig8] is
nonsingular and the variety X (N’, A) is a crepant resolution for X (N’, A) where
the finite fan A is decomposed as the figure [fig(213)-(p-1)].

Next, we prove that this resolution is projective. If h is determined by the
value at each point as follows, then the A-linear support function h 1s strictly
upper convex on A where the rational number vi equals to 2+ ) k=0 21 and the

-3

integer 4 runs from 0 to 2 -
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In the remaining case a = 1 and p = 2, the condition that G is the type (213)
and a = 1, p = 2 is a equivalent one that G is the type (2135) anda =p—1, p = 2.
So, we have proved the case a =1, p — 1 of the type (213).

In the following, we shall prove the case a = p—;l, p — 2. First, we
consider the case a = p — 2 where p # 2. The lattice set N’ is zZ* +
%(1,]) -2,0,1)Z + %(0,0, 1,p—1)Z and A is as above. We define the subset
{(1,0,0,0), %(0,0,im—i), %(j,k,l,j —10); i€ Zn|0,p], j € ZnNJ0, p%l], k=
p—24, 1€ ZnN[0,j]} C N as P.

The age of all the points in P equals to 1. We will give a resolution for the
singularity X (N’, A) by subdividing A N H as the figure [fig(213)-(p-2)].

(0,0,0,1)

(0,1,0,0) [fig(213)-(p-2)]
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On the edge connecting two points (%, p%%, %, 0) and (%, p%%, 0, %), there

appear j + 1 points where the integer j satisfies the condition 0 < j < p—;l. See
[fig(213)-(p-2)-pt].

[fig(213)-(p-2)-pt]

The figure [fig(213)-(p-2)] includes p? triangular pyramids of the following types:
[fig9], [figl0], [figl1], [figl2], [figl3], [figl4] and [figl5].

%(01077“7p7 7’)

5(0,0,i+1,p—i—1)

%(j7k707p_j - k)

G —1k+2,0,p—j—k—1) [fig9)]

, (0, 0> 17 0)

(s IR
5(],1@ 2l+1,p—j—k—-1+1)

1 . .

LU LEl+Lp—j—k=1)  [figlo]
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_(0,0,1,0)

1/ - .
;(],k*27l,p*]7k7l+2)

iVl p—j—k—1+1)

1. .

1/ - .
(1,0,0,0) - LG—Lklp—j—k—1+1) [fig12]

1/ - .
SO k=2,0+1Lp—j—k—1+1)

1k lLp—j—k—1+1)

1/ - .
%(0707Z7P7Z)
5(0,0,i+1,p—i—1)
P;l 71)
(1,0,0,0) - lfig14]
(0,0,1,0)
] - 1,]7_ % _])
—1 . —1 .

(1,0,0,0)
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The variables satisfy the conditions j € [, %] NZ, k=p-—2j,1¢€
O,p—j—klNZ and i€ [0,p—1]NZ.

All the determinants of the matrices made by the generators of the triangu-
lar pyramids equal to p% for the [fig9], [figl0], - - -, [figl5]. Therefore, the cone
generated by the four vertices of each triangular pyramid is nonsingular and the
variety corresponding to the fan (N’, A) is a resolution for X (N, A), where A is
the finite fan decomposed as the figure.

The age of every lattice point corresponding to the exceptional divisors for
this resolution equals to 1. Hence, the resolution is crepant.

We define h as the similar way for the case a = 1. Then it is confirmed that
the crepant resolution is projective.

Here, we consider the case p = 2. The invariant ring is C[X?, Xo, X3, X3,
X1X5X4]. This case is clearly complete intersection type (see Section 3) and
there exist projective crepant resolutions.

Finally, We get the case a = % from the case a = p — 2 by interchanging
bases (1,0,0,0) and (0,1,0,0) and also the type (a) from this case by changing
bases and by changing generators of the group. So we have proved the case (a)
and (b).

The case (c) and (d).

The quotient singularities of this type are c.i. singularity. In the
case (c) (resp. (d)), the invariant ring is C[Xy, X%, X%, XT, XoX3X,] (resp.
CIX7, X5, XY, XY, X1 X2X3X4]). We can define a special datum D as D :=
{{1},{2}, {3}, {4},{2,3,4}} (resp. {{1},{2},{3}.{4}.{1,2,3,4}}) and a map w
as {1} — 1, {i} — p (1 = 2,3,4) and {2,3,4} — 1 (vesp. {i} — p (i =1,2,3,4)
and {1,2,3,4} — 1). So there exist projective crepant resolutions. O

4.1 Comment

For the group G of the type (213), if @ equals to p—1 then C’4/G is c.i. singu-
larity. We shall show C’4/G is non-c.i. if a equals to 1, ”Q;I,p — 2 by showing that
there are no special datum D for the group. Let I be the set {1,2,3,4}. Assume
that group G is the type (213) and a equals to 1. Then the invariant ring S¢ equals
to C[X17, XoP, X3P, X4P, X1' XoP ™" X12 X3 Xy, Xo? X3 Xy, X1 X0 X3Xy] (1 <i <
p—1). Now, Let D be the set {{1}, {2}, {3}, {4}, {1,2},{1,3,4},{2,3,4},{1,2,3,
4}} and w be a map from D to Z . Then the pair (D,w) never becomes a spe-
cial datum, since the images of w for the elements {1,2}, {1,3,4} and {2, 3,4}
do not satisfy the condition that w(F) equals to 1 or p where F is {1, 2}, {1,3,4}
or {2,3,4}. Hence, in this case, we have the fact that G is non-c.i. type.

We conjecture that there exists a projective crepant resolution for type (213)
for any p and a.
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