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Abstract

This paper is the fourth part of successive studies of infinitesimal deformations
of a conic bundle of dimension three. We discuss relationship between infinitesimal
deformations of a conic bundle and the corresponding infinitesimal displacements of
its discriminant locus in case where the discriminant locus has singularity. We shall
prove that, if a deformation family of a conic bundle admits no smoothing of the
singular points of the discriminant locus, then two kinds of Kodaira-Spencer maps
are compatible with each other. We shall also prove that certain conic bundles
admit no non-trivial small deformation families fixing their discriminant loci.

1. Introduction and the results

This paper is the fourth part of successive studies of infinitesimal deforma-
tions of a conic bundle of dimension three. The first part [2], the second part [3]
and the third part [4] shall be referred as Part I, Part IT and Part III respectively.

In Part I [2] we have discussed relationship between infinitesimal deforma-
tions of a conic bundle f : X — Y with dim X = 3 and infinitesimal displacements
of the discriminant locus A = Ax/y in Y. (For the definitions of a conic bundle
and its discriminant locus, we refer to [2, Definition 1.1, Definition 1.2].)

Let f : X — Y be a conic bundle with dim X = 3. As is known ([1, Propo-
sition 1.2], [7, p.83]), there exist a locally free sheaf £ of rank three on Y, an
invertible sheaf M on Y and a section ¢ € H°(Y,S?() ® M) such that X is
identified with the zero locus of ¢ in Py (€) and that f is the restriction of the
natural projection 7 : Py (£) — Y to X.

Let {f: : Xt — Y}ienm be a deformation family of f: X — YV with X, = X
and f, = f (see §2). Horikawa [5] developed deformation theory of holomorphic
maps in general. Due to [5] we have the map

(1.1) 7:T,(M) — Dx)y =H'(F : ©x — f*Oy)

of Kodaira-Spencer type for the family {f; : X; — Y }ten, where T,(M) denotes
the tangent space of the base space M at o € M and F : Ox — f*©y is the
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natural homomorphism induced by f: X — Y (see §2 for precise construction).

On the other hand, the family {f; : X; — Y }1en naturally induces a fam-
ily {A¢}tenm of displacements of A = A,. Kodaira [6] studied displacements of
submanifolds of a complex manifold . We can apply Kodaira’s arguments to our
case and we have the map

(1.2) p:To(M) — H(A,Nayy),

which is another type of Kodaira-Spencer map, where N y denotes the normal
sheaf of A in Y (see §2 for precise construction).
Now we ask the following question.

Question. How are the maps T and p related to each other?

Part I [2] has given a partial answer to the question above in case where A
is smooth. Let us briefly recall our arguments in [2].
First of all, we have the natural homomorphism

(1.3) P:Dx;y — H(X,Sx)y)

due to Horikawa [5], where Sx/y = Coker(F' : ©x — f*Oy) (see §2). On the
other hand, we proved that, if A is smooth, there exists a natural isomorphism

(1.4) ¢ HY(A,Najy) — HY(X, Sx/v)
(cf. [2, Corollary 2.6]). Moreover, we proved that
(1.5) p=v toPor,

which shows the compatibility of 7 and p (cf. [2, Theorem 2.12]).

In Part IT [3], we discussed a kind of rigidity of a conic bundle. Assume that
Y =P? and that f : X — Y is a conic bundle determined by £, M and ¢, where
€ is a locally free sheaf of rank three on Y, M is an invertible sheaf on Y and
q € H°(Y,S?(€) ® M). Assume furthermore that £ is a direct sum of invertible
sheaves and that A is smooth. Then, by using (1.5), we proved that there exists
no non-trivial small deformation of f : X — Y that is again a conic bundle over
Y with the same discriminant locus A (cf. [3, Corollary 3.14]).

The aim of this paper is to generalize these results [2, Theorem 2.12] and [3,
Corollary 3.14] to the case where A has singularity.

There is a problem, however, that we do not have the map 'y’ in general. In
Part III [4], we proved that there does not exist such a natural isomorphism as
¥ of (1.4), if A has singularity.

Let us explain more precisely. Let f : X — Y be a conic bundle with
dimX = 3. Let B={z € X | f isnot smoothat z}. Let h : B — X and
t: A — Y be the natural inclusion maps and we put g = foh: B — Y. The
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map ¢ factors through ¢’ : B — A with ¢ = 10 ¢’. Then we have a natural
homomorphism

(1.6) A Oy ® Oa — ¢.Sx)y

as follows. The canonical homomorphism f*©y — Sx/y naturally induces a
homomorphism f*©y ® Op — Sx/y, since Sx,y is an Op-module ( cf. [2,
Proposition 2.2] and [2, Theorem 2.3]). Noting that f*Oy @ Op = ¢*Oy =
9" (©y ® Oa) and applying ¢, to the homomorphism above, we get a homomor-
phism ¢, g™ (Oy ® Oa) — ¢.Sx/y. By taking the composition with the standard
homomorphism Oy ® O — ¢.g"*(Oy ® Oa), we get the homomorphism A.

On the other hand, we have the standard homomorphism

(17) ,u:@y@OAHNA/y.

In Part IIT [4] we proved that Ker(A) = Ker(p) and that Coker()\) is isomor-
phic to Coker(u). We have the following commutative diagram:

Ker(A) — ©y ®0a 2, 9:Sx;y — Coker())
(1.8) =] =] ~|
Ker(p) — Oy ®0, & Najy  — Coker(u).

We also proved that, if A has singularity, there does not exist any isomor-
phism between g, Sx/y and Na/y that is compatible with A and  (cf. [4, Main
Theorem)).

Now we put

(1.9) A=TIm(\), B=Im(u).
Then we have the natural isomorphism
(1.10) Yp: A— B

that is compatible with A\ and p. We also denote by the same symbol 1) the
isomorphism H°(A, A) — HO(A, B) induced by (1.10).

Remark 1.1 We have Supp(Coker())) = Supp(Coker(u)) = Sing(A) (cf. [4,
Corollary 2.3] and [4, Corollary 3.2]). In particular, if A is smooth, A and p are
surjective. In this case v naturally induces an isomorphism HO(A,g;SX/y) —
HO(A,NA/Y), which coincides with =1 : HO(X,SX/Y) — HY(A,Npyy) via
HO(X,Sx,y) = H°(B,Sx/y) = HY(A,¢.Sx/v), where ¢ is the isomorphism of
(1.4).

Now we have the following results, which are generalization of [2, Theo-
rem 2.12] and [3, Corollary 3.14].
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Theorem 1.2 Let f : X — Y be a conic bundle with dimX = 3 and
{ft + Xt = Y}iem a deformation family of f. Assume that the induced fam-
ily {At}eenms of discriminant loci does not admit smoothing of any singular point
of A.

(1)  We have Im(PoT) C HY(A, A), where Im(P o) is regarded as a subspace
of H(A, ¢, Sx/y) via HY(X,Sx,y) = H°(A, ¢.Sx)y)-

(2)  We have Im(p) C H°(A, B).

(3)  We can define the composition map o Pot : T,(M) — H°(A,B) and we
have p=1oPor.

Corollary 1.3 Assume that Y = P2 and that f : X — Y is a conic bundle
determined by £, M and q, where £ is a locally free sheaf of rank three on Y,
M is an invertible sheaf on'Y and q € H°(Y, S?(€) @ M). Assume furthermore
that £ is a direct sum of invertible sheaves. Then there exists no non-trivial small
deformation of f : X — Y that is again a conic bundle over Y with the same
discriminant locus A.

2. Notation and preliminaries

Let us recall some definitions and discussions in Part I [2], Part II [3] and
Part IIT [4] in order to fix notation in this paper. Some of the notation in our
previous papers shall be slightly changed here.

A. First we shall briefly recall the deformation theory of holomorphic maps
due to E. Horikawa [5] (see also Part I [2]).

Let Y be a compact complex manifold of dimension m. By a family of holo-
morphic maps into Y, we mean a quadruplet (X, ®,p, M) of complex manifolds
X, M and holomorhic maps ® : X — Y x M, p: X — M with the following
properties:

(i)  pis smooth and proper.
(ii) qo® =p, where ¢: Y x M — M denotes the natural projection.

Putting X; = p~'(¢) and f; = ®|x, for t € M, we denote the family
(X, ®,p, M) by {ft : X¢ = Yhenm. Let o€ M, X = X, and f = f,. Then
the family {f; : X3 — Y }ienr is called a deformation family of f: X — Y.

Let F: ©x — f*Oy be the natural homomorphism induced by f. We put
Ox/y = Ker(f), Sx/)y = Coker(F) and Dx,y = H'(F : ©x — f*©y). Then
we have an exact sequence

(2.1) 0— Hl(X7 @X/Y) - DX/Y - HO(X75X/Y) - H2(X, @X/Y)-

Horikawa showed that the infinitesimal deformations of f are classified by
Dx/y. He also defined a kind of Kodaira-Spencer map 7 : T,(M) — Dx/y .
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Let Y = {U;} be a finite Stein open covering of X. For a sheaf F on X,
we denote the group of the g-cochains and the g-cocycles with coefficients in F
by CY(U,F) and Z9(U, F) respectively. We denote the ¢g-th coboundary map by
§:CUU,F) — CITHU,F). Then we have

{(1,0) € COWU, f*Oy) x Z'(U,Ox)| () = F(0)}
{(F(9),9(9)) |9 € C°U, Ox) }

The map 7 is determined as follows. Shrinking M, if necessary, we assume
the following.
(i) M is an open set in C* with coordinates t = (¢1,...,#;) and o = (0,...,0).
(ii) X is covered by a finite number of Stein coordinate open sets {/;}. Each
U, is covered by a system of coordinates (z;,t) such that p(z;,¢) = t, where
(Zi,t) = (Zil,...,zf’,tl,...,tk).
(iii) ®U;) C V; x M, where V; is an open set of Y covered by a system of
coordinates w; = (w},...,wm").
(iv) @ is given by w! = ®l(2;,t) for [ =1,...,m.

(v)  (zi,t) € U coincides with (z;,t) € U; if and only if z} = ¢l;(z],...,2},1)

(2.2) Dx;y =

for I =1,...,n, where gbﬁj (I=1,...,n) are holomorphic transition functions.
(vi) w; € V; coincides with w; € Vj if and only if w} = ¢, (w},...,w}") for
l=1,...,m, where wéj (I=1,...,m) are holomorphic transition functions.

Let U; = U; N X and U denote the covering {U;} of X. For any element
0/0t € T,(M), we put

LNPTY ) .
(2.3) = Z 5 |,_ Bl e L(Ui, frOy),
=1 i
09 ]
(2.4) EDY atj 9. € I'(Uij, ©x).
=1 t=0 v

Then 7 = {r;} € C°(U, f*Oy) and ¢ = {0y;} € Z'(U,Ox) represents an
element of D,y , which we define to be 7(9/9t). Thus we can define the map

(2.5) 7:T,(M) — Dx/y

Let P : f*©y — Sx/y be the natural homomorphism. For an element of
Dx/y, we take a representative (7,0) € C°(U, f*Oy) x Z'(U,Ox) with T = {7;}
and ¢ = {o;;}. Then the collection {P(r;)} patches together to an element of
H°(X, Sx/v). In this way, we can define the map

(2.6) P:Dyy — H(X,Sx/v),

which is nothing but the homomorphism appearing in (2.1), where we use the
same symbol P as above.
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B. Next we shall briefly discuss displacements of a divisor on a complex
manifold.

Let Y be a compact complex manifold of dimension m and {V;} a Stein open
covering of Y. Assume that each V; is a sufficiently small open set with a system
of coordinates w; = (w}, ..., w™). Let A be a reduced divisor on Y. Let

(2.7) &i(w;)) =0

be a defining equation of ANV; in V;. Let Z be the defining ideal sheaf of A
in Y. We define the homomorphism ¢; : (A NV;,Z/Z?) — T(ANV;,0a) by
¢i(& mod Z?) = 1. Then we have

Now we define the map p. Let {A;}iens be a family of displacements of
A = A, defined by local equations

(29) &(wi,t):&(wil,...,wfﬂtl,...,tk):0

with & (w;,0) = & (w;). For any element /8t € T, (M), we put

() (4

Then the collection {p;(0/0t)} patches together to an element p(9/0t) of
H°(A,Np/y). In this way we can define the map

mod I) -G
t=0

(2.11) p:To(M) — H°(A,Nasy).

Remark 2.1 K. Kodaira originally studied the case where A is smooth. Sup-
pose that {A}iens is defined by local equations w} = @;(w?,...,w",t) on V;.
Then he defined p(0/0t) by ((0p;/0t)|t=0 mod ) - {;. In this case we have
& = w! — ¢. Since we have dp; /0t = —9&;/dt, (2.10) is a generalization of the

original definition.

C. Here we recall some discussions on conic bundles in Part I [2] and Part
III [4]. Let f: X — Y be a conic bundle with dim X = 3. We put

(2.12) B={x€ X | fisnot smooth at z}, A= f(B).

Let p € A. We take a sufficiently small neighbourhood V' of p with a system
of coordinates (r,s) so that p = {r = s = 0}. In this paper we discuss the
following two cases.

Case I: p € A\ Sing(A).
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In this case, there exists a unique point p’ € B satisfying f(p’) = p. We can
take such a system (¢, 3,7) of local coordinates on X around p’ that the map f
is given by

(2.13) (a,8,7) = (r,s) = (B, )

(cf. [2, Proposition 2.1 (ii) (b)]). Then F': Ox — f*Oy is given by
0 0 0 0 0 0

a7 a3 a7 Y5 YL 6_

da  0s 0p or’ Oy or

(cf. [2, Proposition 2.2 (ii) (c)]).
The locus B is defined by § =~ = 0 around p’. We have Sx/y,,y = Op, - v
with v = P(9/0r), where the homomorphism P : f*©y — Sx/y is given by

(2.14)

0 0
(215) 901(065,7)5 +@2(aaﬁ77)£ = (901 mod (ﬂa’}/)) V= @1(047070) v

(see also [2, Proposition 2.2 (ii) (f)]).
The discriminant locus A is defined by » = 0 around p.
Case II: p € Sing(A).
In this case, there exist open subsets U; and U, of X satisfying the following
properties, after shrinking V' if necessary (cf. [4, §1]).
(1) Xy = f_l(V):UlLJUQ.
(ii)  We can choose coordinates (aq,01,71) on Uy so that f|y, is defined by

(2.16) (a1, Br,m) = (ry8) = (67 — a1i, o).

(iii) 'We can choose coordinates (ag, 82,7v2) on Us so that f|y, is defined by

(2.17) (a2, B2,72) = (1, 8) = (02, 3 — 273).

(iv)  On Uy NUs we have oy = 33 — a3, 1 = ﬁg'yg_l and y; = 72_1.

Then F : T'(U;,0x) — T'(Uy, f*Oy) is given by

0 0 0 0 0 0

2.1 — N ST — 201 — — —2 —.
(2.18) don ” ar o am T Pae By, My,

The locus BN Uy is defined by 81 = ag 71 = 0. We have I'(B N Ul,Sx/y) =
I'(BNUy,Op)-vy with vy = P(9/0r), where P : T'(Uy, f*Oy) — I'(BNU1, Sx/v)
is given by

0 0
(2.19) 901(0417517’71)E +<P2(0é1,/31771)% = (1 +7%<P2) mod (B, a1m)) - 1.

On the other hand, the homomorphism F' : T'(Uz,0x) — T'(Us, f*Oy) is
given by
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0 0 0 0 0 0
2.20 o — — e, — 2y, — =2 —.
(2.20) Gy o s am ey oy, g,
The locus B N Us is defined by 2 = azv2 = 0. We have I'(BN U, Sx/y) =
I'(BNUs, Op)-ve with vy = P(9/0s), where P : T'(Us, f*Oy) — I'(BNU2, Sx/v)

is given by

0 0]
(2.21) 801(042752,72)E +<P2(0¢2,52772)£ — (Y31 + ©2) mod (B2, a272)) - va.
In this case, A is defined by rs = 0 around p.

Remark 2.2 (1)  All the singular points of B and A are ordinary double
points.

(2)  For any singular point q of B, the image f(q) is a singular point of A. For
each singular point p of A, there exists exactly two singular points p} and p)
of B satisfying f(p}) =q (i =1, 2).

3. Proof of Theorem 1.2 (1) and (2)

The aim of this section is to prove Theorem 1.2 (1) and (2).

Let { f: : Xt = Y }iens be a deformation family of a conic bundle f : X — Y
with dim X = 3. Assume that this family does not admit smoothing of any
singular point of A. We shall prove that P o 7(T,(M)) C H°(A, A) and that
p(T,(M)) € HO(A, B).

Let us begin with local discussions around a singular point of A.

Let p € Sing(A). We use the notation in §2 C. Case IL

Proposition 3.1 (1)  Any element ¢ of T'(B N Xv,Sxv) = (AN
V,9.Sx/y) is written in the following form:

{ <z>|BmU1 = ((ap + a171 + a7} + ¢1(a1)) mod (B1,c1m)) - v1,
?lBrus = (@073 + a172 + az + ¢2(a2)) mod (B2, asy2)) - va,

where a; (i = 0,1,2) are constants and the functions ¢1(a1) and ¢a2(as) are
holomorphic functions with ¢1(0) = 0 and ¢2(0) = 0 which are defined on Uy
and Usy, respectively.

(2)  The above element ¢ belongs to T(A NV, A) if and only if ay = 0.

Proof. Straightforward from [4, Proposition 2.1 (1)] and [4, Proposi-
tion 2.2 (5)]. (Note that some of the notation in [4] is different from our notation
here.) I

Now we adjust the notation in §2 B to our case in the following way. Since
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dimY = 2 in our case, we put m = 2. We also put V; =V, w} = r, w? = s and
&i(w;) = &(r, s).

In this case we have {(r,s) = rs, since ANV is defined by rs = 0. Let ¢ be
the element of I'(ANV, Na,y) that satisfies ¢ : ¢ mod (rs)? — 1 mod (rs). Then
we have ['(ANV,Na,y) =T(ANV,04) - C.

Proposition 3.2 An element ¢ = (¢(r,s) mod (rs)) - ¢ € T(ANV,Nayy)
belongs to T(ANV,B) if and only if ©(0,0) =0, that is to say ¢ € (r,5).

Proof. Straightforward from [4, Proposition 3.1 (3)]. 1

Let us now discuss the family {A;}senr of the discriminant loci.

Let p € Sing(A). We denote by A1) the irreducible component of A NV
determined by » = 0. We denote by A® the component determined by s = 0.
We put

(31) gl(n S) =T, 52(711 8) =S.

Now we assume that the family {A; N V}icpr does not admit smoothing of
the singular point p. Then there exist two families {A(tl)}teM and {A(f)}teM of
displacements of A and A®)| respectively.

Suppose that the family {A(tl)}te M is determined by

(3.2) r=ei(s,t)
with e1(s,0) = 0. We also suppose that {A(f)}teM is determined by
(3.3) s = ea(r,t)

with €2(r,0) = 0. Let us put

(3.4) E1(r,s,t) =1 —e1(s,t), Ex(r,s,t) =s—ey(r,t) and € =& &s.
Then the family {A(ti)}teM (resp. {A+ N V}ienr) is determined by
(3.5) &i(r,s,t) =0 (resp. &(r,s,t) =0)

with &(r,s,0) = &(r,s) for i = 1, 2 (vesp. £(r,s,0) = &£(r, s) =rs).
Now we prove Theorem 1.2 (2).

Proof of Theorem 1.2 (2). Let 9/0t be any element of T,(M). To ver-
ify that p(0/0t) € H°(A, B), we have only to discuss locally around each point
p € A.

If p is a smooth point of A, there is nothing to check, since p is surjective
around p.

Let p € Sing(A). Using the notation above, we have
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= 51(7“,5,0)%

B3 ‘
ot li=o0

> 8_51 652 851
ot lt=0

: 9 ,0 ‘ - — _‘ — —‘ .
+&(rs )8t t=0 " ot lt=0 y ot lt=0

Thus p(9/0t) is locally expressed as
862

around p (cf. (2.10)), whence we have p(9/0t) € T'(A, B) by Proposition 3.2.
Thus Theorem 1.2 (2) is proved. 1

861
S—=
t=0 ot

t=0

mod (7’5)) ¢

Next we discuss Im(P o 7).

Let p € Sing(A) as before. We adjust the notation in §2 B as follows. We
have Xy = U; U U, as above. We put n = 3, 2} = «y, 27 = 3, 23 = 7; and
7 (2, 1) = & (i, Bi,vit) (1 <i<2,1<j<2). Thus {f; : X; — Y}en is
defined by

(37) r= q)}(aivﬁivlyiat)v s = q)?(azvﬁh’y’wt)

on U; (i =1, 2) with

(3.8) { ®i (a1, f1,m,0) = B — ari, { P} (g, B2,72,0) = g,
¢%<a1aﬁ177170):a1a ¢%(a2aﬁ277250):ﬁ%_a2’73'

Let 0/0t be any element of T,(M). We can describe P o 7(9/0t) locally
around p as follows. Applying (2.3) to this case, we have

_ el

o 0P?

o Or Ot

0 .
58 € L'(Us, f*ey)

t=0

(i =1, 2). By applying (2.19) and (2.21), we have

1 2
P(m) = (% ’Yf% ) mod (B1,a171) | - v1,
(3 10) 8t t=0 8t t=0
. P(TQ) = ('}/28;{)% @ ) mod (ﬁg 042’}/2) %)
20t li=o ' 0t li=o ’ '

The sections P(71) and P(72) patch together to a section of I'(A NV, ¢.Sx/y),
which is nothing but P o 7(8/9¢)|anv -
On the other hand, B N Xy has three irreducible components, which we
denote by B®, B and B®) | satisfying the following properties.
(i) BONU, is defined by a1 = 81 = 0 and B NU, is defined by as = B2 = 0.
We have f(B(®) = {p}.
(ii) BW N U, is defined by 8y = 71 = 0 and BO N U, = . We have
f(BM) =AW,
(iii)) B@ NU, = 0 and B® NU, is defined by B2 = 72 = 0. We have
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f(B@) = A®2),

Let us note that any small deformation of a conic bundle is again a conic
bundle (cf. [3, Proposition 4.1]), whence we may assume that, for each t € M,
fe + Xy — Y is a conic bundle, after shrinking M if necessary. Since {A;}ienm
does not admit smoothing of A, the corresponding family {B; }+car also does not
admit smoothing of B (cf. Remark 2.2). Hence each component B(*) has a family
{Bt(i)}teM of its own displacements for ¢ = 0, 1, 2.

Now we prove Theorem 1.2 (1).

Proof of Theorem 1.2 (1). Let p be a point of A and ¢ a point
of B with ¢'(qg) = p. Note that (f*©y); — Sx/y,q is surjective and that
(97 (Oy ® Oa))q = ([*Oy ® Op)q — Sx/v,q is also surjective. If p is a non-
singular point of A, then ¢’ : B — A is a local isomorphism around ¢ (cf. [2,
Proposition 1.4 (ii)]). Therefore A is surjective around a nonsingular point p of
A, that is to say, A\, : (Oy ® Oa)p — (9.Sx/v)p is surjective. (See also [4,
Corollary 2.3].)

Thus we have only to discuss locally around a singular point of A. Suppose
that p is a singular point of A. Let 9/0t € T,(M).

The components Agl) and AEQ) of A NV intersect at one point, which we
denote by p;. Suppose that the point p; is defined by

(3.11) r=m(t), s=nmnat)
with 71 (0) = n2(0) = 0. We also suppose that the family {Bgo)}teM is defined by
(3.12) o = ui(Vi,t),  Bi =vi(vi,t)

on U; (i =1, 2) with u;(;,0) = v;(7:,0) = 0. Noting that ft(Bt(O)) = {p¢}, we
have

(3.13) O (w; (Yiy 1), 03 (Vi 1), Yir t) = 0 (1)

(i =1, 2; j =1, 2). Putting ¢ = 0 after applying 9/9t to (3.13), we have

Bl Ou; Bl v,
3.14 £(0,0,~;,0) - —= £(0,0,7;,0) - —
( ) 8041' ( il ) ot t=0 * aﬂz ( K ) ot t=0
J on;
+W(0707’7170) - ot o

fori =1, 2 and j = 1, 2. Note that wu;(7;,0) = v;(7;,0) = 0.
Since we have
0P1

0!
1 -1 = A2 1 =
(3 5) Doy (070771’0) 1 oh (0707’7170) 0,
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093 , 003
3.16 —=(0,0 0)=— —=(0,0 0)=0
( ) aaz( , U, 72, ) Y2, 652( , U, 72, )

from (3.8), we obtain the following equalities from (3.14):

8@% om o Ouy

o1 — = e— —
(3 7) ot (0,0,’71,0) ot —o 71 ot t=0’

8@% (9772 2 BuQ
1 22 =22 =2
(3 8) ot (0,0,’}/2,0) ot —o V2 ot —o

Since n; and 72 do not depend on 7y and s, the above equalities (3.17) and
(3.18) imply that (9®1/8t)(0,0,71,0) and (993%/0t)(0,0,72,0) do not contain
terms of 71 and 5 of degree one, respectively. Then, using Lemma 3.3 below, we
can show that (0®1/0t)|1—0, (093/0t)|1=0, (0P1/0t)|1=0 + 7} - (093 /Ot)|;=0 and
73 - (0D /0t)|1=0 + (03 /0t)|1—0 do not contain terms of 1 and 72 of degree one,
respectively.

Then, applying Proposition 3.1 to (3.10), we have

(3.19) Por7(9/0t)|any € T(ANTV,A).
Thus we have Im(P o 1) C HY(A, A). 1
Lemma 3.3 Let F(a,3,7) be a holomorphic function with

F(avﬁa'y) = f0+f1a+f2a2+...
+g17+9272 +... mod (8,ay).

Assume that F(0,0,7) = fo+ g17 + 927> + ... does not contain a term of v of
degree one (that is to say, g1 = 0), then F(a, B3,7) does not contain a term of v
of degree one.

Proof. It is obvious. 1

4. Proof of Theorem 1.2 (3)

In this section we shall prove Theorem 1.2 (3). Assume that the family
{At}tenmr does not admit smoothing of A as before. Let 0/Jt be any element of
T,(M). We prove Theorem 1.2 (3) by local discussions around p € A.

Case A: p € Sing(A).
Suppose that the family {B,ﬁ”}teM is defined by

(4.1) Bi = bi(ai,t), v = ci(ay,t)

on U; with b;(c;,0) = ¢;(0,0) = 0 (i = 1, 2). Since we have f,(B{") = A
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(i =1, 2), the following equalities hold.

(42) @i(al,bl(al,t),cl(al,t),t) :El(q)
(43) ‘b%(ag, bg(ag, t), CQ(QQ, t), t) = 52(‘1)

(o1, b1 (a1, t), c1(a, t),t), 1),
(0427 bg(ag,t),CQ(OéQ,t),t),t).

N =N

Putting ¢ = 0 after applying 0/9t to (4.2), we have

oP1 by 0P} dcy oP1

86 (Ozl,OOO) 8t +67’y1(041,000) (’)t +W(OZ1,000)
- 361 8@1(041,171(041,25),cl(al,t),t) 861
- s (alvo) ! ot ot (a170)

From (3.8) we have

01 0Py B
8_51(a1’0’0’0) 8—%(041,0,0,0)—0
Since €1(s,0) = 0, we have (9e1/9s)(a1,0) = 0. Thus we have
0d] 0=
(44) W(alvoaoao) - E(aho)'

Similarly, putting ¢ = 0 after applying 9/0¢t to (4.3) and noting that

862 8(1)2 3@% o
E(OQ)O)_ 862 (O[Q,O 0 O) a—w(a270a0a0)_07
we obtain
8@2 862
(45) ot (QQ,O 0 0) ot (0[2,0)

By Proposition 3.1 (1), P o 7(9/0t)|anv is determined by P(r) and P(72)
of the following form:

(4.6) { P(11) = ((ao + a1 + a27f + ¢1(a1)) mod (81, a1m)) - v1,
) P(73) = ((aoy3 + a172 + az + ¢2(a2)) mod (B2, aay2)) - V2,

where a; (i = 0,1,2) are constants and ¢; (¢ = 1, 2) are holomorphic functions
with ¢1(0) = ¢2(0) = 0. Then, by Theorem 1.2 (1) and Proposition 3.1 (2), we
have a; = 0, whence we have

(4.7) { P(r1) = ((ao + a2’Y% + ¢1(a1)) mod (81, 1)) - v1,
' P(12) = ((a073 + az + ¢2(a2)) mod (B2, aay2)) - v

Comparing (4.7) with (3.10), we have

0Pl 0
ap + ¢1(Oé1) = 671;1(0417070a0) = %(QMOL
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02 Oe
az + ¢2(O{2) - 8—t2(a270’0’ 0) = 8_;(0‘2,())'
In particular, we have ag = (0921/0t)(0,0) and as = (9e2/0t)(0,0). Thus
Po7(0/0t)|anv is determined by

0 0
P(m) = (75%(070) + %(al,o)) mod (B1,a171) | - v1,
(48) 2361 862
P(TQ) = ('YQE(O,O) =+ E(QQ’O)) mod (ﬂg, 042’}/2) c V9.

Next we calculate 1) o P o 7(9/0t)|anv. Let us put o;(r,s) = (9;/0t)|i=o
(i=1,2) and

(4.9) w = (¢1 mod (rs)) % + (2 mod (rs))% eN(ANV,0y ® Oa).

Then [4, Proposition 2.2 (1)] implies that A(w) € (A NV, g.Sx/y) is expressed
by A1(w) and Aa(w) in the following form:

A2(w) = (F3¢1(0,0) + pa(az,0)) mod (B2, a272)) - v,

which is nothing but P o 7(9/0t)|anv. (Compare (4.8) with (4.10). Note that
the notation in [4] is different from the notation here. We have to change (s,t)
in [4] into (r, s) here.)
On the other hand, [4, Proposition 3.1 (1)] implies that
(4.11)
651

p(w) = ((se1 +rp2) mod (rs)) - ¢ = ((SE

(4.10) { M(w) = ((1(0, 1) +772(0,0)) mod (Br, a1m)) - v,

862
r—=
t=0 ot

L) mod ()] .

which is nothing but p(9/0t)|anyv. (Compare (3.6) with (4.11).)
These arguments imply that
=+(3)
anv P\t

(4.12) z/?opor(%)

ANV

Case B: pe A\ Sing(A).

In this case, we use the notation of Case I in §2 C. Suppose that f is de-
termined around p’ by (2.13). Suppose furthermore that {f; : X — Y}ienr is
determined by

(4.13) r=o"(a,B8,7,t), s=o*a,pb,7,1)

with ®!(a, 3,7,0) = By and ®?(a, 3,7v,0) = a. We also suppose that {B;}iear
is determined around p’ by
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(4.14) 8 =>bla,t), ~v=c(at)
with b(a, 0) = ¢(cr,0) = 0 and that {A¢}iepr is determined around p by
(4.15) r=eg(s,t)
with e(s,0) = 0. Since we have f;(B;) = Ay, the following equality holds:
(4.16) P! (o, b(av, t), c(a, t),t) = 5(@2(a, b(a, 1), c(a, 1), t), ).

Putting ¢t = 0 after applying /90t to (4.16) and noting that

1 1
88%(04707070) = 88%(@,0,0,0) = %(Q’O) =0,
we have
Od! e
(417) W(C“ 0, 070) = E(QA))

Then, by (2.15) and (4.17), we obtain

(4.18) POT(%)’MV :P<aa%l

In this case, ¢’ : B — A is defined by a — s and it is locally isomorphic
around p’. Then the homomorphism A : I'(ANV,0y ® Oa) — I'(ANV, g.Sx/v)
is essentially equal to P via the correspondence a — s and it is determined by

(4.19) 01(5) g+ 0als) e v p1(5) v

o 092

o o o (@ 0) v

") =

t=0 O0s

with v = A(9/0r), whereas p: '(ANV,0y ® Oa) — T(ANV,Nayy) is deter-
mined by

(1.20) o1(5) -+ pa(s) o r(5) €

with ¢ = p(0/0r), whence we have

(421) ) =,
Let us now put &(r, s,t) =1 —e(s,t). Then we have

8_5 _ Ot

0
(4.22) p(%) ANV Ot li=0 = E(S’O) <
By (4.18), (4.21) and (4.22), we have
0 - 0
(4.23) ”(E) ANV :wOPOT(E) ANV
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Thus Theorem 1.2 (3) is proved. 1

5. Proof of Corollary 1.3

Finally we prove Corollary 1.3.
Let Y = P2 and f : X — Y a conic bundle determined by £, M and q.

Assume that £ is a direct sum of invertible sheaves.

By [3, Theorem 3.3], we have f.Ox/;y = £® det(£)™! ® M1, which is

also a direct sum of invertible sheaves on P2. Hence we have H'(X,© X/y) =
H'(P?, f.Ox/y) = 0, since we have R'f,©x,y = 0 for i > 0 by [3, Lemma 3.1].
Then the exact sequence (2.1) implies that P : Dx/y — H°(X,Sx/y) is injective.

If A is smooth, we are already done by [3, Corollary 3.14].
Suppose that A has singularity. Let {f; : X; — Y}ien be a deformation

family of f : X — Y. Assume that the discriminant locus of f; coincides with
A for each t € M. Since the family does not admit smoothing of any singular
point of A, of course, we have Im(P o 1) C HY(A, A) and Im(p) C H°(A, B) by

Theorem 1.2.
Then Corollary 1.3 is proved, since the map 1 o P|go(a, 4) is injective. ]
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