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Abstract

‘We consider LiL?" boundedness for a solution to the wave equation with ra-
dial data in R3*+1. We derive Hardy type inequalities and Morrey type inequality.
We also use the rearrangement of functions to solve the problem.

1. Introduction

Let u be the solution to the following Cauchy problem for the wave equation
(1.1) Opu(t,x) = Au(t, ), u(0,z) = f(x), Ou(0,x) = g(x).

We write the solution of this problem by using the Fourier transform with respect
to x

—-n iz R sin t§ ~
) = 2 [ e <(eostrleDfie) + o
Moreover we define the closely related operator eV =4 by
(12) VS fla) = (2m) 7 [ D (e,
We set the critical order for indices: For n € N
2(n+1) n non
1' * . o* P S * o ok = - _
(13) 0 =gm)= T s =gk

We note that H* < L% . Rogers and Villarroya [9] have shown that, for any
n € N, the inequality

(1.4) 1Y =2 Fll g oo S NNl ars grmy

holds for ¢ € [¢*, 00] and s > s*, and does not hold for ¢ < ¢* nor s < s*, where
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4L = L4(R"; L*(R)) and

Heiit\/—A iit\/—AfluLg

f||LgL;>° = ||sup|e (R™)-
teR
Rogers and Villarroya’s proof of (1.4) used the embedding H;(R) — L*(R), s >
1/q with respect to the variable ¢, and so it was not possible for them to obtain
the endpoint regularity s = s*. For the proof for the negative result, they set
t = |z| to obtain
[[e=* _Af”LgL;?O > |letilel _Af”Lg(]R"))

and they showed that the right hand side is not able to be bounded by || f||z- for
s < s* for some non-radial function f. It seems that the critical case s = s* still
remains open. Here we give one remark for the case n = 1. We have ¢*(1) = oo
and s*(1) = 1/2, and the solution u of (1.1) with g = 0 can be written as

flat+t)+ flez—1t)
2 )

u(t,z) = t,x e R
Alternatively, we can also write this eF#*V=%=f — f(z +t). Obviously
Il f(z £t)||lLeore = [ f(z)]|Le is not bounded by || f||g1/2. This corresponds
to the failure of the Sobolev embedding theorem. Therefore we are interested in
only cases where n > 2. We also remark that these LIL bound problems have
been intensively studied with respect to solutions for Schrédinger equations. This
is closely related to the problem of showing pointwise convergence of €' f to f
as ¢ tends to zero. See the introduction in [10] and the references within.

We will add a contribution to the wave equation case when n = 3. We con-
sider the solution with f = 0 and radial functions g of (1.1) in a three dimensional
case. Note that ¢*(3) =4 and s*(3) = 3/4. The best available result is

lullLa ms;reey S NGl m-1/a+e (ms)
for € > 0. We note —1/4 = s*(3) — 1. We state our result.

Theorem 1. Let n =3 and f = 0. Then the solution of (1.1) satisfies
(1.5) lullza®s;rso) S 19l Lr2/7(msy

for any radial data g € L7 (R3).

We remark that we have the embedding L7 (R?) «— H~4(R?). For the
proof of Theorem 1, which is contained in Section 4, we use the following explicit
representation for the solution u with radial data g,

t g(z + ty) Lo
(1.6) u(t,z) = —/ L dy=— Ag(A)dA,
21 Jyers,y1<1 /1 — |y|? 2r Jir—
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where r = || and for a radial function g, we set g(r) = g(x). We will use The-
orem 3 to estimate this. To deal with taking L{® norm on the solution first, we
apply some results on the rearrangement of functions. We will introduce the def-
inition and some properties which we require for the rearrangement of functions
in Section 3.

Moreover if the radial function g satisfies a certain monotonicity property, it
is easy to deal with taking Lg° norm on the solution u. We have the following
result.

Theorem 2. Let n =3 and f = 0. Then the solution of (1.1) satisfies
(1.7) lullza@s;nse) S 119l gr-1/a Ry

for any radial data g € C>(R3) satisfying

(1.8) rlg(nl = Mgl (0<r <),

where §(|z]) = g(z).

Here we remark that we have the following decay estimate from the monotone
decreasing property (1.8),

>| =

9N S

as A — 0o. One may wonder whether this is too strong to deal with all H—1/4

functions. We have the Sobolev embedding L'?/7(R3) — H~/4(R3) and we
estimate the typical function () in L'?/7(R?) norm as

1 i 1
————dx ~ ——d
/]Rs <x>12p/7 ! /0 <T>1sz72 "

to conclude (z)~? € L'?/7(R3) if and only if p > 7/4(> 1). In this sense, we may
say that the condition (1.8) is not so strong.

Before closing this section, we give some notation. We use the bracket
(1.9) () =1+ |z|, z=eR™
We write the Fourier transform of function,

f€) = Feof@)€) = [ e f)da.

We sometimes also use the Fourier transform for functions on (0, o),
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Faf@)O = [ fape
0
For any 1 < p < oo, LP(R™) denotes the Lebesgue space on R™ and its norm is
£l @ny = (/ [f@)[Pda) P, || fll e ey = sup | f(2)]-
R® z€ER™
We sometimes use the Lebesgue space on the half line Ry = {z > 0}

e = ([ 1F@P" 1 flm = sl/@)

Let S be the Schwartz space. For any s € R, H5(R") denotes homogeneous
Sobolev space on R™ defined as the space S’ of classes of distributions modulo
polynomials for which the following (semi-)norm is finite,

||f||Hs(Rn) = |||f|sf||L2(1Rn)-

For 0 < v <1, C%" denotes Hélder space on R™ and its norm is

|f(z) = f(W)
, ny = o (Rn) + SU T Ny
Ifleo@n = Il + sup ==o—m

See [2, 8] for more general information on these function spaces.

2. Inequalities

In this section, we introduce two inequalities which we use in the proof of
Theorem 1 and Theorem 2 respectively. First we introduce the well-known in-
equality, see [11] for example.

Theorem 3. ([11] et al.) Letn € Nya,b € R and 1 < g < p < co. Then the
inequality

1 1
(2.1) n / T )]y 5 e

|x‘a y|<|z| |y

holds if and only if

(2.2) a-"=n-"_p>0
p q
We give an alternative proof for this, that is using a dyadic decomposition
of R™.
The second inequality is similar to Morrey’s inequality which can be stated
as follows. For n < p < 00,7 =1—n/p and a function f: R — C,
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(2.3) [ fllcomr@ny S 1 lwiwgn)-
Our result is

Theorem 4. Letn € N,;2 < p < o00,a,s € R satisfy

Then
f(@) — £(0)
(2.5) II(7||LP<RW> S N g ey

||
holds.

Proof of Theorem 8. The desired inequality (2.1) is equivalent to

1 1
. — — d dzr < a o
(2.6 Lo mr L @i S 1ol

where % + ﬁ = 1. We decompose the left hand side,

Lo [ el
. ylI<|z

~ Z g—ak—bj </I o |¢(:c)|d:v> </I > |f(y)|dy> .

—co<j<k<oo
By using Holder inequality with 1 < p,q < oo,
(2.7)
L @ S Nl gy [ 5@ S 29 W e

and so
1 1
s T2 el |W|f(y)\dy|¢($)|d$
y|<|z
o) k4 (2 —b)j

(2.8) S 25T G) Lt a1l Lo g2

i<k
We now set 0 = a — 2 = 2 —b. We remark that ¢ > 0. We set also

P
cp = ||¢||Lr’(|m\~2k‘) and dj = || f|| pa(jz|~2s) for simplicity. By Young’s inequality

S 270 Repd; < 327U (Ae)” + (AT ) S AT S + AT

j<k i<k JEZ keZ
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= A el )+ AN oy < A7 el o+ AP

i’ (z) i@y

where at the last inequality we used the condition p > ¢q. The desired estimate
(2.6) follows by setting

S
(2.9) A= el Nl

For the necessity of the condition (2.2), we put the rescaled function fy(x) =
f(Az) into (2.1) to obtain

1

)\b+a7(n/p)fn
||

1 n
/||< |Wf( Ayl Loy S AU Fllo e
y|I<|z

Therefore the equality in (2.2) is needed. If we put a non zero function
f € C§° into (2.1), the right hand side is finite, however the left hand side

is infinite for @ < n/p and p < oo. In the case p = oo, we can take
flz) = <x>_"/q(log (x))~ (/D= ¢ LI(R™), but |z|~Cf ¢ L'(R™) for a sufficiently
small € > 0. 0

We sometimes call the argument in the lines from (2.8) to (2.9) the Schur
test. We also use this argument in the proof Theorem 4.

Proof of Theorem 4. We take I = F~1F as
o _ i z:v§ Y
f@) - 10 = [ (@ Qic=3 [ e nfig

JEZ

and for any j € Z we estimate |¢®*® — 1| < min{2, |z||¢|} < min{2,27"*} for
|z| ~ 2F. We will prove (2.5) in the following duality form:

flz) - f(0)¢(

= xdm)§f~sn¢p/n,
I )| < 111l gy 191l v

where % + 1% = 1. We estimate the left hand side by using Holder’s inequality as
n (2.7),

i f(x)lx—|af<o> oo

®F min{1,27* F(6)|d z)|dz
S 30 2 “min{1,2 }(/Wmf) g) (/Mw ) )

J,kEL

—a+2)k nj . ; I
(2.10) S Z (-t ikt min{1, 275 £l L2 g 2i) 191l Lo ]2k )-
jkez

Here we write the Sobolev norm as || f|| 7. gy ~ [l¢; iz with ¢; = 25j|\]?||Lz(|5|N2]').
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We also denote di = [|@|| 1o (|4|~2n for simplicity. Thus it suffices to estimate the
following

> 2 et R 9 min {1,929  e;dy = Y min{277 K 2=k e 4y
j, k€L jkeEL

where we have set o = a — % = s — 5 and used the relation —o < 0 <1 -0 from
the condition (2.4). Then we use the inclusion ||¢;|[;r < ||¢;l|;2 for p > 2 on the
way for the Schur test. d

3. The rearrangement of functions

In this section, we introduce the definition of the equimeasurable decreasing
rearrangement of functions and some useful results. We consider functions on
measure space (M, m), but in later parts of this section we restrict the measure
space to be the Lebesgue measure on R, that is (M, m) = (R, m).

Definition 5. For any measurable function f on (M,m), the distribution func-
tion Ay : (0,00) — [0, 00|, and the rearrangement f* : (0,00) — (0,00) are defined
respectively by

Ap(s) =m({z € M :[f(z)] > s}), s>0,
fr(t) =inf{s > 0: As(s) <t}, t>0.

We set out the properties on those functions without proofs: Ay (s) is nonin-
creasing and right continuous with s. f*(¢) is nonincreasing and right continuous
with t. The following inequality is useful:

(3.1) /E 1 (@)g(@)|dz < / £ (g (),

where E C M, see [1], [6] for instance.
We call the following type of function a “simple function”:

N
32) =S e,
j=1
where ¢; > -+ > ¢y > 0 and measurable sets F; C E,j =1,2,..., N satisfy

N
EiNEy=2,ifj#k |JE =E,
j=1

and xg is the characteristic function of E. For any measurable function f > 0
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on E C M, there exists a sequence of simple functions {f,} such that

(3.3) 0< fu() < fra(e) < < fz),  lim fo(z) = f(z)

n— oo

pointwisely « € F, and these functions satisfy

(3-4) 0<fa(t) < frp@®) <--- < (D), lim £ (t) = f*(1)

n—oo

pointwisely ¢ € R, see [1].
From here we restrict the measurable space to be the Lebesgue measure on
R. The follwing estimate can be derived in the same spirit of the proof for (3.1):

Lemma 6. For any nonnegative, nondecreasing function f and any 0 < p < oo,

(3.5) Ifg ey < I f9llLrry)-

Proof. See [1]. We show this for the readers’ convenience. If we suppose that f
and g are simple functions f = Zf;l CiXE;» 9 = Zle d;xr, and all m(Ej;),j =
1,2,...,N and m(F;),i =1,2,..., L are irrational numbers, the estimate can be
reduced to the following discretized estimate: For any a1 < as < --- < a, and
by > by > > by,

(3.6) Zajbj < Zajbg(j)
J=1 j=1

for any bijection o : {1,2,...,n} — {1,2,...,n}. This is true. Indeed, we have
ajobj, +a;br < aj, by +ajbj, for the minimum number jg satisfying o(jo) # jo. So
(3.6) follows from the required number of times of this exchanging positions for
a; and aj, as a pair of b; and b;, respectively. From (3.4), we know f,g5 / fg*
pointwisely. We use Beppo-Levi’s theorem and the dominated convergence theo-
rem respectively for the following two equalities to obtain

B7) W9 lr@ny =l fagnllie@yy < [ fagnlle@) = [1£9llLr @)

O

The following lemma is the key lemma for the norm of L% L in Section 4.

Lemma 7. For any r > 0,

t>0

(3.9) sup /f " fo)ds < /O " P (s)ds.

T00f. is follows from (3.1) with g = xs.+4.1(s) and so g*(s) = Xj0.-1(S)-
Proof. This foll f 3.1) with [t,t47] d * (0,7] O
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4. Bound in L} g, L®

Now we are going to prove Theorem 1, that is, for r = |z| and the radial

function g(x) = §(r), we will show that
1 r+t o
(4.1) | sup —— AGN) AN Lawey S N9l rzrm ms)-
t>0 21 |r—t]

Proof of Theorem 1. We may assume g > 0. For each r,

1 [, [, 1 [,
sup — Ag(A)dX < sup — Ag(A)d\ + sup — Ag(A)dA
t>0 27 Jip—y| o<t<r 21 Jry t>r 21 Ji—p
1 2r t+42r
4.2 =— [ Ag(\)d\+sup — Ag(N)d.
(42) 5 | da s g [0

We take the L* norm and apply Theorem 3 to the first term

1 1
= 19 dyllLars) S 19l Lr2/7 (ms)-

1 /%,
1= / MGV Lz ~ | g
2r Jo 7 al Jyi<ro Tyl

For the second term, we remove sup; by using Lemma 7 and

1 t+2r o
lsup e [ NG Leqee

1 27’ ° 1 ' °

<y / () (sl ~ | 7= / (A8)* (5)ds o cx.
1 O\ & 70

I8 2 g, < IE8 2 . ~ lgllos e

where we used Theorem 3 in the following form

1 "1
- - <
I \/7/0 5% f(s)ds|| o,y S Hf”L%Q(RJr)

and we used Lemma 6 with f(r) = r5. O

From here we consider the case restricted by ¢ = |z| for the operator (1.2).
This setting was studied in [9] to give the counter example for (1.4) in the super-
critical case s < s*. Here we consider the critical case s = s* for radial functions.

Lemma 8. Let n =3. Then
(4.3) eV =2 £l La sy S 151 grssa o)

for any radial data f € H3/4(]R3),
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We remark that Theorem 2 is a corollary of this lemma since the supremum
in (4.2) is attained at ¢ = |z| from (1.8), and the form of the solution of free wave
equation gives

1 r+t o 1 2r o
s e [, 0N = e [ A6

t>0 2r r—t|
an(elVTE)
~ ||7 /_A_g||L4(R3) ~ HgHH—l/ZL(R?,).

Proof of Lemma 8. We calculate (1.2) with a radial function f in R® by using
the polar coordinate |z| =7, || = p as

(@) ta) = (2 [ eI i
=C /7T /OO etP(reost+t) 2 £( ) sin Od pd
o Jo

1 [e%s)
=C / / et p? £ (p)dpdy,
—-1J0

where 6 is the angle between = and £, and we have changed y = cosf. If we set
the function g (on R) as

(4.4) o(2) = / " 60 2 f(p)dp.

then we have one formula as

1 t+r
(YAt e =C / oty iy = [ g(epa
1 r

t—r

From here we set ¢ = r. We apply Theorem 4 with (n,p,a,s) = (1,4,

)

=

) as

D=

1 /" 1 r
CON / (=)l e ~ | = / 9(2)denecrsy S N9l g

We can rewrite (4.4) as
oo = [ e (s Po)dp
0
= [ e rHOF D)

— 00

=T (0 H(p)(Fra f)(p)),

where H is the Heaviside function. From this we can continue the calculation for
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(4.5),
_1 _1
1912, -3 gy = ol Fegl oy = [ o4 sl
T 3
= [ OISO~ [ 163D = 11,
R R3 )
to conclude the desired estimate. O

Acknowledgements

The author would like to express his gratitude to the referee for his (her)
careful reading the manuscript.

References

[1] C. BENNETT AND R. SHARPLEY, Interpolation of operators, Pure and Applied Mathe-
matics, 129, Academic Press Inc. (1988).

[2] J. BERGH AND J. LOFSTROM, Interpolation spaces, Springer, Berlin / Heiderberg / New
York (1976).

[3] V. GIORGIEV, Semilinear hyperbolic equations, MSJ Memoirs, 7 (2000).

[4] G. H. HARDY, Note on a Theorem of Hilbert, Math. Z. 6 (1920), 314-317.

[5] G. H. HArRDY AND L. E. LITTLEWOOD, Inequalities, 2nd ed. Cambridge University Press.
(1952).

[6] R.A. HunT, On L(p, q) spaces, Enseignement Math. (2), 12 (1966), 249-276.

[7] S. MACHIHARA AND T. OzAWA, Some Inequalities related to the Lorentz spaces, Hokkaido
Mathematical Journal, 42 (2013), 247-267.

[8] V. MAz'vA, Sobolev spaces with applications to elliptic partial differential equations,
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathe-
matical Sciences] 342, Springer, (2011).

[9] K. M. ROGERS AND P. VILLARROYA, Sharp estimates for mazimal operators associated
to the wave equation, Ark. Mat., 46 (2008), 143-151.

[10] K. M. ROGERS, Strichartz estimates via the Schrédinger mazimal operator, Math. Ann.,
343 (2009), 603-622.

[11]  G. SINNAMON, One-dimensional Hardy-type inequalities in many dimensions, Proc. Roy.
Soc. Edinburgh, 128A (1998), 833-848.

[12] T. TAo, Nonlinear dispersive equations: local and global analysis, CBMS regional series
in mathematics, (2006).

(13] J. ZHANG, Extensions of Hardy inequality, J. Inequal. Appl., (2006), Art. ID 69379, 1-5.

Department of Mathematics,
Faculty of Education,
Saitama University,

Saitama 338-8570, Japan



