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Abstract

We study the anti-canonical ring of a projective variety and we characterise
varieties of log Fano type depending on the singularities of these models.

1. Introduction

Over the last few years, there have been many developments about the study
of the canonical model of a projective variety. On the other hand, not much is
known about its anti-canonical model. Few decades ago, Fumio Sakai considered
this problem for projective surfaces (e.g. see [Sk2], and [Sk3]). In particular, he
gave a characterisation of the anti-canonical model of any rational surface with
big anti-canonical divisor.

The purpose of these notes is to study the anti-canonical model for higher
dimensional projective varieties. More specifically, we describe a characterisation
of varieties of Fano type depending on the singularities of their anti-canonical
models.

Our main result is the following:

Theorem 1.1 (=Corollary 3.2). Let X be a Q-Gorenstein normal variety.
Then X is of Fano type if and only if —Kx is big, R(—Kx) is finitely gen-
erated, and Proj R(—Kx) has log terminal singularities.

Recall that a normal projective variety X is said to be of Fano type if it
admits a Q-divisor A > 0 such that (X, A) is kIt and —(Kx + A) is ample. In
dimension two, the main result of [TVAV] implies that a rational surface with
big anti-canonical divisor is a Mori dream space. Thus, the theorem follows from
the arguments in [GOST]. On the other hand, it is known that higher dimen-
sional varieties with big and nef anti-log canonical divisor are not necessarily Mori
dream spaces (e.g. see |G, Example 5.2]). Note that we do not assume that X
is a Mori dream space in Theorem 1.1. Note that in dimension two, Hwang and
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Park gave a different proof of Theorem 1.1 (see [HP, Theorem 1.1])

The paper is organised as follows. We give a proof of Theorem 1.1 in Section
3. In Section 4, we consider the problem about the finite generation of Cox rings
of log canonical log Fano varieties and in Section 5 we describe some examples
of varieties of Fano type which give a negative answer to some questions raised
before on these problems.

2. Preliminaries

We work over the field of complex numbers. We use the standard definitions
for the singularities appearing in the minimal model program:

Definition 2.1 (cf. [KoM, Definition 2.34]). Let X be a normal variety and A
be an effective Q-divisor on X such that Kx + A~is Q-Cartier. Let m: X — X
be a birational morphism from a normal variety X. Then we can write

Kg=7"(Kx +A)+ Y a(E,X,A)E,
E

where E runs through all the distinct prime divisors on X and a(E, X, A) is
a rational number. We say that the pair (X, A) is log canonical (resp. kit) if
a(E, X,A) > —1 (resp. a(E,X,A) > —1) for every prime divisor E over X.
If A =0, we simply say that X has only log canonical singularities (resp. log
terminal singularities). We say that the pair (X, A) is dit if the coefficients of A
are less or equal one and a(FE, X, A) > —1 for any exceptional divisor E of .

2.1 Section rings and Cox rings
Definition 2.2. Let X be a normal variety and let L; be a line bundle for
i =1,...k. We define the ring

R(X;Ly,....Ly)= Y HX, @ L)
(m1,...,mi)EZL
In particular, if {L;} is a basis of Picg X, the ring R(X; Ly, ..., L) is called the
Cox ring of X (see [GOST, Subsection 2.4] for more details).

2.2 Mori dream spaces
We now recall a few basic facts about Mori Dream Spaces, introduced by Hu
and Keel in [HK] (see also [M]).

Definition 2.3. A normal projective variety X over a field is called a Q-factorial
Mori dream space (or Mori dream space for short) if X satisfies the following three
conditions:
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(i) X is Q-factorial, Pic(X) is finitely generated, and Pic(X )y =~ N'(X)g,
(ii) Nef(X) is the affine hull of finitely many semi-ample line bundles,

(iii) there exists a finite collection of small birational maps f; : X --» X; such
that each X; satisfies (i) and (ii), and that Mov(X) is the union of the
fir (Nef(X;)).

Remark 2.4. Quer the field of complex numbers, the finite generation of Pic(X)
is equivalent to the condition Pic(X)q ~ NI(X)Q.

As suggested by the name, one of the advantages of working on a Mori dream
space, is that on these varieties we can run an MMP for any divisor:

Proposition 2.5. ([HK, Proposition 1.11]) Let X be a Q-factorial Mori dream
space. Then for any divisor D on X which is not nef, there exists always a D-
negative contraction or a flip. In addition, any sequence of such flips terminates.

We will refer to such a sequence as a D-MMP.
The following known result is a useful source of Mori dream spaces:

Proposition 2.6 (cf. [Br, Theorem 3.2]). Let X be a Q-factorial projective va-
riety which is a Mori dream space and let Ly, ..., Ly, be Cartier divisors on X.
Let

£=EPox(L)
i=1
and let f: Y =P(E) — X be the corresponding projective bundle.

Then Y is also a Mori dream space.

Proof. Let {H;}¥_, be a basis of Picz X. Then we can write

Li = Zaw-Hj,

where a; ; are integers. Let S be the tautological section of £, i.e. the section
corresponding to Oy (1). Then for any by, ..., b, € Z, it follows that

HO(Y,boS + Y b;f*H;)
J

~ P HO(X,Y diLy+ > biH)t -t
7 [

di+--+dm=bg, d;j >0

- S%) (XY (0 + Y djag ) Hit -t
@ J

di4- -t dm=bo, d;>0

when by > 0 and
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k
HO(Y,boS + Y bif*H;) =0
j=1
when by < 0.
Thus R(Y; S, f*Hi, ..., f*Hy) is a direct summand of the ring

R(X;Hl, PN 7Hk)[t1, e ,tm]
Since R(Y; S, f*Hy,..., f*Hy) is finitely generated and
{S,f*Hy,..., f*Hy}

is a basis of Picz Y, we have that Y is also a Mori dream space by [HK, Propo-
sition 2.9]. 0

2.3 Varieties of Fano type and of Calabi—Yau type
Definition 2.7 (cf. [PS, Lemma-Definition 2.6]). Let X be a projective normal
variety and A be an effective Q-divisor on X such that Kx + A is Q-Cartier.

(i) We say that (X, A) is a log Fano pair if —(Kx + A) is ample and (X, A)
is klt. We say that X is of Fano type if there exists an effective Q-divisor
A on X such that (X, A) is a log Fano pair.

(ii) We say that (X, A) is a log Calabi-Yau pair if Kx + A ~g 0 and (X, A)
is log canonical. We say that X is of Calabi—Yau type if there exits an
effective Q-divisor A such that (X, A) is log Calabi-Yau.

Remark 2.8. If there exists an effective Q-divisor A on X such that (X, A) is
klt and —(Kx + A) is nef and big, then X is of Fano type. See [PS, Lemma-
Definition 2.6].

Similarly to Proposition 2.6, we have:

Proposition 2.9. Let X be a projective variety of Fano type and let Ly, ..., Ly,
be Cartier divisors on X. Let

£ =P ox(L:)

and let f: Y =P(E) — X be the corresponding projective bundle.
Then Y s also of Fano type

Proof. By assumption, there exists a klt pair (X, A) such that —(Kx + A) is
ample. We may assume that A = A 4+ B where A is an ample Q-divisor and
(X, B) is klt.

After tensoring by a suitable ample divisor on X, we may assume that
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Ly,...,L,, are very ample divisors on X. Let S be the tautological section
of £, i.e. the section corresponding to Oy (1). Since L, ..., L,, are ample, it
follows that S is ample on Y.

Let T1,...,T,, be the divisors in Y given by the summands of £. Then

m

mS ~ Y (T; + f*Li).

=1

Fix a sufficiently small rational number § > 0 such that f*A -8 ", f*L;
is ample. Then for any sufficiently small rational number £ > 0, there exists a
Q-divisor I > 0 on Y such that (Y,T") is kit and

iTifsSan*A = zm:TiJrf*AfsSan*B
i=1 i=1

m

~Q (1-9) E T+ (md—e)S+ ff(A-§ E L)+ f*B
i=1 =1

In addition, we have
Ky = —ZTi-Ff*KX

i=1

and it follows that
—(Ky +T) ~g —(Ky + Y _Ti) = f*A+eS = —f*(Kx + A) +&S.
=1

Thus, if ¢ is sufficiently small, then (Y,T') is log Fano and the claim follows. O

Proposition 2.10. Let X be a projective variety of Calabi—Yau type and let
Ly,...,L,, be Cartier divisors on X. Let

£ =P ox(L:)

and let f: Y =P(E) — X be the corresponding projective bundle.
Then Y is also of Calabi—Yau type

Proof. By assumption, there exists a log canonical pair (X,A) such that
Kx +A ~Q 0.

Let T1,...,T,, be the divisors in Y given by the summands of £. Then there
exist a Q-divisor I > 0 on Y such that (Y, T') is log canonical and

T ~g ZTi + f*A.

i=1
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In addition, we have
Ky = *ZTi+f*KX
i=1

and it follows that
Ky +T ~q f*(KX —|—A).
Thus, (Y,T') is log Calabi-Yau and the claim follows. O

3. The anti-canonical model of a variety of Fano type
We begin with a generalisation of Theorem 1.1:

Theorem 3.1. Let (X,A) be a projective log pair over an algebraic closed field
k of characteristic zero, such that Kx + A is Q-Cartier.

Then there exists a Q-divisor A" > 0 such that (X,A + A’) is a log Fano
pair if and only if R(X,—m(Kx + A)) is a finitely generated k-algebra for some
m € N, the map

0: X -2 Y :=Proj R(X,—-m(Kx + A))
is birational and the pair (Y,T' = @A) is klt.

Proof. We first prove the ”only if” part. To this end, we follow some of the
arguments in [GOST]. Assume that the pair (X, A+ A’) is log Fano, for some Q-
divisor A’ > 0. After possibly replacing X by its Q-factorization [BCHM, Corol-
lary 1.4.3], we may assume that X is Q-factorial. In particular (X, A+ A’) is kit
and A := —(Kx+A+A’)is ample. Thus R(X, —m(Kx+A)) is finitely generated
for some positive integer m. In addition, —(Kx + A) is big and, in particular, ¢
is a birational map. Let D be an effective Q-divisor such that D ~g —(Kx + A)
and pick a rational number 0 < € < 1 such that (X, A + A’ +¢D) is klt. Then

eD=Kx+A+AN +A+¢€eD

and by [BCHM], we can run a D-MMP and obtain a contraction map ¢: X --»
X'’ such that ¢, D is big and semi-ample. In particular (X’ ¢,A) is klt. Note
that ¢ factors through . Let n: X’ — Y be the induced morphism. Then,
(Y, T = n..A) is klt.

Now we show the ”if” part. By assumption

0: X -2 Y :=Proj R(X,—-m(Kx + A))

is a birational contraction and —(Ky +1I') = —p.(Kx + A) is Q-Cartier by [HK,
Lemma 1.6]. The Lemma also implies that —(Ky +T') is ample and
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—(KX + A) = —(p*(Ky + F) + FE,

where E > 0 is p-exceptional, and ¢* is the pullback by birational contractions.
Thus, it follows that the discrepancies of (Y, I") along the components of p-divisors
are at most 0. Since (Y,T') is klt, by [BCHM, Corollary 1.4.3] applied to

¢ ={F| F is a yp-exceptional divisors on X}
there exists a birational morphism f : Y’ — Y satisfying:
(1) Y’ is a Q-factorial normal variety,

(2) Y’ and X are isomorphic in codimension one, and

(3) there exists a Q-divisor I such that f*(Ky +T') = Ky, +I" and (Y',I") is
klt.

In particular Y’ is of Fano type. Thus, there exists a big Q-divisor © > 0 such
that (Y/,I" + ©) is klt and Ky + I + © ~q 0.

Let ©’ be the strict transform of © in X. Then (X, A4+0’) is klt, ©' is big and
Kx + A+ 0" ~g 0. Thus, it follows easily from (2) that there exists a Q-divisor
A’ such that (X, A+ A’) is a log Fano pair (e.g. see [B, Lemma2.4]). O

As an immediate consequence of the previous Theorem, we obtain:

Corollary 3.2. Let X be a Q-Gorenstein normal variety.
Then X is of Fano type if and only if —Kx is big, R(—Kx) is finitely gen-
erated, and Proj R(—Kx) has log terminal singularities.

Remark 3.3. Recall that if X is a normal variety, A is an effective Q-divisor
such that L = r(Kx + A) is ample for some r € Q and C is the cone defined by
L, then (X, A) is log Fano (in particular r < 0) if and only if (C,T") is klt, where
T is the corresponding Q-divisor on C (e.g. see [Ko, Lemma 3.1]).

An analogue result as Theorem 3.1 holds for log Calabi-Yau pairs:

Theorem 3.4. Let (X, A) be a projective log pair over an algebraic closed field
k of characteristic zero. Assume that R(X,—m(Kx + A)) is a finitely generated
k-algebra for some m € N and that the map

0: X -2 Y :=ProjR(X,—-m(Kx + A))

is a birational contraction.
Then, there exists a Q-divisor A’ > 0 such that (X, A+ A’) is a log Calabi-
Yau pair if and only if the pair (Y,T' = p,A) has only log canonical singularities.

We begin with the following lemma:
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Lemma 3.5. Let K=R or Q. Let (X,A) be a log Calabi-Yau pair, for some
K-divisor A > 0 and let X’ be a normal projective variety. Suppose that there
exists ¢ : X --+ X' such that o is a birational contraction. Then Kx: + @ A is
K-Cartier and (X', 0. A) is a log Calabi-Yau pair.

Proof. Take a log resolution f: W — X of (X, A) which resolves the singular-
ities of ¢ and let g: W — X’ be the induced morphism. Let I' be a K-divisor
on W such that Ky + T = f*(Kx + A) ~g 0. Note that ¢g.I' = p.A. Thus
Kx + ¢.A is K-Cartier and K-linearly trivial. Let I be the K-divisor on W
such that Kw + IV = ¢*(Kx + ¢«A) ~g 0. Thus, by the negativity lemma it
follows that I' = I and in particular (X', ¢, A) is log canonical. O

Proof of Theorem 3.4. The "only if’ part is an immediate consequence of the
above lemma. Thus, we show the ”if” part. As in the proof of Theorem 3.1, we
have that —(Ky +T") is ample and

—(KX + A) = —(p*(KY + F) + FE,

where E > 0 is a ¢-exceptional Q-divisor. Note that the discrepancies of (Y,T")
with respect to any (p-exceptional prime divisor is at most 0. Let « : W — Y be a
log resolution of (Y, T') which resolves the indeterminacy of ¢ and let 8: W — X
be the induced morphism. By assumption (Y,T') is log canonical. We write
o*(Ky +T) = Kw + Q, where the coefficient of  are less than or equal to
1. Let &£ be the set consisting of all the a-exceptional divisors on W which are
not (-exceptional and all the components of 2 with coefficient equal to one. By
[F3, Theorem 4.1] applied to &, there exists a birational morphism f : Y’ — Y
satisfying:

(1) Y’ is a Q-factorial normal variety,
(2) Y’ --» X is a birational contraction, and

(3) there exists a Q-divisor I'V such that ¢*(Ky +T') = (Ky, +I”) and (Y',T")
is log canonical and —(Ky+ + I'") is semi-ample.

In particular Y” is of Calabi—Yau type. Thus, Lemma 3.5 implies that there exists
A’ > 0 such that (X, A + A’) is a log Calabi—Yau pair. O

Similarly to Corollary 3.2, we immediately obtain:

Corollary 3.6. Let X be a Q-Gorenstein normal variety such that —Kx is big
and R(—Kx) is finitely generated. Then X is of Calabi-Yau type if and only if
Proj R(—Kx) has log canonical singularities.

In view of Corollary 3.2, it is tempting to ask if for any variety X of Calabi—
Yau type and such that —Kx is big, we have that R(X, —Kx) is finitely gener-
ated. However, the example below shows that this is not true in general:
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Example 3.7. Let S be the blow up of P2 at 9 very general points and let
F = —Kg. Let L; be an ample divisor and let Ly = E — L;. Define
X =P(Og(L1) ® Os(Lz)). Then Proposition2.10 implies that X is of Calabi-
Yau type. On the other hand, we have that Ox(—Kx) = Ox(2) is not semi-
ample since E is not semi-ample. Thus, since —Kx is big, it follows that
R(X,-Kx) = R(X,0x(2)) is not finitely generated.

4. On log canonical Fano varieties

Considering Example 3.7, it seems worth studying under which condition a
projective variety X is a Mori dream space. By [BCHM, Corollary 1.3.2], it fol-
lows that any variety of Fano type is a Mori dream space. The aim of this section
is to study possible generalisation of this result.

We begin with the following conjecture:

Conjecture 4.1. Let (X,A) be a Q-factorial log canonical pair such that
—(Kx + A) is ample. Then X is a Mori dream space.

Note that by [BCHM, Corollary 1.3.2], the conjecture holds to be true under
the assumption that (X, A) is dlt. We now show that the conjecture follows from
the standard conjectures of the minimal model program:

Theorem 4.2. Assume the existence of minimal models and the abundance con-
jecture for log canonical pairs in dimension n.
Then Conjecture 4.1 is true in dimension n.

Proof. First, note that Kodaira vanishing for log canonical pairs (e.g. see [A]
and [F2, Theorem 2.42]) implies that H'(X,Ox) = 0. Thus Picg(X) ~ Nj(X)
(eg. see [K05, Corollary 9.5.13]). Let Ly,...,L; be a basis of Picg(X). Then,
for any i = 1,..., ¢, after possibly rescaling L;, there exist effective Q-divisors A;
such that (X, A;) is log canonical and L; ~g Kx + A,.

We claim that the ring

l
P HUEXD mm(Kx+A)

(m1,...,m;)EN i=1

is finitely generated for any positive integer m such that m(Kx + 4A;) is Cartier
for any ¢ = 1,...,£. Note that the claim implies that X is a Mori dream space
by [HK, Theorem 2.13].

We now proceed with the proof of the claim. After taking a log resolution,
we may assume that (X, A;) is log smooth for any i =1,...,¢. Let V C Divg(X)
be the subspace spanned by the components of Aq,...,Ay. By [SC, Theorem
3.4] or [Ka, Theorem 3], there exist ;: X --» Y}, with j = 1,...,p such that if
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A € V is such that (X, A) is log canonical and Kx + A is pseudo-effective, then
; is the log terminal model of (X, A) for some j = 1,...,p. Thus, we obtain the
claim, by using the same methods as in the proof of [BCHM, Corollary 1.1.9]. O

In particular, we obtain:

Corollary 4.3. Let (X,A) a 3-dimensional log canonical pair such that —(Kx +
A) is ample. Then X is a Mori dream space.

Note that, in general, a log canonical weak Fano pair is not necessarily a Mori
dream space (see [G, Section 5]). The following example shows that even assum-
ing that (X, A) is a log canonical pair such that — (K x +A) is semi-ample and big,
then X is not necessarily a Mori dream space, even assuming H'(X,Ox) = 0.

Example 4.4. Let S be a K3 surface which is not a Mori dream space. Let A
be a very ample divisor on S and let X = P(Og & Os(A)). Thus, [Ow, Theorem
1.1] implies that X is not a Mori dream space. On the other hand, it is easy
to check that if E is the section corresponding to the summand Og then (X, E)
is log canonical and —(Kx + E) is semi-ample and big. Furthermore, we have
HY(X,0x)=0.

5. On varieties of Fano type

The purpose to this section is to explore possible characterizations of vari-
eties of Fano type. We show two examples which show that some of the questions
raised before about this problem have a negative answer.

Example 5.1. Assume that (X, A) is a klt pair such that —(Kx +A) is movable
and big. Then X is not necessarily of Fano type.

Indeed, let S be a smooth projective variety of general type such that
H'(S,0x) = 0 and such that the Picard number of S is one. Let L; and Lo be
ample divisors on .S, and let

&= Os([q) D Os(Lg) D OS(—KS — L — LQ).

Then the anti-canonical divisor of X := Pg(FE) is movable and big but since X
is not rationally connected, it follows that X is not of Fano type. Note that
Proposition 2.6 implies that X is a Mori dream space.

The following question is motivated by the birational Borisov-Alexeev-
Borison conjecture. In [Od], Okada shows that the class of rationally connected
varieties and of Fano type are birationally unbounded. Thus, it is natural to ask
if these classes are the same up to birational equivalence. Recall that any variety
of Fano type is rationally connected (see [Zh] and [HM]) and all smooth rationally
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connected surface are rational.

Question 5.2. Let X be a rationally connected variety. Then is X birationally
equivalent to a variety of Fano type?
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