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Abstract

For quasihomogeneous polynomials with isolated singularity, V.I.Arnold intro-
duced the notion of inner modality and classified them with inner modality = 0, 1.
The next works were done for inner modality = 2, 3,4, 5 by E.Yoshinaga, M.Suzuki
in [11], [17] and further for inner modality = 6 by J. Estrada Sarlabous, J. Arocha
and A. Fuentes in [4]. Recently the classification is developed for inner modality
= 7,8,9 in [14]. In this article we will classify quasihomogeneous polynomials of
corank = 3 with inner modality < 14.

1. Introduction

In the classification of local analytic hypersurface singularities with isolated
singularity, there is a fact that singularities with low complexity are (semi-) quasi-
homogeneous (see [2], [3], [10]). Even if complexities of singularities increase a
little, it seems that they are the majority in singularities. In this sense, it is
important to classify quasihomogeneous singularities. V. I. Arnold introduced
the notion of “inner modality” for (semi-) quasihomogeneous singularities and
classified them with inner modality = 0, 1.

V. I. Arnold introduced the notion of “modality” for more generic hyper-
surface singularities and he classified all singularities of modality 0,1 and 2. He
named the singularities with modality = 0,1 and 2 simple one, unimodal one
and bimodal one respectively. Here “modality” means the moduli of singularities
in their small perturbations (see [5]). It is no doubt that this concept has very
important meaning for singularities. This work of him has a great influence in
various areas of mathematics. But enormous calculation is necessary for further
classification of singularities by modality, and it is difficult to execute any more
classification. Many of singularities (simple, unimodal and bimodal) classified are
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(semi-) quasihomogeneous. So he introduced the notion of inner modality, which
can be calculate algebraically, into quasihomogeneous singularities and classified
them of inner modality 0,1 actually, and find out these classification to coincide
with classification by modality, and he conjectured that modality=inner modality
in general. His conjecture is shown affirmatively in [12] for the one-dimensional
singularities and in [15] in general.

After V. I. Arnol’d, the classification of quasihomogeneous singularities was
developed to inner modality < 9 by E. Yoshinaga, M. Suzuki, J. Estrada Sar-
labous, J. Arocha and A. Fuentes (see [17], [11], [4] and [14]). They classified
singularities by using the formula that for inner modality < 9 inner modality =
“arithmetic inner modality”, which is a notion introduced in the next section.
This formula is not always true, but fortunately, the quasihomogeneous singu-
larities with inner modality < 9 satisfied it. Moreover for quasihomogeneous
polynomials f, it was shown in [14] that 9 is the upper limit of x which satisfies
“If the inner modality of f < p, then the inner modality of f = the arithmetic
inner modality of f”.

The purpose of this article is to find out the upper limit of inner modal-
ity which satisfies this formula in the case corank = 3 and to classify all the
quasihomogeneous singularities of corank = 3 with inner modality less than or
equal to the upper limit. As a result we find out it to be 14 and we obtain all
quasihomogeneous singularities with inner modality = 10,11,12,13 and 14.

2. Preliminaries

In this article, we will investigate a classification of “quasihomogeneous” iso-
lated singularities defined by analytic functions of three variables. In this section
we explain the terms and the results used in this article. The details of our results
will be stated in §3.

A local analytic function f : (C*,0) — (C,0), that is f € 9M C

C{x1,--- ,x,}, has an isolated singularity if
of . of N
{o| @)= = 3L @ =0} = 10)

locally, where 90t is the maximal ideal of the local ring C{z1, - ,z,}. It is well

known that a local analytic function with isolated singularity is a polynomial

up to a suitable local coordinate transformation (see [6], [16]) and hence we will

study “quasihomogeneous” polynomials with isolated singularity at the origin.
For positive rational numbers 7y, ..., 7, € QT, a monomial

m=z.gi" e Clay,...,xn] (i1,...,in € NU{0})

has generalized degree d if r1i7 + - -+ + r,i, = d and we denote the generalized
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degree of m by gdeg(m). A polynomial f € Clxy,...,z,] is quasihomogeneous
of type (d;ry,...,7ry) if each monomial term of f with non-zero coefficient has
generalized degree d. Then we call the number d the generalized degree of f and
call r;’s the weights of f.

A local analytic function f : (C™,0) — (C,0) has a quasithomogeneous singu-
larity at the origin if f becomes a quasihomogeneous polynomial after a suitable
local coordinate transformation.

Theorem 2.1 ([9]). Suppose that f € M C C{z1,...,z,} has a quasithomoge-
neous isolated singularity. Then there exist a coordinate system (Yi,...,Yn) in
which f has the form

f:h(yl,,yk)+y%+l++yz

with a quasithomogeneous polynomial h € Clyy, ..., yx] of type
(L;81,...,81) (0< 8 < %72’ =1,...,k). The natural number k and (s1,...,Sk)
are uniquely determined up to permutations of components.

We call the number k the corank of f and call the polynomial h the residual
part of f. We denote the corank of f by corank(f). In order to classify them, it
is sufficient to classify their residual parts.

We denote the ideal (g—jl, e %) of the ring C{x1,...,z,} by A(f) and
denote the quotient ring C{z1,...,z,}/A(f) by Rs. Note that if f has an iso-
lated singularity at the origin, then by Hilbert’s Nullstellensatz, 9P C A(f) C
C{z1,...,z,} for some p € N. Then the dimension of Ry over C is finite.

From now on let f be a quasihomogeneous polynomial of type
(1;71,...,7y,) with isolated singularity at the origin. V.I. Arnol’d showed in [1]
that the number of basis monomials of R; with given generalized degree (for
given (ry,...,r,)) is the same for all quasihomogeneous polynomials f of the
same type as follows.

Theorem 2.2 ([1], [8]). Let r1,...,r, be positive rational numbers for which
r; = A;/N (i=1,...,n), where N and A;’s are positive natural numbers. If f
is a quasithomogeneous polynomial of type (1;7r1,...,7,) with isolated singularity

at the origin, then
oaN=4

2w =1 a5

j=1
where y1; is the number of basis monomials in Ry with generalized degree i/N .

We denote the right side of the equation in the above theorem by x;(z) and
we call it the characteristic function of f, and when it becomes a polynomial, it
is especially called the characteristic polynomial of f. By the above theorem we
can define the following.
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Definition 2.1 ([1]). The number of basis monomials of R; with generalized
degree > 1 is called the inner modality of f and it is denoted by m(f).

We see that the highest degree of generalized degrees of basis monomials of
Ry isn—2) r; and it is denoted by dy. The coefficients of x ¢(z) are symmetric
because it is the product of cyclotomic polynomials. Hence we have

m(f) = = Y

J>N j<D-N

where D = nN — ZZAj =N (n -2 er) = Nd;. Hence m(f) is the number
of basis monomials of Ry with generalized degree < d; — 1.

For a quasihomogeneous polynomial f of type (1;71,...,7,), we define the
following invariant expressed in terms of their weights.

Definition 2.2. We define mq(f) to be
f{m | m is a monomial in C[z1,...,zg], gdeg(m) < d; — 1}

and we call it the arithmetic inner modality of f, where # denotes the number
of elements of a set.

By the definition, we have m(f) < mo(f) in general. If the images of mono-
mials in Ry with gdeg < dy —1 are linearly independent, we have m(f) = mo(f).
In [14] the following result about m(f) and mg(f) is given.

Proposition 2.3. We have m(f) = mo(f) if and only if

af
gdeg (8@) >dp—1

foranyi (i=1,...,k).

The following theorem is a key to perform the classification of quasihomoge-
neous singularities in the series of articles ([4], [11], [17] and [14]).

Theorem 2.4. For every quasihomogeneous polynomial f with isolated singular-
ity at the origin, if m(f) <9, then m(f) = mo(f).

Our purpose of this article is to find out the upper limit g of inner modal-
ity m(f) which m(f) = mo(f) holds in the case corank = 3 and to classify all
quasihomogeneous polynomials of corank = 3 with inner modality < pu.

3. Main results

In this section, we state our main results. In what follows we consider quasi-
homogeneous polynomials with isolated singularity at the origin. The following
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theorem is shown in [14].

Theorem 3.1. Let f be a quasihomogeneous polynomial. Then

(1) if m(f) <9, then m(f) = mo(f),
(2) there exist some f such that 10 = m(f) < mo(f) = 11.

The above theorem shows that 9 is the upper limit of m(f) which satisfies
m(f) = mo(f). Moreover in [14] all quasihomogeneous polynomials with inner
modality < 9 are classified. The following proposition is also shown there to
prove this theorem.

Proposition 3.2. For every quasihomogeneous polynomial f,
if m(f) <9, then corank(f) < 4.

According to the results of [14], if corank(f) = 2, then we have always
m(f) = mo(f) and if corank(f) = 4 and m(f) < 9, then we have m(f) = mo(f)
and we have some examples of quasihomogeneous polynomials f with m(f) =
10 < mo(f) = 11. But in the case of corank(f) = 3 no upper bounds are indi-
cated there. In the case of corank = 3, what is the upper limit of numbers y such
that m(f) < p implies m(f) = mo(f)? The following is an answer.

Theorem 3.3. Let f be a quasihomogeneous polynomial of corank = 3. Then

(1) if m(f) < 14, then m(f) = mo(f),
(2) there exist some f such that 15 = m(f) < mo(f) = 16.

The above theorem shows the upper limit in the case corank = 3 is 14. A
proof of this theorem is given in §4.

By using this theorem, we obtain the list of all quasihomogeneous polynomials
of corank = 3 of inner modality = 10,11,12,13 and 14. In the following theorem,
the classification is done up to right-equivalence, where f,g : (C*,0) — (C,0)
are right-equivalent if there exist a local biholomorphism ¢ : (C?,0) — (C3,0)
such that f =go ¢.

Theorem 3.4. In the tables below, x,y and z are variables and p, q, v, s, t, u
and v are parameters.

(1) Residual parts of quasihomogeneous polynomials of corank = 3 with inner
modality = 10 are equivalent to one of the following polynomials:

Type Normal Form

1 1
(1;_7_5§> Z3+y3+.’1511

1
14 7 i
<1; 5 15 —) 22x +y?z+ 2% 4 szlz + tally
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(2) Residual parts of quasihomogeneous polynomials of corank = 3 with inner
modality = 11 are equivalent to one of the following polynomials:

W
w
W
w
B
w

Type NormalForm
;110,130,270> 22y 4+ 8x 4+ 210 4 52322 + taty?
;%)£,§> 2y + yir + ol
1;%,%,%) 22x+y?z + a3y
1;%,%,%) 22x + y?z + 27 + tady?
1;%,%,;—;) 22z +y?s + 218
1;%,%,%) 2y +ylr+a7z
1; %,%,%) 22y + ytz + 22
1; %,4—2,%) 22y +yPr+ 2tz
) z2x+y3z+m7y

=
| —
o)~
C&J‘H
Wl
N—

=
—
:|>—l w
s
N——

=
[N}

—

(=)

E
~

“)—‘
Sk
S
Wl

N——

\.H
Sl
Hle
“sl=

N—

[

; - - - ; “|.U(
| 0
|2

220 + o3 + 238 + tally?
220+ 43 + 2%

220 443 + 22y

22+l + a8 + sa?2? + ta?y3
23z + y3z + x4y

220+ o3 + 234

2B 4Pz + 2By
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—_

22y + y4 +ad+ qx222 + r:c2y3 + s:c?’yz + tx4y2

ool w

|wv
~——

ol =
> =

—_

2x+ y4 + iz

—

2z + y4 + m4y

— =

;|m ’5‘1|w :|m

N LN
N—

Wl

23 +y4 + 2%z

111
1%311) 24yt 2+ ty?2?
115 2 6 .6 5 2,4 3,3 4,2
l;g,g,ﬁ z'r+y° +x” +py’r + qriy” +ravy” + sxty
13
6’?) 22r 4+ 90 + 27

—_

2%z + y6 + x6y

N———

[~ &l

—_

22y + y6 + iz

,

qulr—l (==
18 Slen IR

N——

/—\/\/\/\/\/\/:\/-\/—\/-\/—\/—\/—\
|~

4
1;;,;5,70) 2y +yor + a7
1;%,%,1—52) 22y +y° 42’
1;;,372,22) 22y +yle + 2t
1; %, 136’ %) 22x 4+ y3z 4+ 28 + sa?yt + tady?
<1;$,i,g> 2y +y* + a2

(3) Residual parts of quasihomogeneous polynomials of corank = 3 with inner
modality = 12 are equivalent to one of the following polynomials:

Type NormalForm
1 5 4
(L@ﬁ@) x4+ yPz + 2 + taty?

1 31
1 —. — . = 3 3 10 t42
(’10’10’3) FryEtritivy
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1 1 18 . .
1. — = =2 2 3 37
<’37’3’37) Frry e
1 135
( Forne 72) 222 + 4B 4 230 4 ta12y?
2 1 73
1 2 3 25
(’753 150> R
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<1,2— ' 63’ §) BryPr+az
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1. — = 2¢ 2 3 38
(’38’3 76) Frty e
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<176’ﬂ7§ 23+y4$+$6+tl‘222
3 41
1.2 = = 3,4 5
< 19’19’ 3) 2+ ytr +x’y
1 115
<1,—6 R 3—) 22z + yt + 210 + sty + tady?
1 1 8
<1,—7 e —7) 22z 4yt + 217
3149 2 4 13
<1’5 ' 104> FrEy Ty
5 13
<1,4— 13 22y +yt + 282
112 5 - s

(4) Residual parts of quasihomogeneous polynomials of corank = 3 with inner
modality = 13 are equivalent to one of the following polynomials:

Type NormalForm

111 9 [
.- = 2 2 3 10
<’10’60’20) Frryate

113 2 4 10 5,2
t
1048) Zy+yt+ax +txdy

123’3

1 11
<1 > 23+ 3 + 212 +ry2? + sate? + taty?
1 11 25

( ) 2y + 3z + 12
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2,3 +y3 +l’13

22z +y%z + 219 4 sxdyz + tay?

22+ y2z + x15y

22y 4+ y° + 20z + tady?

z2y + y3x + 282

22+ y3z + xgy

22z + y2z + 220

22+ e + 2t + tatyz

220 448 + 230 + tal3y?

22z 493 + 24!

220448 + 22Ty

2t + y4 +atz+ sy222 + tygz
25+ e+ 28y

23 4yt + 28 + sa?yd + taty?
220 4 93 + 240

22+ y5 + xsy

23 4y + 26 + ta222

22$ + y4 + 1.19
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220 4yt + 218 4 a2

220+ yt 4+ oty

2o+ yt + a8+ tady?

220 4 7 + 210 + ra2yt + sztyd + taby?
220445 + 21!

22r + y5 + xgy

22z + y6 + ac7y

Br+ydz+ab

22+ S + 28 + tatyB

224tz +2”

(5) Residual parts of quasihomogeneous polynomials of corank = 3 with inner
modality = 14 are equivalent to one of the following polynomials:

NormalForm

22y + yta + 10

23 4 g2y 4 ol

22z + yzz + :1716y

220+ 22 + 22! + tal0y2
22yt + 2%z + 2%y

22y + y4x + x82
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(1;212,22,42131) 22z + y?z + 2?2
<1;1—12,%,%) 2+ yle 4 at? o tats?
<1;4—13,%,%> 22z +y> 4 a3
<1;£7%’§_i) 222+ B+ 2?2 4 tal4y?
<1;%7%,%> 2z +y* + 2Py
<1;i,%,g 22z + > + 2t
(1;%,5’—4%) 2 yte o + taty?
<1;%,%,%) 2+ yt + 2y

(1; é, %, 1_78) 22y + y4x + 2% +rz?2? + sx3y3 + tac5y2
<1;112,;),;11) 22z +y° 4 212
<1;%,%,%) 22y +yPx + 28
<1;;,;,§> 22y +y° + 20

In the above tables, for each normal form fy with parameters there exist some
proper algebraic subset A of C° (0 = 1,2,3,4,5) such that fi has an isolated
singularity at the origin for any t € C7 — A.

The existence of A in the above theorem is guaranteed by Proposition 2.2 in
[11] (see also [7]). A proof of this theorem is given in the following section.

4. Proofs of Theorems

4.1 Estimation of exponents

In this subsection we consider quasihomogeneous polynomials of corank = 3
with isolated singularity at the origin. Quasihomogeneous polynomials of three
variables are covered by seven class (see Proposition 11.1 in [1] and [9]).
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Proposition 4.1. For every quasihomogeneous polynomial of corank = 3, its
residual part contains at least one of the seven systems of monomials with non-
zero coefficients in the following table with a suitable numbering of variables.

Class | monomials 1 T9 r3

I x990, 2¢ 1 i 1 (a,b,c > 3)

1I z%, yb, yz° % % bb_cl (a,b>3,¢>2)
I z% ybx, 2 % aa—_bl “— (a>3,b,c>2)
v %, ybz, 2%y % bcc__ll bbc__ll (a>3,b,c>2)
% 2 bz, 2 % cwgi;jl a(;cl (a>3,b,c>2)
VI |zt 2| B A= (((ilbill))bc (a,b,c>2)

VII | 2%, 4z, 2°x b;;cfll a&;‘fll “sgclfll (a,b,c > 2)

In order to classify quasihomogeneous polynomials f of corank = 3 with
m(f) < 14, we have to know upper bounds of the exponents a, b, ¢ of each set of
monomials in Proposition 4.1 which f contains with non-zero coefficients.

Lemma 4.2. For every quasihomogeneous polynomial f, if m(f) < 14, then we
have a,b,c < 195 for the exponents a,b, c in Proposition 4.1.

Proof. Let f be quasihomogeneous of type (1;r1,72,73) and let 7,4, =
min{ry,r2,r3}. We divide the proof into the following two cases.
Case 1. 14rp, > dy — 1.

Let f be one of seven classes in Proposition 4.1. Then note that r; < é,
ro < %, rg < % for any class.

First we consider the case where two of a,b and c are greater than or
equal to 3. Suppose that 71 = 7, Then by the assumption, we have

14ry > dy —1=2—2(ry + ro + r3). Hence for any k (k =1,2,3)

1 1 1 1 1
1 >1 2—-2 >2-2-+—-|2>22-2(=4+=-)==.
67’k_ 67’1> (T2+T’3)_ (b+c> = <2+3> 3

Hence m, 1—176, 16
a (&

minimum of r;’s (i = 1,2, 3), we obtain the same result similarly.

> % and thus a, b, c < 48. Also in the case where r5 or r3 is the

Next we consider the case where two of a, b and ¢ are equal to 2. In this case
the class of f must be III, IV, V,VI or VII.

In the case where the class of f is III, we obtain b = ¢ = 2 because a > 3.

Hence é =r1 <rg=r3= “2—711 Suppose that r; < ro = r3. Then for any non
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negative integers m,n (m +mn > 3)
mre +nrg = (m+n)re > 2rg +r; = 1.

It means that every term of f contains the variable z and f is reducible. But it
contradicts the assumption that f has an isolated singularity at the origin. Thus
rL =Ty =173 = % from 2ry + r1 = 2r3 + 1 = 1. Hence we have a = 3.

In the case where the class of f is IV, we obtain b = ¢ = 2 because a > 3.
Hence % =7 <ry=173= % Then by the assumption 14r; > 2 —2(rq + 12+ r3)
we have

16 1 1 2
— >16r >2-2 >2-2(=-+4+= —.
g 216r122-2r2tra) 2 (3+3) 3
Hence a < 24.

In the case where the class of f is V, we obtain b = ¢ = 2 because a > 3 and

thus % =r1 <rg= “4—J;1 <r3= “2—;1 Then 1471y > 2 — 2(ry + 1o + r3). Hence

30— 1 31
9_9x 2=,
1o 173

1
—6216T1>2—2(7"2+?"3):2—2X
a

Thus a < 32.
In the case where the class of f is VI, first we consider the case a = b = 2.
Then % =r3 <1 =19 = % and 14r3 > 2 — 2(r1 + 79 + r3). Hence

32 2 2
§:16T3>2_2(T1+r2):2_2x§:§'

It follows that ¢ < 16. Next we consider the case b = ¢ = 2 and then

=7 <1y =1y = 2=L If r; < ry = r3, then for any non negative

_1
2a—1 2a—1"

integer m,n (m+n > 3)
mre +nrg = (m+n)re > 2rg +r; = 1.

It means that every term of f contains the variable x and f is reducible. But it
contradicts the assumption that f has an isolated singularity at the origin. Thus
r=To = T3 = % because 2ro + 11 = 2rg +r; = 1. Hence a = 3. Finally we
consider the case ¢ = a = 2 and then ﬁ =7y <rg3= Q(Tb_l) <r = 21’;—_11.
Then 1475 > 2 — 2(ry 4+ r2 + r3) and thus

3b—2 3 1

16
— > 16r9 > 2 -2 =2-2x >2—-2Xx - =_.
b= (ri+3) -2 172
Hence b < 32.
In the case where the class of f is VII, because of the symmetry of z,y, z, it
is enough to consider the case b=c = 2. If a > 3, 4(13? =r1 <re= 455;11 <rg=

42133 Then 14ry > 2 — 2(ry + 72 +r3) and thus
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31
9_9x 2=,
latl” 173

1
—62167‘1>2—2(7"2+7"3):2—2X
a

Hence a < 32.
Therefore we have a, b, ¢ < 32 for any class.
Next we consider the other case.
Case 2. 14rp, < df — 1.
First we consider the case where r,,;, = r1 < ro < r3. Then we have

gdeg(1), gdeg(z1), gdeg(x}), ..., gdeg(z}*) < df —1.

Hence if M := {1,z1,2%,... 21} is linearly independent over C in Ry, then
m(f) > 15. But it contradicts the hypothesis and thus M is linearly de-
pendent. Then there exist some scalars Ag,...,A14, not all zero, such that
)\0 1+ Mz + AQI% + -+ /\1493%4 S A(f), Since
0 1
gdeg (8;;) =1—-r3> 3 > r; = gdeg(z1)
we have \g = A\; = 0. If Xo,..., A3 or A4 are not zero, then f contains the

monomial ) z; with non-zero coefficient for some integer [ (2 <1 < 14) and some
1 (i=1,2,3). Thus lry +7;, =1 and

1
(l+1)T3ZlT1+Ti=1, TgZH—l.

On the other hand, by Proposition 4.1 f contains the monomial z5'z; with non-
zero coefficient for some integer m (2 < m) and some j (j = 1,2,3). Thus we
have mrs +r; = 1. Then

l'r'1:1—T7;21—7'3:(m_1)713+7’jZ(m—l)Tg—F’/’l.

Thus for any p (p =1,2,3)

m—1
I+1°

-Drp>(1—-1)r1>(m—1rs >

Therefore we have

(-1(I+1) < (14—-1)(14+1)

=195.
- m—1 - 2—-1

a,b,c

Similarly we obtain the same result regardless of the order of the weights r1, o,
r3. This completes the proof of the lemma. O

4.2 Proofs of Theorem 3.3 (1) and Theorem 3.4
In this subsection, we give proofs of Theorem 3.3 (1) and Theorem 3.4 by
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using a computer. Before proofs of them we prepare the following propositions
in order to increase the efficiency of calculations by a computer.

Let f be a quasihomogeneous polynomial of type (1;71,79,73) (0 <11 <71 <
r3 < 3) with isolated singularity at the origin.

Proposition 4.3. For any set M of monomials in Clxy, 22, x3),
m(f) > t{m|gdeg(m) < d; — 1,gdeg(m) <1 —rz,me M}.
Proof. It follows easily that the set
{m|gdeg(m) < dy — 1,gdeg(m) <1—r3,me M}

is linearly independent in Ry because

0 0 0
1 —r3 = gdeg (8—;;) < gdeg (aTZ;) < gdeg <a—i> .

Hence we have the conclusion. O

In order to calculate the arithmetic inner modality mo(f) (< 14) in the
case corank = 3 by using a computer we need to find out a finite subset N of
monomials in C[z1, 2, z3] of a suitable size which satisfies

#{m| gdeg(m) < d; — 1 me/\/’}{ N miif) E;rzziiljii;;)

For this purpose the following diagram of magnitude correlation of generalized
degrees of monomials is helpful.

Figure 1
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where a +— b means a < b. Let A3 be the sets of the monomials of variables
“r1,x9,r3” which have the generalized degrees surrounded by boxes in Figure 1
and let B3 be the sets of the monomials of variables “zy,x2,x3” which have the
generalized degrees surrounded by ovals in Figure 1. Then A3 is the subset A/
we are looking for.

Proposition 4.4. We have
= mo(f) (mo(f) <14)
< ds—
Hm| gdeg(m) < dy —1,m € N3} { > 14 (otherwise).
Proof. First, note that if all the monomials m € C[zy, 22, z3] with gdeg(m) <
ds — 1 belong to N3, then we have
#{m| gdeg(m) < dy — 1, m € N3} = my(f).

Now suppose that there exists some monomial m € Clz1,x2,x3] such that
gdeg(m) < dy — 1 and m ¢ N3. Then from Figure 1 it follows that there ex-
ist monomials 1,my,...,my,n (p > 14) (1,my,..., m, € N3, n € B;) such that

gdeg(1), gdeg(mi),---, gdeg(m,) < gdeg(n) < gdeg(m) < dy — 1.
Thus we have
mo(f) > #{m|gdeg(m) < dy —1,m € N3} > 14.
Hence if mo(f) < 14, there is no such m and we have
{m| gdeg(m) < dy — 1,m € N3} = mo(f).

And if mo(f) > 14, regardless of existence or nonexistence of such m, from the
above arguments, we have

t{m| gdeg(m) < dy — 1,m € N3} > 14.

This completes the proof. O

A proof of Theorem 3.3 (1) and Theorem 3.4.

We classify quasihomogeneous polynomials of corank = 3 with inner modal-
ity = 10,11,12,13 and 14. By calculation with a computer we prove that if
m(f) < 14 then m(f) = mo(f). And also by calculation we perform the clas-
sification of quasihomogeneous polynomials of corank = 3 with inner modality
= 10,11,12,13 and 14. More precisely the classification is performed as fol-
lows. We know that quasihomogenous polynomials f of three variables contain
at least one of the seven sets of monomials with non-zero coefficients in the ta-
ble of Proposition 4.1. If m(f) < 14, then by Lemma 4.2 we also know upper
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bounds of exponents a, b, c of such monomials. For any a,b, c within the range,
if m(f) < 14, by calculation with a computer, we can verify that m(f) = mo(f)
without exception. And also by calculation, we can obtain all quasihomogeneous
polynomials of corank = 3 with m(f) = 10,11,12,13 and 14. We draw a proce-
dure to perform these calculations in two flowcharts Figure 2 and Figure 3 below
(see also Appendix in the last section for an example code). In the main process
of the flowchart (Figure 3), the following decision procedure based on Proposition
4.4 plays a very important role.

connection 0

!

Define r1,72,73 (r1 <79 <r3)
n « #{m|gdeg(m) < d; — 1, gdeg(m) < 1 —r3, m € N3}

}

We have to calculate 1953 = 7414875 cases to perform our purpose, which
it is a very heavy job even for a computer. Especially it is difficult to calculate
X f(z) for a large data within a reasonable time. However by the above procedure
necessary calculations are reduced to less than 100 cases from 7414875 cases for
each class in Proposition 4.1.

The part of “Main Process” in the above flowchart is as follows. Here we
should note that Theorem 2.2 doesn’t guarantee that x r(z) is a polynomial “only
if” f has an isolated singularity at the origin. Since we just merely check whether
X ¢ (%) is a polynomial in the flowchart above mentioned, it is not guaranteed that f
obtained as a result of calculation has an isolated singularity at the origin. Hence
it is necessary to remove quasihomogeneous polynomials which have non-isolated
singularities around the origin from the calculation result. But we see that all the
quasihomogeneous polynomials which we get as a result of the calculations have
an isolated singularity at the origin. Hence we have all the weights of quasiho-
mogeneous polynomials of corank = 3 with inner modality = 10,11,12,13, and
14. According to the weights we determine quasihomogeneous polynomials up
to right-equivalence and we have the table in Theorem 3.4. This completes the
proof of Theorem 3.3 (1) and Theorem 3.4. O

4.3 Calculation example of a quasihomogeneous polynomial of one
type

We explain a process to determine a polynomial of one type from a calculation

results of a computer by an example. In the case corank(f) = 3 and mg(f) = 13,
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a «—,min, max ; +1
—_—
‘ loop A

I

b «—,min, max ; +1
‘ loop B

I

¢ «—,min, max ; +1
loop C ‘

? connection 0

‘ Main Process ‘

l

? connection 1

Loop B

e

end

Figure 2 Flowchart

we have the type (1; %, %, %) as the calculation result. For this type, there are

10 monomials with generalized degree = 1:

2 4.2 4,2 2 4 8 8
25y, Y, 2Ty, Yz T YL, T2, TY.

Hence the quasihomogeneous polynomial of this type is given by the following:
f(z,y,2) = A2® + By® + Cx'? + D22y + Ex*2? + Fa'y? + Gy*=
+ Hatyz + Ix®2 + JaBy.
Then by the local coordinate transformation
r=ar, y=by+cz+dzt, z=ez+ fy+ gzt abe#0,

we can reduce fto A=B=C=1,G=H =1=J =0 and as a quasihomoge-

neous polynomial corresponding to the type (1; %, %, %) we obtain

frsp(@,y,2) = 2%+ 0" + 2 + 12y + 522 + tay?.
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(E connection 0

Define r1,72,73 (11 <12 < 713);
n — #{m|gdeg(m) < d;y — 1,gdeg(m) < 1 —rg,m € N3}

no

no

mo(f) — {m|gdeg(m) < dy —1,m € Clz1, 22, x3]};

Calculate x7(z),m(f); mo(f) < n

1

Print T1,T2,73;
Print mo (f);

Print ry,r2,73;
Print m(f), mo(f);

connection 1

O

Figure 3 Flowchart for Main Process

When 7 = s =t = 0, we can see easily that fy 00 = 2>+ y> + 212 has an isolated
singularity at the origin. Thus f,,; is a normal form of the type (1; 1—12, %, %)
with inner modality = 13. From Proposition 2.2 in [11] (see also [7]), we know
the existence of a proper algebraic subvariety A of C* such that f,,; has an
isolated singularity at the origin for any (r,s,t) € C3> — A. Here we will try to
find A concretely. The algebraic variety A of C3 is the set of (r,s,t) for which

the equations of z,y, z

Ofrs
M = 12z + 4tay? + 4s232% = 0,
ox
0
—Jg’s’t = 2xty + 3% + 122 =0,
Y
afr
% = 2satz 4+ 2ryz +322=0
z

have non-trivial solutions. If z = 0, then x = y = 0 and thus we may sup-

pose z # 0. From the equation % = 0, we have z = —2(sz* 4 ry) and by
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substituting it for the first and the second 2 equations, we have

Ofrs . 16

Ofrst = 122 4 4tady? + —sa23(szt +ry)? =0,
ox 9

Ofrs 4

7J;y LA otzty + 3y% + §r(sx4 + Ty)2 =0.

Now we consider the branched covering p : C2 — C2, p(z,y) = (z,y*). Then

0 16 32 16
M op(z,y) = (12 + —53> ot syt 4 (37‘28 + 4t) z3y® =0,

Oz 9 9
Ofr.s 4 8 4
Jc;y Lo plx,y) = §rs2x8 + (§r25 + 2t) ztyt + (3 + §r3> y® = 0.

If x = 0 then we have y = z = 0 and we may assume that = # 0. We have

the following equations by dividing the both sides of two equations by x!!, 28

respectively.
16 4 32 5 YN\ 16 , y\&
(12-+ 7S >-+ s (I) + (s rat (z) — 0,
4 4 4 8
§r52 + <§r2s + 2t) (%) + (3 + §r3> <%>

Let h, g be the left-hand side polynomials of (E) in the above equations respec-
x

Il
e

tively. Then the condition of r,s,¢ for these equations of ¥ to have common
solutions is given by the resultant of h, g as follows.

Res(h, g) =
1
1853020188851841
373248135 4 1866245° — 2519424752t + 37324814 5%t — 373248rs t+

1679616775t + 1866241254t + 1259712t + 18662453t%)* = 0

(8503056 + 251942473 4 18662475 + 251942455 —

and it is the defining function of A.
In this way we obtain the tables of the quasihomogeneous polynomials in
Theorem 3.3. This completes the proof of Theorem 3.3.

4.4 Proof of Theorem 3.3 (2)

A proof of Theorem 3.3 (2) is given by the following examples (see [13]).
Example 4.5. The first evample is f(x,y,z) = yz®> +y° + 28, Then f is quasi-
1; é, %, % with isolated singularity at the origin and
m(f) = 15, mo(f) = 16.

homogeneous of type
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Note that dy —1= 5 and (15 3,3, 3) = (1; &, 55, 33)- Since 1 —r3 = L =
dy —1 we have m(f) < ( ) by Proposition 2.3. We will calculate mg(f), m(f)
actually.

In order to find monomials of x, i and z which has generalized degree < dy—1,
we use the following diagram which shows magnitude correlation of the general-
ized degrees of them.

(0]
2r, 13r,] 4r, Sj GT Tr,
[ [r+r, [3r+1)) 4r 4, 5141,

2r, [F,+2r] 2r +2r, 3r +2r,

N \
31 e———r,+3r,

T+, 2r +1, 3r 4t

[ 4‘—\I+rz+r] 2

AN

2r 4,

Figure 4

where the part enclosed with the square denotes the generalized degree that is

7
less than or equal to df — 1 = Iz Let M be the set of monomials

2 3 4 2 3 2 2 2,2 3
]-7xvyvZa‘rvx7xaxya$y7zyay7xyaxyayaxzayz'

Then M is the biggest set containing monomials with gdeg < dy — 1 and thus

On the other hand

of of 9
= (5 5 ) =6 2o va),

of\ 21 af\ _ 20 of\ _ 14
gdeg (8—90) =5 8deg (8_y> =5 8deg 82) =50

181 = 0in Ry. Let \;

and also

The set M is linearly dependent in R since yz =



CLASSIFICATION OF QUASIHOMOGENEOUS POLYNOMIALS 193

(i=0,...,9) be complex numbers such that

Mol 4+ Mz + Xoy + Asz + Mz + A5z + Ngz? + Mray + Asz?y + Nozly
+ Moy? + Anzy? + A2y + Asy® + Az € A(f).

Then there exist some a, b, ¢ € C[z,y, z] such that

/\01 + )\1l‘ + )\gy + /\32 + /\4.%‘2 + /\5.133
+ Xext + Ay + Asx?y + Aozy
+ Aoy? + A1ay? + A2z’

of af af
Msy® + Marz = a== + b +c--.
+ A13Y” + Aaxz a@er 8y+08z
Since the generalized order of the right hand side is greater than or equal to %
we have A\g = --- = A4 = 0. Hence

3 4 2 3 2 2 2 2 3
c ot wy, oy, 2y, Y, vyt 2Ty, Yo, wz)

{1, 2, y, 2, 2%,
is linearly independent in Ry and thus m(f) = 15.
Example 4.6. The second example is f(z,y,z) = x2%2 +y5 + 2% Then f is
quasihomogeneous of type
m(f) =15, mo(f) = 16.

The diagram of magnitude correlation of the generalized degrees of monomi-
als is as follows:

114
1; 96’ §> with isolated singularity at the origin and

[0]
2r, 13r, ﬁr1 Sr, 71 Tr,
T+, {2r|+rz] {3r|+rz} 4r 41, St 41,

Figure 5
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where the part enclosed with the square denotes the generalized degree that is

5
less than or equal to df —1 = —. By the same way as the first example we have
m(f) =15 and mo(f) = 16.
Example 4.7. The third example is f(x,y,2) = xz°> + y5 + 2%y. Then f is
quasihomogeneous of type (1;

1876 06/
and m(f) = 15, mo(f) = 16.

with isolated singularity at the origin

9
We have dy — 1 = 16" The diagram of magnitude correlation of the gener-

alized degrees of monomials is the same as the one in the previous example. By
the same way as the first example we have m(f) = 15 and mqo(f) = 16.
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Appendix: Example of a program code for corank=3 and type I

The following program is written in Mathematica.

(* Var3-typeOl *)
Dol
sol=Solve[{a x==1,b y==1,c z==1},{x,y,z}];
weights=Sort [{x/.sol[[1]],y/.s0l[[1]1],z/.s01[[1]11}];
ri=weights[[1]];r2=weights[[2]];r3=weights[[3]];
d=3-2*(r1+r2+r3);
{q1,92,93}={Denominator[r1] ,Denominator [r2] ,Denominator [r3]};
{p1,p2,p3}={Numerator[r1],Numerator [r2] ,Numerator [r3]};
Q=LCM[q1,92,93];
{A1,A2,A3}={p1*Quotient[Q,q1] ,p2*Quotient [Q,q2] ,p3*Quotient [Q,q3]};
N3={0,r1,r2,r3,2r1,3r1,4r1,5r1,6r1,7r1,8r1,9r1,10r1,11r1,12r1,13r1,14r1
,rl1+r2,2r1+r2,3ri+r2,4r1+r2,5r1+r2,6ri+r2
,2r2,r1+2r2,2r1+2r2, 3ri+2r2
,3r2,r1+3r2
,4r2
,rl+r3,2r1+r3,3ri1+r3,4r1+r3
,r2+r3,r1+r2+r3

,2r3};
NN=Length[Select [N3, # <= d-1 && # <1-r3 &]1;
If[ NN<=14,
CC=CC+1;
CPN=Expand [(z"{Q-A1}-1) (z~{Q-A2}-1) (z"{Q-A3}-1)];
CPD=Expand[(z"{A1}-1) (z"{A2}-1) (z~{A3}-1)];
CP=PolynomialQuotientRemainder [CPN[[1]],CPD[[1]],2];
If[1-r3>d-1,
If[CP[[2]]==0,
AIM=NN;
Print["Corank =3"];
Print["Inner Modality = Arithmetic Inner Modality"];
Print ["Inner Modality=",AIM];
Print ["Weights=",TeXForm[{r1,r2,r3}]];
EXP={ToRules [Reduce[x ri+y r2+z r3==1&&x>=0&&y>=0 && z>=0 ,{x,y,z},Integers]]};
L=Length [EXP];
Print ["Number of terms = ",L];
Do [M=x"{x/.EXP[[i]1}y~{y/.EXP[[i]1]1}z"{z/.EXP[[ill};
Print [TeXForm[M[[1111],{i,L}

1;
Print[";"];

AIM =Length[{ToRules[Reduce[(2+x) Al+(2+y) A2+(2+z) A3-2 Q<=0 && x>=0
&& y>=0 && 2z>=0 ,{x,y,z},Integers]]}];
1f[cp[2]]==0,
CF=Take [CoefficientList[CP[[1]],2],(d-1) Q+1];
IM=Sum[CF[[i]],{i,1,(d-1) Q+1}];;
If[IM <= 14 && IM < AIM,

Print["Corank=3"];
Print["Inner Modality < Arithmetic Inner Modality"l;
Print["Arithmetic Inner Modality=",AIM];
Print["Inner Modality=",IM];
Print ["Weights=",TeXForm[{r1,r2,r3}]1];
Print[";"];

13
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