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Abstract

In the early eighties T.-C. Kuo introduced the blow-analytic equivalence in
order to obtain a classification of real analytic function germs with no continuous
moduli.

This new notion has been subsequently extensively investigated. In particular it
led to the blow-Nash equivalence of G. Fichou and more recently to the arc-analytic
equivalence. These notions may be seen as algebraic versions of the blow-analytic
equivalence in order to classify Nash function germs with no continuous moduli.

This survey aims to give a self-contained introduction to this topic. It focuses
on the construction of invariants of the above cited relations. In order to introduce
some of these invariants, it is necessary to briefly recall some notions of motivic
integration.

0. Introduction

The Whitney family

fi(z,y) = zy(y —x)(y — tx), t € (0,1)

highlights the fact that the C'-equivalence has moduli even for isolated singu-
larities. This led T.-C. Kuo to introduce in the early eighties a new notion in
order to classify real analytic function germs which are singular. The purpose of
the first section of this survey is to introduce this notion called the blow-analytic
equivalence. In particular we present some results showing that the blow-analytic
equivalence behaves well with isolated singularities: it has no continuous moduli
for such singularities.

The blow-analytic equivalence involves the notion of blow-analytic maps.
One may show that these maps send real analytic arcs to real analytic arcs by
composition. The second section of this survey is devoted to such maps, called
arc-analytic maps. It is a notion introduced by K. Kurdyka. The close rela-
tion between blow-analyticity and arc-analyticity led T. Fukui to construct an
invariant of the blow-analytic equivalence from which one may derive that the
multiplicity is also an invariant.
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Then S. Koike and A. Parusiniski continued in this direction by borrowing ar-
guments coming from motivic integration in order to construct new invariants of
the blow-analytic equivalence. The previous invariants, together with the Fukui
ones, allowed them to classify entirely Brieskorn polynomials of two variables up
to the blow-analytic equivalence. One main point of motivic integration consists
in defining a measure on the space of arcs of an algebraic variety and hence the
link with arc-analyticity led naturally to focus on this theory. The third section
of this survey briefly introduces motivic integration in the non-singular case and
the fourth section presents the invariants of S. Koike and A. Parusinski.

The motivic measure lies in a Grothendieck group which encodes all additive
invariants of algebraic varieties. In order to construct their invariants, S. Koike
and A. Parusinski realized this motivic measure through the Euler characteristic
with compact support. Then G. Fichou brought a richer structure thanks to
the virtual Poincaré polynomial, an additive invariant which encodes more infor-
mation than the Euler characteristic with compact support. It is presented in
section 5. For technical reasons G. Fichou had to restrict to Nash function germs
(i.e. real analytic function germs with semialgebraic graphs) and to define the
blow-Nash equivalence which is an algebraic version of the blow-analytic equiva-
lence with no continuous moduli for Nash germs with isolated singularities. The
sixth section is devoted to the blow-Nash equivalence and to the invariants in-
troduced by G. Fichou. Thanks to these invariants, G. Fichou classified entirely
Brieskorn polynomials in three variables up to the blow-Nash equivalence. More
recently G. Fichou and T. Fukui used these invariants to prove that the weights
of a non-degenerate (with respect to its Newton polyhedron) convenient weighted
homogeneous polynomial is determined by its blow-Nash class.

Initially it was not obvious that the blow-Nash equivalence was an equivalence
relation. The last section focuses on a characterization of the blow-Nash equiva-
lence in terms of arc-analytic maps. This new definition, called the arc-analytic
equivalence, allows one to prove that the blow-Nash equivalence is an equiva-
lence relation as expected. A recent preprint by A. Parusinski and L. Paunescu
announces that the arc-analytic equivalence admits no continuous moduli even
for families of non-isolated singularities. We also present a motivic invariant of
the arc-analytic equivalence which is based on an adaptation of a Grothendieck
group defined by G. Guibert, F. Loeser and M. Merle. This invariant encodes
the previous invariants of T. Fukui, of S. Koike and A. Parusinski and of G. Fi-
chou. Moreover it has a convolution formula which allows one to show that the
arc-analytic class of a Brieskorn polynomial determines its exponents.

1. The blow-analytic equivalence

The blow-analytic equivalence was introduced in the early eighties by T.-C.
Kuo [51], [54], [52], [53] in order to get a classification of real analytic singularities
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with no moduli.

This new notion was necessary since the C%-equivalence is too naive whereas
the C'-equivalence is already too fine to get a classification with no moduli for a
family of isolated singularities. These phenomena are highlighted in the following
examples.

In addition to the cited articles throughout this section, we refer the reader
to the surveys [35] and [37] concerning the blow-analytic equivalence.

Definition 1.1. Let f,g: (R%,0) — (R,0) be two real analytic function germs.
We say that f and g are C*-equivalent if there exists h : (R%,0) — (R%,0) a
C*-diffeomorphism such that f = gh (Here gh denotes the composition of g and

Example 1.2. Let f(z,y) = 2% — y?, whose zero set is a cusp. Then f is
CP-equivalent to g(x,y) = = which is non-singular.

Example 1.3 ([73, Example 13.1]). We consider the Whitney family
fe: (R%,0) — (R,0), t € (0,1)
defined by

fe(x,y) = ay(y — ) (y — tx)
Then f; and fi are Cl-equivalent if and only if ¢t = ¢.

Let F : R? x I — R be defined by F(z,y,t) = zy(y — x)(y — tz) where
I = (0,1). We denote by 7 : M — R? the blowing-up of R? at the origin, and
by IT: M x I — R? x I the induced projection, II(p,t) = (7(p),t). Suppose that
® : Uy — U, is a real analytic isomorphism between two open neighborhoods
of 771(0) x I in M x I. Suppose, moreover, that 7=1(0) x I is invariant by ®
and that, for all (p,t) € Uy, pr; ®(p,t) = t. Then ® induces a homeomorphism
¢ : V1 — V3 between two open neighborhoods V; = II(U;), i = 1,2, of {0} x I in
R? x I that satisfies pr; ¢(p,t) = t, for all (p,t) € V4, and ¢(0,t) = (0,t), for all
tel.

T.-C. Kuo noticed in [52] that there exists such a ® with the additional
property that is F'(o(p,t)) is independent of t.

The concept of blow-analytic equivalence generalizes the previous observa-
tion. But, before defining it, we need to introduce the following notions.

Definition 1.4 ([74]). A complexification of an n-dimensional real analytic man-
ifold M is given by an n-dimensional complex analytic manifold M€ and a real
analytic isomorphism ¢ from M to a real analytic submanifold of M such that,
for every x € MC, there is an open neighborhood UC of x, an open subset U’ of
C" and a complex analytic isomorphism 1 : U® — U’ mapping (M) N U® to
R*NU'.
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Proposition 1.5 ([74, Proposition 1]). A real analytic manifold M admits a
complexification. Moreover, if (MY, p1) and (MS,@s) are two complexifications
of M, then there exist an open neighborhood Uy of v1(M), an open neighbor-
hood Uy of wa(M) and a complex analytic isomorphism ¢ : Uy — Us such that

V(x) = 207 () for every x € o1(M).

Let p : M — N be a proper real analytic map between two real analytic
manifolds. Then u extends to a complex analytic map u® : U(M) — U(N)
where U(M) (resp. U(N)) is an open neighborhood in a complexification of M
(resp. N). From the previous proposition, we deduce that the complexification
uC of 41 is unique as a germ at M up to a complex analytic isomorphism.

Definition 1.6 ([53]). Let p: M — N be a proper and surjective real analytic
map between two real analytic manifolds. We say that u is a real modification if
there exists a complexification u® : U(M) — U(N) that is proper and bimero-
morphic.

Remark 1.7. Some authors (e.g. [37]) don’t assume that u® is proper in the
previous definition. We add this assumption, as in [53], in order to work with
global blowings-up (instead of local ones) in Lemma 1.11.

Example 1.8. Notice that p(z) = 23 is not a real modification.

Definition 1.9 ([53]). A map f : M — N between real analytic manifolds
is blow-analytic* if there exists a real modification p : M — M such that
fu: M — N is real analytic.

We can define the blowing-up of a real analytic manifold along a closed
submanifold using local coordinates. It consists in locally straightening the sub-
manifold in order to use the classical definition of the blowing-up of the Euclidean
space at the origin.

Let M be a real analytic manifold and C a closed submanifold of M. Up to
real analytic isomorphism over M, there exists a unique proper map m : M — M
with M a real analytic manifold and such that :

1. The restriction 7\ ¢ : M \ 7~ 1(C) — M \ C is an isomorphism.

2. Let U be a local coordinate chart given by ¢ : U — V x W, where V. C R™
and W C R?™™ are open neighborhoods of their respective origin such
that o(C NU) = {0} x W. Let mp : V — V be the blowing-up of V at the
origin. Then there is an isomorphism ¢ : 7~ 1(U) — V x W such that the
following diagram commutes

* The origin of the name seems to come from the fact that the modifications originally consid-
ered in [52] were just blowings-up.
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Definition 1.10. We say that 7 : M — M is the blowing-up of M along C.

Lemma 1.11 (A real version of Chow-Hironaka lemma [45, Corollary 2]). Let
w: M — N be a real modification. Then there ezists a real analytic manifold M
and a real analytic map ¥ : M — M such that P =¥ M — N is a locally
finite sequence of blowings-up along non-singular centers.

The following proposition is a direct consequence of the previous lemma.

Proposition 1.12 ([53]). A map f : M — N between two real analytic manifolds
is blow-analytic if and only if there is a locally finite sequence of blowings-up with
non-singular centers o : M — M such that fo : M — N is real analytic.

Example 1.13 ([53]). The function defined by f(x,y) = wgi_;z’/z and f(0,0) =01is
continuous but no C*. It is blow-analytic via the blowing-up of R? at the origin.

Example 1.14. The function defined on R? \ {0} by f(x,y) = o igz doesn’t
continuously extend through the origin. However it extends to a real analytic
map after being composed with the blowing-up of R? at the origin.

We can now give the definition of the blow-analytic equivalence.

Definition 1.15 ([53]). Two real analytic function germs f,g : (R?,0) — (R,0)
are blow-analytic equivalent if there exists a homeomorphism A : (R%,0) — (R?,0)
such that h and h~! are blow-analytic and satisfies f = gh.

Remark 1.16. Some authors call blow-analytic homeomorphism a homeomor-
phism h such that h and h~! are blow-analytic. We prefer to avoid this name since
there is a confusion with a homeomorphism A such that only A is blow-analytic.

In order to prove that it is an equivalence relation, T.-C. Kuo gave the fol-
lowing characterization.
Proposition 1.17 ([53, Proposition 2]). Let ¢ : (R?,0) — (R%,0) be a homeo-
morphism. Then ¢ and =1 are blow-analytic if and only if there are two real

modifications 1, p2 and a real analytic isomorphism ® such that the following
diagram commutes

(M, 171(0)) —2 (Ma, 13 1(0))

([Rdv 0) —Lp> ([Rd7 O)
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Corollary 1.18. The blow-analytic equivalence for real function germs (R%,0) —
(R,0) is an equivalence relation.

Two questions arise naturally:

1. How to construct homeomorphisms satisfying the conditions in Definition
1.15 in order to prove that two germs are in the same blow-analytic equiv-
alence class?

The main way consists in putting the germs in a family and then to
trivialize it by integrating a well chosen analytic vector field on an
(equi)resolution space as for the results presented later in this section.

2. How to construct blow-analytic invariants in order to distinguish germs
not in the same blow-analytic class?
That will be the main subject of this article.

The blow-analytic equivalence has no continuous moduli for isolated singu-
larities as shown in the following theorem.

Theorem 1.19 ([53, Theorem 1]). A family of isolated singularities has only a fi-
nite number of blow-analytic classes, i.e. let F: (R4 xI,{0}xI) — (R,0) be a real
analytic function germ such that for everyt € I, fi(x) = F(t,z) : (R%,0) — (R,0)
has an isolated singularity at the origin then the germs (fi)ier define a finite num-
ber of blow-analytic classes.

The results stated below show that with additional conditions a family of
isolated singularities may define only one blow-analytic class.

Definition 1.20 (Blow-analytic triviality). Let I be an interval and let F' : R? x
I — R be a family of real analytic function germs such that f;(0) = F(0,¢) =0
forall t € 1.

Let 4 : M — R? be a real modification. We say that the family (f;)scs is
blow-analytically trivial via p if there exist a real analytic isomorphism

O (M x I 0)xI)— (M x I,u"(0) x I)
and a homeomorphism
0: (R*xT1,{0} xI)— (R x I,{0} x I)

such that the following diagram commutes
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N,
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where there is ¢g € I such that for all t € I, Fy(z,t) = F(z,to).

In particular Fo(x,t) doesn’t depend on ¢ and the maps ® and ¢ preserve
the t-levels.

A family of real analytic function germs is blow-analytically trivial if it is via
some real modification pu.

Remark 1.21. If a family is blow-analytically trivial then its members are pair-
wise blow-analytically equivalent.

The strategy to prove the following results consists in integrating a well cho-
sen vector field in order to construct the isomorphism of Definition 1.20.

Theorem 1.22 ([52]). Let F(x,t) : (R%,0) x I — (R,0) be real analytic.
We use the following expansion F(x,t) = Y c,(t)z¥ and we set H;(z,t) =
Djpl=j Cv(t)a”. Let k = min{j, H; # 0}.

If for every t € I, the origin is the only singular point of Hi(-,t), then the family
defined by F is blow-analytically trivial via the blowing-up of R at the origin.

Example 1.23. The Whitney family is blow-analytically trivial.
Theorem 1.24 ([38, Theorem B]). Let f; : (R%,0) — (R,0),t € I, be a fam-

ily of real analytic function germs which are non-degenerate with respect to their
Newton polyhedra*. Assume furthermore that the Newton polyhedron of fi doesn’t
depend on t. If, moreover, for each mon-compact face v which is not a coordi-
nate face, the polynomial [ty doesn’t depend on t, then the family (f;) is blow-
analytically trivial via a toric resolution * induced by the Newton polyhedron of

Je-

Remark 1.25 ([38, Corollary 6.1]). If d = 2 then the assumption “for each
non-compact non-coordinate face v, fi, doesn’t depend on t” is superfluous.

If we assume that f; is convenient® for all ¢+ € I, then every non-compact

* See [4, §8].
f ft~ is the polynomial composed by the monomials on the face ~.
fi.e. for each i, some power of z; appears in the expansion of fi.
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face is a coordinate face. Thus, we get the following corollary.

Corollary 1.26 ([38, Corollary 6.2]). Let f; : (R%,0) — (R,0),t € I, be a fam-
ily of real analytic function germs which are non-degenerate with respect to their
Newton polyhedra. If the Newton polyhedron of f; doesn’t depend on t and inter-
sects coordinate azes then the family (fi) is blow-analytically trivial via a toric
resolution induced by the Newton polyhedron of f.

Theorem 1.27 ([36, Theorem (0.2)]). Let f; : (R%,0) — (R,0),t € I, be a family
of real analytic function germs. Set F(x,t) = fi(x) =, cu(t)z”. Fiz the weight
system w = (w1, ..., wq) € (Nso)?. Let

k=min < j, H;j(z,t) = Z ()" #0

v,v-w=j

If, for every t € 1, the origin is the only singular point of Hy(-,t) then the family
ft is blow-analytically trivial via a toric resolution.

Example 1.28 ([33, Example 1]). The Briancon—Speder family
flw,y,2) = 2° + ty’2 + ay” + 2’
17,4
is blow-analytically trivial as soon as I doesn’t contain ty = —%. Indeed,

f+ is weighted homogeneous for the weights (1,2,3) and defines an isolated sin-
gularity at the origin when t # ;.

O. M. Abderrahmane [1, Théoréme 3.3.1. & §3.2.] proved that if the leading
term of F'(z,t) with respect to some convenient Newton polyhedron satisfies a
special uniform Lojasiewicz condition then the family is blow-analytically trivial
via a toric resolution. This generalizes Theorems 1.22, 1.26 and 1.27.

2. Arc-analytic maps

Proposition 2.1. If u : M — N is a real modification and if v : (—¢,e) = N
is a real analytic arc, then there exists a real analytic arc 7 : (—e,e) — M such

that v = py.

Proof. Let f€: M® — N® be a complexification of f. It suffices to prove that
there is a complexification of v, v¢ : D® — N€, where D¢ is a neighborhood of
(—¢,¢) in C, that admits a holomorphic lift by fC€.

Recall that a meromorphic map (in the sense of Remmert) of complex man-
ifolds F : X — Y is a multivalued map such that its graph I'r is an analytic
subset of X x Y, which is mapped properly on X by the projection on the first
coordinate, and off a nowehere dense analytic subset P C Y (called the polar
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set or indeterminacy locus) this projection is a biholomorphic map, see for in-
stance [27]. If G : Z — X is another meromorphic map such that G=*(P) is
nowhere dense in Z then the composition map F'G is meromorphic. We use this
description for the inverse of fC.

Suppose first that (y¢)~1(P) = {0}. Then n® = (f©)~14* : D — MC is
a meromorphic arc. Its graph I',c, the closure of {(¢,3%(t));t € D®\ {0}}, is an
irreducible analytic curve in D€ x M®. Thus 1®(¢) admits a unique accumulation
point p € M® as t — 0, and by Riemann removable singularity theorem, is holo-
morphic in D¢ as required. A similar argument works if (y¢)~!(P) is discrete or
empty.

Let v be a real analytic arc whose complexification is entirely included in P.
Since P N N is nowhere dense in N, there exists a real analytic map

o(t,u): V. — N,

where V is a neighborhood of (—¢,¢) x {0} in R?, such that v(t) = ¢(¢,0) and
such that the image of ¢ is not entirely included in P. Let o®(¢,u) : V€ — N be
a complexification of ¢. Then ®C = (f©)~1® is meromorphic and, by Riemann
removable singularity theorem, holomorphic except at a discrete subset of VC.
Thus F'ge over D = VEN{u = 0} is an analytic curve in V& x MC. Its irreducible
component that projects submersively onto D is the graph of a holomorphic lift
of 4© as required. |

Remark 2.2. Using Lemma 1.11, we may assume that u is a locally finite se-
quence of blowings-up and then use the universal property of blowings-up to prove
that a real analytic arc non-entirely included in the center may be lifted.

Let f: M — N be a blow-analytic map then there is a real modification p
such that & = fp is real analytic. Let v : (—e,£) — N be a real analytic arc, then
there exists a real analytic arc 4 : (—¢,e) — M such that the following diagram

commutes
M
I P
(—¢,¢) —M ; N .

Hence fy = 7. Thus a blow-analytic map sends real analytic arcs to real ana-
lytic arcs by composition. Such maps were first studied by K. Kurdyka [55].

Definition 2.3 ([55, Définition 4.1]). A map f: M — N between two real an-
alytic varieties is arc-analytic if for every real analytic arc v : (—e,e) — M, the
composition f-y is also real analytic.

We proved the following proposition.
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Proposition 2.4. A blow-analytic map is arc-analytic.

Thanks to the following remark, the previous proposition can be derived from
the fact that a real analytic arc germ admits a lifting by a real modification. Such
a property is weaker than Proposition 2.1 and is shown in [37, §5].

Remark 2.5. A map f : M — N is arc-analytic if and only if for every real
analytic arc germ «y : (R,0) — M, the composition germ f~ is also real analytic.

3

Example 2.6 ([55, Exemple 6.1]). The function defined by f(z,y) = %z and
£(0,0) = 0 is arc-analytic whereas it is not C*.
We may notice that the Zariski closure of the graph of f is the Cartan um-

brella defined by z® = 2(2? + y?) [55, Exemples 1.2].

It is natural to ask whether the converse is true: is an arc-analytic map
blow-analytic? E. Bierstone, P. D. Milman and A. Parusinski [11] gave a counter-
example with no additional assumption.

K. Kurdyka conjectured that a map is blow-analytic if and only if it is arc-
analytic and subanalytic. It is still open, but the following results of E. Bierstone
and P. D. Milman and of A. Parusiriski are very close to the expected result.

Theorem 2.7 ([10, Theorem 1.4], [64, Theorem 3.1)). A function f: M — R
defined on a non-singular real analytic variety is arc-analytic and subanalytic if
and only if there exists a locally finite sequence o : M — M of local blowings-up
along non-singular centers such that fo is real analytic.

Theorem 2.8 ([10, Theorem 1.1] Analytic version). Let f : M — R be an arc-
analytic function defined on a non-singular real analytic variety. Assume there
exists

G(z,y) = Z Gi(z)y*
=0

a non-zero polynomial whose coefficients are real analytic functions on M such
that

G(z, f(z)) =0,z € M.
Then f is blow-analytic.

Theorem 2.9 ([10, Theorem 1.1] Algebraic version). Let f: M — R be an arc-
analytic function defined on a non-singular real algebraic variety. Assume there
erists

P

G(ﬂ?,y) = ZGZ(ﬂﬁ)yl

=0

a non-zero polynomial whose coefficients are reqular functions on M such that
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Gl f(x) =0,z € M

Then f is blow-analytic via a finite sequence of algebraic blowings-up with non-
singular centers*.

The two previous results allow one to construct examples of blow-analytic
functions.

Example 2.10 ([55, Exemple 6.1], [10, Examples 1.2]). The function defined by
3

flz,y) = xny? and f(0,0) = 0 is arc-analytic and satisfies G(z,y, f(z,y)) =0

where

G(Z’,y,Z) = I’S - Z(Iz + y2)
Thus f is blow-analytic.

Example 2.11 ([10, Examples 1.2]). The function defined by f(x,y) = y/z* + y*
is arc-analytic and satisfies G(x,y, f(z,y)) = 0 where

G(z,y,z) = ‘T4+y4 - Z2

Thus f is blow-analytic.

It is known that a semialgebraic function’ defined on a semialgebraic set
satisfies a non-trivial polynomial equation [14, Lemma 2.5.2]. Following this fact
and the statement of Theorem 2.9, it is natural to introduce the following notion.

Definition 2.12. A semialgebraic function defined on a real algebraic set is said
to be blow-Nash if there exists a finite sequence of algebraic blowings-up with
non-singular centers such that the composition is Nash?.

Then, we may deduce the following result from Theorem 2.9.

Theorem 2.13. A semialgebraic map defined on a non-singular real algebraic
set is blow-Nash if and only if it is arc-analytic.

The previous theorem admits a generalization to possibly singular real alge-
braic sets.

Theorem 2.14 ([17, Proposition 2.27]). A continuous® semialgebraic map de-
fined on a real algebraic set is blow-Nash if and only if it is generically arc-analytic
(i.e., there exists a nowhere dense algebraic subset such that every real analytic
arc non entirely included in this subset is mapped to a real analytic arc by com-
position).

* We will see below that f is actually blow-Nash.

T i.e. a function whose graph is semialgebraic.

i.e. real analytic and semialgebraic, see Definition 6.1.

§ Actually continuous on the closure of the non-singular locus.
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Remark 2.15. We will see in Proposition 5.9 that a semialgebraic arc-analytic
map defined on a real algebraic set is continuous. This is actually true for a
subanalytic arc-analytic map [10, Remark 1.5.(2) & Lemma 6.8.]. The function
given in [11] is arc-analytic but not continuous.

As pointed out in this section, blow-analyticity and arc-analyticity are very
close notions. The constructions of the known invariants of the blow-analytic
equivalence all rely on this fact. The next statement introduces the Fukui invari-
ant and in Section 4 we will present the Koike—Parusinski zeta functions which
are other invariants.

Theorem 2.16 ([34, Theorem 3.1]). To a real analytic function germ f :
(R4,0) — (R,0), we associate the set of orders of f restricted to real analytic
arcs germs at the origin. This is the Fukui invariant whose formal definition is
below:

A(f) = {ord; fv, v : (R,0) = (R%,0) real analytic} .
It is an invariant of the blow-analytic equivalence

i.e., if f,g: (R%0) — (R,0) are blow-analytically equivalent then A(f) = A(g).

Proof. Let f,g: (R%,0) — (R,0) be two blow-analytically equivalent real ana-
lytic function germs. Hence there exists h : (R4,0) — (R%,0) a homeomorphism
with h and h~! blow-analytic such that f = gh.

Let v : (R,0) — (R%,0) be a real analytic arc. By Proposition 2.4, n = hvy
is a real analytic arc. Since gn = fv, we get A(f) C A(g). The proof of the
converse inclusion is exactly the same. |

The following corollary is a direct consequence of the previous theorem.

Corollary 2.17. If f and g are two real analytic function germs which are blow-
analytic equivalent, then mult f = mult g.

Remark 2.18 ([46, §7]). S. Izumi, S. Koike and T.-C. Kuo formulated versions
with signs of the Fukui invariant which are also blow-analytic invariants:

AT(f) = {ord fv, v+ (R,0) = (R%,0), 36 > 0, Vt € [0,4), fy(t) >0},

A™(f) = {ords fv, 7 : (R,0) — (R?,0), 36 > 0, Vt € [0,4), fy(t) <0}.

3. Classical motivic integration

For more complete surveys concerning classical motivic integration, we refer
the reader to [24], [58] and [57]. The surveys [18], [72] and [13] introduce the
machinery of motivic integration in the non-singular case (or with only “nice”
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singularities for the first one).

In this section, an algebraic variety is a reduced and separated scheme of
finite type over a characteristic zero field k. This is the only section of this article
which uses the language of schemes.

3.1 A brief overview of the theory in the non-singular case

Using tools coming from p-adic integration, V. V. Batyrev [8] proved that two
birational Calabi—Yau varieties share the same Betti numbers. During a talk in
Orsay in 1995, M. Kontsevich [50] introduced a “motivic” analogue of the p-adic
integration which allows him to prove that two birational Calabi—Yau varieties
share the same Hodge numbers. That’s the beginning of motivic integration.

Then we got a deeper comprehension of this new theory, in particular it was
generalized to possibly singular varieties, thanks to the works of J. Denef and F.
Loeser [22], [26], V. V. Batyrev [7], [9] and E. Looijenga [58].

Definition 3.1. We denote by Ky(Vary) the Grothendieck group of algebraic
varieties over k. It is the free abelian group spanned by isomorphism classes [X]
of algebraic varieties over k modulo the following additivity relation:

(i) If Y is a closed subvariety of X then [X] = [X \ Y]+ [Y].
Moreover the fiber product over Spec k induces a ring structure:

(i) [X][Y]=[X xx Y],

Notations 3.2. Let fix some notations:

e We denote by 0 = [@] the class of the empty variety, it is the unit of the
addition.

e We denote by 1 = [pt] = [Speck] the class of the point, it is the unit of the
product.

e We denote by L = [A}] = [Spec k[z]] the class of the affine line.

e We denote by M = Ky(Varg)[L™!] the localization of Kgy(Var) in
{1,L,L2,...} so that we can divide by the class of the affine line.

Remark 3.3. It is known that Ky(Varg) is not an integral domain for a zero
characteristic field k [67].

When k is a characteristic zero field, L. A. Borisov [15] recently proved that
the class of the affine line L is a zero divisor, in particular the morphism
Ky (Vary,) — My is not injective (see also [59]).

Remark 3.4. A Zariski-constructible set induces a well-defined class in
Ko(Vary).

Remark 3.5. If p: E — B is a Zariski piecewise trivial fibration* with fiber F’

*i.e. we may split B = UB; as a finite disjoint union of locally closed sets for the Zariski

topology such that p~1(B;) is locally closed and isomorphic to B; x F.
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then [E] = [B][F] in Ko(Vary).

We refer the reader to [39] and [40] for the basic properties of jet spaces and
arc spaces that we are going to briefly introduce. Notice also that the study of
singularities via the arc space was first studied by J. Nash [63] in 1968.

Definition 3.6. For X an algebraic variety and n € N, we denote by £, (X) the
set of n-jets on X, it is the k[t]/¢"*!-rational points of X, i.e.,

L, (X) = X (k[t]/t"*t!) = Homy,_gcn (Spec k[t]/tmH1 | X).

These sets have a natural structure of schemes. Indeed, up to working locally, we
may assume that X = Spec (k[z1,...,2q4|/I) where I = (f1,..., fm). Then an
n-jet is just a morphism « : k[z1,...,zq4]/T — E[t]/t"T!. By setting u; = v(x;)
and by interpreting it as a vector of k"*!, we notice that £, (X) is the subvari-
ety of k*™+1) given by the equations f;(uy,...,uq) = 0 € k[t]/t"T! modulo the
previous identification. We may check that this construction doesn’t depend on
the choice of the generators of I. *

The following example highlights the natural scheme structure of the set of
n-jets.

Example 3.7. Consider the cusp

X = Spec (klz,y]/y? — 23)

then
L1(X)(k)
= {(ao + ait, by + blt) S (k[t]/t2)2 R (bo + blt)Q - ((l() + alt)?’ =0 mod t2}
_ {(ao Fayt, by + bit) € (K[t]/2)?, a2 = b2, 3a1a2 = 2b0b1} .
Lo(X)(k)
_ J (a0 + art + axt® by + bit + bat?) € (K[t]/£3)?,
(bo + byt + b2t2)2 — (a() + a1t + a2t2)3 =0 mod ¢

3 2
CLO == bo7
(ao + a1t + a2t2, by + byt + b2t2) S (k[t]/tg )2 s 3&1@% = 2b0b1,
3aag+3apal =2boby+b3

Definition 3.8. Let m,n € N with m > n, then the morphism

* There is a more functorial construction in the beginning of [22].
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k[t]/tm+1 — k[t]/tn—O—l
induces a truncation morphism

s Lo (X) = Lo(X).

n

Definition 3.9. The scheme of (formal) arcs on X is, by definition, the projec-
tive limit
£(X) = lim £,(X).
Hence, for n € N, we have a natural truncation morphism

Tn  L(X) = L(X).

Remark 3.10. The functorial construction allows one to check that the k-
rational points of £(X) are the k[[t]-rational points of X.

Remark 3.11. The space of n-jets, for a fixed n, is an algebraic variety. How-
ever, the space of arcs is a reduced and separated scheme but which is not of
finite type, hence it can be seen as a “infinite dimensional algebraic variety”.

Remark 3.12. Given an algebraic variety X, a theorem of Greenberg [41] en-
sures there exists ¢ > 0 such that for all n € N we have 7, (L(X)) = 75" (Len (X)).

Then, using Chevalley theorem for schemes [42, Chapitre IV, Théoréme 1.8.4],
we may deduce that m,(L£(X)) is Zariski-constructible as the image of a variety
by a morphism.

The main concern of motivic integration consists in defining a measure on
the arc space £(X) which maps a “measurable set” to an element in Ky(Varg).
We are now going to focus on the construction of these “measurable subsets”
of £(X). The main idea consists in using the truncation morphisms* in order
to work with subsets of the jet spaces which are easier to use than the infinite
dimensional scheme of arc.

Definition 3.13. Let X be a d-dimensional algebraic variety. We say that a
subset A of L(X) is stable at the level k € N if it satisfies the following conditions
forn>k:

1. m,(A) is Zariski-constructible,

2. A=mtm,(A),

3. i, 1 (A) = mn(A) is a piecewise trivial fibration with fiber A{.
A stable set is a set which is stable at some level.

Proposition 3.14. If a subset A of L(X) is stable then

* Truncation to order n is the motivic analogue of reduction modulo p™ in p-adic integration.
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A(A) = [m (A LD e My,
doesn’t depend on n for n big enough.
This allows one to define a first family of measurable sets.
Definition 3.15. If A C £(X) is stable then we define its measure by ji(A).
The first part of the following result relies on Hensel lemma.

Lemma 3.16. If X is a d-dimensional non-singular algebraic variety then the
morphisms w7 and m, are surjective. Moreover
s Lo (X) = L,(X)

s a piecewise trivial fibration with fiber Al(ﬂmfn)d.

Remark 3.17. The previous result doesn’t hold in the singular case* . Indeed,
using the notations of Example 3.7, the preimage of the jet (0,¢t) € £1(X) by
72 Lo(X) — L1(X) is empty.

Definition 3.18. A subset A C £(X) is a cylinder if A = 7, }(C) for some k € N
and some Zariski-constructible subset C' of L (X).

Corollary 3.19. If X is a d-dimensional non-singular algebraic variety then a
cylinder is stable. Moreover if A = 71',;1(0), with C' a Zariski-constructible subset
of Li(X), then

fi(A) = [ClL- e,
Example 3.20. If X is a d-dimensional non-singular algebraic variety then £(X)
is stable and

AL(X)) =[x

In order to define the motivic integral, we are going to work with a completion
of the ring M. This will give us a notion of convergence.

Definition 3.21. For m € Z, we denote by F™ M, the subgroup of M, spanned
by the elements of the form [S]L.~% where i — dim S > m. It defines a filtration®
and we denote by M, the completion of M, with respect to this filtration?, i.e.,

Mk = lgl My Fm™M;, .

* i.e. in this case, it is necessary to avoid confusion between the set £, (X) of n-jets and the

set 7, (L£(X)) of truncated arcs at order n.

tie. FmHIMy C FPMy and FPMpFP My, C F™H0 My,

t E. Looijenga [58] calls it the completion with respect to the virtual dimension. V. V. Batyrev
[7] [9] gives an equivalent description using a “non-archimedean norm”.
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Remark 3.22. It is not known whether the morphism M, — My, is injective,
however the Euler characteristic and the Hodge polynomial factorise through the
image of My, in M, (see [22, (6.1)]), which is enough to prove the Kontsevich
theorem concerning birational Calabi—Yau varieties.

Example 3.23. A sequence in M, converges to 0 in My, if and only if the virtual
dimension* of its elements converges to —oo.

Example 3.24. A series Y a, converges in Mk if and only if a,, converges to 0

in Mk

Example 3.25. In Mlm >i0 L=* converges and its limit is the multiplicative
inverse of 1 — L7,

Definition 3.26. Let A C L£(X) be a stable set and o : A — N U {oo} be a
function whose each fiber is stable and such that ji(a=!(c0)) = 0. We say that
L~ is integrable if the following sequence converges in My :

[ i = Yt

Example 3.27. Let Z be an ideal sheaf then L~ °"7 is integrable! .

Theorem 3.28 (Kontsevich transformation rule). Let A C L(X) be a stable
set, h : Y — X be a proper birational map between two non-singular algebraic
varieties and o : L(X) — NU {oc} be such that L= is integrable. Then

‘/ﬂ_iadﬂ:/ H_f(och*JrordJach)dﬂ
A hit(A)

where hy : L(Y) = L(X) is induced by h and where Jacy, is the ideal sheaf locally
spanned by the jacobian determinant of h.

We are now able to prove Kontsevich theorem.

Corollary 3.29 ([50]). Two birational Calabi-Yau varieties share the same
Hodge numbers.

Proof. Let X and Y be two birational Calabi—Yau varieties. Since they are bira-
tional, there exists a non-singular algebraic variety Z and two proper birational
maps such that the following diagram commutes

* We define the virtual dimension of o € My, as the only integer m such that
a € F MMy \fﬁerle.

T ordz is the contact order along Z: an arc induces a morphism v : Ox — k[t] and then we
denote ordz(v) = sup{e, v(Z) C (¢t¢)}
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X Y

Then

ﬂ_—d[X] = / U—_Od/l - / L~ ordjacy dﬂ :/ L= ordjacs,, d/l
L(X) L£(2) ()

:/ L% = L4Y].
L(Y)

Indeed div(Jac,, ) = KZ/X = Ky — % Kx = Kz since X is Calabi-Yau.
We get exactly the same equality for Y.

Hence [X] = [Y] in M.

We conclude thanks to Remark 3.22. [ |

Whereas stable sets are enough for our purpose (and usually they suffice in
the non-singular case), in general a bigger family of measurable sets is necessary.
Indeed, for example, £(X) is not stable if X is singular. It is possible to define
such a larger set of measurable sets. A first attempt appears in [22, Definition-
Proposition 3.2]. A second and even larger notion of measurable sets is defined
in [7, Definition 2.16], [9], [58, Proposition 2.2] and [25, Appendix].

3.2 Denef-Loeser motivic zeta functions
3.2.1 The naive motivic zeta function

Definition 3.30. Let f : X — A} be a non-constant morphism where X is a
d-dimensional non-singular algebraic variety. For n € N~ ¢, we set

xn(f) = {’7 € [’n(X)v ord; fny = n}v
where f,, : £,(X) = L, (A}) is induced by f and where
ord; : L, (Ar) — {0,...,n,00}

is defined as follows. To an n-jet v € L,,(A}) there is a natural associated mor-
phism 7 : k[z] — E[t]/t"T! and we denote ord; v = sup {e, t°|¥(z)(¢)}.
Then we define the naive motivic zeta function of f by

ZFNe(T) = 3 [Xn (NI LT € M[T].

n>1

Remark 3.31. In M,[T7], the naive motivic zeta function may be defined as a
motivic integral as follows.
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Let s be a formal variable and T = L~5. For A C £(X) a stable set and
a,B: A— NU{oo} two functions whose each fiber is stable and such that g is
integrable when restricted to each fiber of a;, we set

/[I_ (s +8)qpy - Zu Nnp- ())I]_ (is+5)
A

= Z (/ [L‘ﬁa—lmdﬂ) L~ € M [T].
a~1(2)

Define ord; : L£(A}) — {0,1,...,00} using the morphism 7 : k[z] — k[t]
naturally associated to an arc v € L(A}).
Set

Zlnt (T) / L= ords ?Sd/:[l c Mk: [[Tﬂ
L(X)

where f: £(X) — L(A}) is induced by f.

Then ZpVe(T) = LYZPY(T) — [X \ f71(0)] € M[T].

This construction points out the analogy with the Igusa (p-adic) zeta func-
tion.

The following rationality formula is a direct consequence of Denef-Loeser
Key Lemma [22, Lemma 3.4] used to generalize the motivic change of variables
formula to the singular case.

Theorem 3.32 ([21, Theorem 2.2.1]). Let f : X — AL be as in the previous defi-
nition. Let h: Y — X be a resolution of (X, Xo(f) = f~1(0)). Denote by (E;)ics
the irreducible components of h=1(Xo(f)). Fori € J, we denote by N; the multi-
plicity of E; along the divisor associated to fh and by v; — 1 the multiplicity of E;
along the divisor associated to Jac,. For I C J, we set E} = Mierl; \ UjgrEj.
Then

naive TNL
ZPe(T) = Y (BN -1 "'H — [
GAICT
Remark 3.33.
int d I L—vih
ZpH ) =1y (B -1) 'Hl_ T
IcJ

3.2.2 The equivariant motivic zeta function following Guibert—
Loeser—Merle

We denote by Gy, = Spec (k[z,y]/xy — 1) the multiplicative algebraic group
over k. It may be identified with the affine line without the origin.
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The following Grothendieck ring is defined in [44].

Definition 3.34. Let S be an algebraic variety over a field k. Let n € Nso.
We define Ko(Varg, g, ) as the free abelian group spanned by equivariant iso-
morphism classes of varieties of the form ¥ — S x G, over S x G,, where Y
is equipped with a good action* of G, such that each fiber of 711 : Y — S is
invariant by the action and such that 7o : Y — Gy, satisfies ma(\ - ) = N'ma(x)
modulo the following relations:

(i) If Z is a closed Gy-invariant subvariety of Y then [Y \ Z] + [Z] = [Y],

(ii) Let f: Y x AJ» =Y — S x Gy, equipped with two actions o and ¢’ which

are liftings" of the same action 7 on Y then?

[f:Y xAP = S X Gp,o]=[f:Y XA = 8 x Gy,

The fiber product over S x Gy, induces a ring structure:

(iii) [X][Y] = [X Xsx@,, Y] where the Gy,-action on X Xgxg,, Y is diagonal.
The product unit is given by the identity map 1 = [S X Gy, = S X Gy
where the G,-action is trivial on S and given by A -z = A"z on the first
G-

Finally, the cartesian product induces a structure of Ky (Vary)-module.

(iv) If [X] € Ko(Varg) and [Y — S x Gp] € Ko(Varg, g, ) then

X]Y]=X XY =Y = S x Gy]

where the G,-action is trivial on X.

Notation 3.35. The class L € Ky(Varg) induces, via the scalar product, a class
L=0L-1=[A; xS X Gy — 5 x Gy

where A - (z,s,7) = (z, 8, \"r).
Then we set

ngm = KO(Varngm) [[L_l] :

Notation 3.36. For n = km with £k € Nyg we define the morphism 6,,, :
Var§, g — Varg, g, which only changes the action by A -z = A* - z. This
morphism is compatible with the Grothendieck module and with the localization
by L so that we can construct Ko(Varsxg,,) and Mgxq,, using inductive limits.

Definition 3.37. Let f : X — A,lc be a non-constant morphism where X is a
non-singular algebraic variety. For n € N5, we set

* i.e. the orbits are included in open affine parts in order to be able to work locally.

Fie pry(A o (y,2) = pri(Xor (y,2)) = X7 y.
¥ This relation is purely technical, it allows one to factorise terms of the zeta function whose
actions are not exactly the same.
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Xn(f) = {y € Lo(X), ord; fry =n}.

We define a Gy,-action on X,,(f) by A-~(t) = v(At).

We define the angular component morphism acy, : X,(f) — Gmn by
acsn(y) = ac(fy) where ac : L,(AL) — A} associates to 7 the first non-zero
coefficient of 4(z)(t) (or 0 if 4(x) = 0) where 7 : k[z] — E[t] is induced by 7.

Finally we define f,, : X,(f) — Xo(f) which maps v to its origin.

Hence the class

[(Fasacn) = Xa(f) = Xolf) G| € Ko(Vark, r)xc.,.)

is well-defined.

Then the equivariant motivic zeta function of f is defined by

Zf(T) = Z[%n(ﬁ]m—ndTn € MXo(f)xGm [[T]]

n>1

Similarly to the naive case, we have a rationality formula in terms of resolu-
tion. We refer the reader to [44, §3.6] for the construction of [Uj].

Theorem 3.38 ([25, §3.3], [44, §3.6]).
L—wN
Zy(T) = Z [UI]HW-
oAICT i€l

Definition 3.39 (Motivic Milnor fiber). We denote by
St = —lmZy(T) € Mxo()xGun

the motivic Milnor fiber of f.

Theorem 3.40 ([44, Theorem 5.18]). We have the following relation
yﬁ@fz = _yfl >kjﬂj% +yf1 +‘5ﬂfz
for some product

* 1 Mo (%G X Mo (£)x G = MXo(£)x G-

We may notice that in [23, Definition 4.2.2], J. Denef and F. Loeser work with
slightly different settings. They not only consider arcs such that ord; fy = n but
also arcs with ord; fy > n (with no action in this last case). This allows them to
get a convolution formula for this “modified equivariant zeta function”. Particu-
larly, this allows one to recover Theorem 3.40.

This is the strategy used in what follows when we introduce some modified
zeta function Z;(T') satisfying
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Zfl@fz (T) = Zf1 (T) ® Zf2 (T)

where ® consists in applying coefficientwise some convolution product.

4. Koike—Parusinski zeta functions

As noted before, blow-analyticity and arc-analyticity are closely related. And
since motivic integration is an “integration theory” on arc spaces, it is natural to
try using it in order to study the blow-analytic equivalence. Such a strategy was
first initiated by S. Koike and A. Parusiriski [47].

They define a naive zeta function and two zeta functions with signs (which
play the role of the motivic equivariant zeta function) in a way similar to the
ones of Denef-Loeser but they realized the motivic measure through the Euler
characteristic with compact support.

Notice that we are going to work with real analytic arcs (and not formal
arcs).

Definition 4.1. We define the space of arcs mapping the origin to the origin
L(R?0) = {’y - (R,0) = (R%,0), ~ real analytic}

and the space of n-jets mapping the origin to the origin*
L,(R%,0) = {alt +agt? + -+ a,t", a; € [Rd} .

Definition 4.2 ([47, §1.1]). Let f: (R%,0) — (R,0) be a real analytic function.
For n € N+, we set

Xn(f) = {7 € Lu(RY,0), f4(t) = ct" + -+, c £ 0},
x;(f):{’yEER([Rd,O), f’y(t):Ctn+-~-,C>O},

and we define Koike-Parusinski zeta functions by

Z¥NV(T) = 3 xe (Xa(f)) (1T € Z[T],

n>1

* Since R? is non-singular, we may assume that n-jets are just truncated arcs. We may first use
Hensel lemma, as in the algebraic classical motivic case, to lift an n-jet to a formal arc, and
then apply Artin approximation theorem [5] to find a real analytic arc whose expansion
coincides with the previous formal arc up to degree n. This allows one to prove that an
n-jet may be lifted to a real analytic arc.
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Z§7(T) = 3 xe (%3(f)) (~1)™T™ € Z[T],

n>1

Z¥(T) = xe (X5()) (=)™ € Z[T].

n>1
Remark 4.3 (47, §1.1]). Z}¥="(T) = Z{*7(T) + Z}=<(T).

Remark 4.4. Contrary to Denef-Loeser motivic zeta functions, these zeta func-
tions are local since we restrict to arcs mapping the origin to the origin.

S. Koike and A. Parusinski [47, Lemma 4.2] proved a first adaptation to the
real case of Denef-Loeser key lemma for the motivic change of variables formula.
This allows them to get the following rationality formulas.

Theorem 4.5 ([47, §1.2]). Let f : (R4,0) — (R,0) be a real analytic func-
tion germ. There exists o : (M,o0=1(0)) — (R%,0) a locally finite sequence of
blowings-up with non-singular centers such that fo and the jacobian determinant
Jaco simultaneously have only normal crossings and such that o is an isomor-

phism outside the zero set of f. We denote by (E;);c the irreducible components
of (fo)=1(0) and, forie J,

N; =multg, fo and v; — 1 =multg, Jaco.
We consider the following natural stratification of M given, for I C J, by
= ﬂ E; \ U E;.
iel jerI
Then
X naive \1| o~ -1 (=1)nTh
zyme ) = 0 (=2 xe (BrnomH0) [ ]

—_(— vy Ni
@AICT e (=T
and, for e € {<,>},
o _ I
zim = Y o T ulTN
@AICT iel
We refer the reader to [47, §1.2] for the definition of K5.

The previous rationality formulas allow one to prove that the Koike—
Parusinski zeta functions are invariants of the blow-analytic equivalence.

Theorem 4.6 ([47, Theorem 4.5)). If f,g : (R%,0) — (R,0) are two blow-
analytically equivalent real analytic function germs then
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Xe,naive __ rrx.,naive Xes> . 7Xe,> Xe:< _ 7Xxe,<
Z — 7 257 = Zxe>, 25 = Zxes,

)

Definition 4.7 ([47, §2]). For ¢ € {<,>}, we define the modified Koike-
Parusinski zeta function with sign € by

1— Z}cc,naive<T)

77X crE _
2y (1) = 1-T

=1+ ZF5(T).
Theorem 4.8 ([47, Theorem 2.3]). For e € {<, >}, the following formula holds

2y ) = 235(0) © 24 (1)

where the product @ is the Hadamard product which consists in applying coeffi-
cientwise the classical product of 7.

Remark 4.9. The couples (Z}(C’>(T),Z;fc’<(T)) and (Z}(C’>(T),Z}<C’<(T)) are
equivalent. Indeed, we have the following formula [47, (2.5)]:

L+ Z§=7(T) + Z¥=<(T)
B 1+7T

Z5(T) + 14 Zf5(T).

Using Koike—Parusinski zeta functions and Fukui invariants, S. Koike and
A. Parusinski [47, Theorem 6.1] classified entirely Brieskorn polynomials* in two
variables up to the blow-analytic equivalence.

However, Koike-Parusinski zeta functions alone are not enough to distin-
guish some blow-analytic equivalence classes of such Brieskorn polynomials, see
[47, Remark 6.3].

Using these invariants, O. M. Abderrahmane [2] proved that the blow-
analytic type of a singular weigthed homogeneous polynomial in two variables
non-degenerate with respect to its Newton polyhedron determines its weights.

5. The virtual Poincaré polynomial of AS-sets

Most of the material of this section is covered by the survey [56].

5.1 Arc-symmetric sets

In the article [55], where K. Kurdyka introduces arc-analytic maps, he also
introduces arc-symmetric sets. An arc-symmetric set is a semialgebraic subset of
R? such that given a real analytic arc on R%, either this arc is entirely included
in the subset or it meets it at isolated points only.

Definition 5.1 ([55, Définition 1.1]). A semialgebraic subset S of R? is arc-
symmetric if it satisfies the following equivalent conditions:

* i.e. polynomials of the form +aP + y9.
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(i) For v : (=1,1) — R? a real analytic arc, if Int(y!(S)) # @ then

7_1(5) =(-11),

(i) For v : (=1,1) — R? a real analytic arc, if y((—=1,0)) C S then
((=1,1)) c S,

(iii) For v : (=1,1) — R? an injective real analytic arc, if v((—1,0)) C S then
((=1,1)) C 5,

(iv) For v : (—1,1) = R? a Nash arc* , if v((—1,0)) C S then y((—1,1)) C S.

Example 5.2. The unicity of the analytic continuation ensures that real alge-
braic sets (resp. real analytic and semialgebraic sets) are arc-symmetric.

The following example highlights the usefulness of arc-symmetric sets.

Example 5.3 ([55, Exemple 1.2]). Let V = {z(2? + 4?) = 23} C R® be the
Cartan umbrella. Then V is irreducible as an algebraic (or analytic) set but
can be decomposed non-trivially into the union of two arc-symmetric sets: the
handle, that is the z-axis, and the canopy, that is the (Euclidean) closure of
V\ {(0,0,2), z # 0}.

Hence arc-symmetric sets are finer than analytic components of a real alge-
braic set.

The following remark is a direct consequence of the curve selection lemma
[14, Proposition 8.1.13].

Remark 5.4 ([55, Remarque 1.3]). An arc-symmetric set is closed for the Eu-
clidean topology.

Theorem 5.5 ([55, Théoréme 1.4]). Arc-symmetric subsets of R are exactly the
closed sets of a noetherian topology on RY that we will denote by AR.

Definition 5.6 ([55, Définition 2.10]). The AR-topology being noetherian, we
may associate to X its Krull dimension dim4r X defined as the length of the
longest strictly increasing sequence of AR-irreducible subsets ending at X.

Proposition 5.7 ([55, Proposition 2.11]). Let S be a semialgebraic subset, then
the following dimensions coincide:

e The AR-dimension dim g EAR,
o The Zariski dimension dimgy,, gzar,

o The geometric dimension dim S defined as the greatest dimension of real ana-
lytic submanifolds included in S.

5.2 More properties of arc-analytic maps
The notion of arc-analytic map can be extended naturally to maps between

* i.e. a real analytic arc whose graph is semialgebraic, see Definition 6.1.
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arc-symmetric sets.

Definition 5.8 ([55, Définition 4.1]). A map f : X — Y between two arc-
symmetric sets is arc-analytic if it maps by composition real analytic arcs on X
to real analytic arcs on Y.

Proposition 5.9 ([55, Théoréme 4.2, Proposition 5.1]). Let f : X — R™ be an
arc-analytic and semialgebraic map defined on X an arc-symmetric subset of R?,
then

o The graph of f is an arc-symmetric subset of R% x R™,

o The map f is continuous for the Fuclidean topology,

e The map f is continuous for the AR-topology (particularly, the inverse image
by [ of an arc-symmetric set is arc-symmetric),

e If moreover f is injective and proper then its image is arc-symmetric.

Note that in general the image of a proper injective polynomial map defined
on a real algebraic set is not algebraic. Thus arc-symmetric sets appear naturally
as the images of such maps.

The following theorem states that a semialgebraic and arc-analytic map is
real analytic outside some nowhere dense set.

Theorem 5.10 ([55, Théoréme 5.2]). Let f : X — R™ be a semialgebraic and
arc-analytic map defined on an arc-symmetric set. Then

dim Sing f < dim X — 2
where Sing f is the set of points of X where f is not real analytic.

The following result is a direct consequence of Proposition 5.7. It is some
kind of “unicity of the arc-analytic continuation”.

Theorem 5.11 ([55, Proposition 5.3]). Let f,g: X — R™ be two semialgebraic
and arc-analytic maps defined on an irreducible arc-symmetric set X. If f = g
on an open semialgebraic subset U satisfying dimU = dim X then f =g on X.

Finally, there is a Nullstellensatz theorem for semialgebraic and arc-analytic
functions.

Theorem 5.12 ([55, Proposition 6.5]). Let f,g : X — R be two semialgebraic
and arc-analytic functions defined on an arc-symmetric set. If f~1(0) C g=1(0),
then there exists a semialgebraic and arc-analytic function h : X — R together
with an integer k € N such that g* = f - h.

5.3 Constructible categories
Definition 5.13 ([65, Definition 2.4]). Let C be a collection of semialgebraic
subsets. We say that C is a constructible category if it satisfies the following
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axioms:
Al. C contains real algebraic sets,
A2. C is stable by union, intersection and taking the complement,
A3. a. The inverse image of a C-set by a map between two C-sets whose graph
isin C is a C-set,
b. The image of a C-set by a injective map between two C-sets whose
graph is in C is a C-set,
A4. A locally compact C-set is Euler in codimension 1, i.e. if X is a lo-
cally compact C-set, there exists a semialgebraic subset Y of X satisfying
dimY < dim X — 2 such that X \ Y is Euler* .

Example 5.14 ([65, Theorem 2.8]). Zariski-constructible sets (i.e. sets of the
boolean algebra spanned by real algebraic sets) form a constructible category
denoted by AC. It is the smallest constructible category since it is included in
any other constructible category.

A constructible category admits a closure which is compatible with the di-
mension.

Theorem 5.15 ({65, Theorem 2.5)). Let C be a constructible category and X be
a locally closed C-set. Then for every subset A of X there is a smallest closed
C-subset of X which contains A. It is denoted by A°. Thus any other closed
C-subset of X which contains A must contain ‘.

Remark 5.16 ([65, Remark 2.7]). If A is semialgebraic then dim A = dim a°.

- — C —
Moreover, if A is a C-set then A =AU (A\ A4) , in particular dim(Ac \A) <
dim A.

Remark 5.17 ([65, p361]). Notice that the closure of the constructible category

AC is not the Zariski closure. More precisely, if A is a semialgebraic subset of a
—Zar

. — _ —AC . . .
real algebraic set, then A C A~ C A~ but these inclusions may be strict.

For example if A is the non-singular part of maximal dimension of the Whit-
—Zar

ney umbrella {z2? = y?} C R? then A C Ay
For example if A is the non-singular part of maximal dimension of the Cartan
—Zar

umbrella {z(2? + y?) = 23} C R® then A = e cCA™.

5.4 The AS collection
We are going to work with a slightly different framework from arc-symmetric

*ie. X is Euler if for all x € X the Euler-Poincaré characteristic of X in z, x(X,X \ z) =
S (=1)tdim H; (X, X \ z;Z2), is odd. We may prove ([65, Corollary 4.7]) that a locally
compact C-set is actually Euler. The interest of this axiom resides in the fact that a locally
compact semialgebraic set is Euler in codimension 1 if and only if it admits a fundamental
class for its Borel-Moore homology with Z coefficients ([65, Remark 1.5]). Hence the sets
of a constructible category share topological properties with real algebraic sets, see [70].
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sets. It is the collection AS which was defined by A. Parusinski [65].

Definition 5.18. The AS collection is the boolean algebra spanned by arc-
symmetric subsets of a real projective space* Pg.

We get the following characterization.

Proposition 5.19 ([65, §4.2]). A subset S of P} is an AS-set if and only if
it is semialgebraic and satisfies the following condition: for every real analytic
arc v : (=1,1) — PR satisfying v((—1,0)) C S, there exists € > 0 such that
2((0,6)) € S,

Remark 5.20. Closed’ AS-subsets of P are exactly the arc-symmetric subsets
of PR.

The following example shows that AS-sets have a better behavior at infinity
than arc-symmetric sets.

Example 5.21 ([65, §4.2]). The hyperbola branch {(x,y) € R?, 2y = 1,z > 0}
is arc-symmetric but is not AS since if we embed the branch in P%, we may find
a real analytic arc going from a branch to the other one.

The following result is an AS version of Theorem 5.5. The proof is quite
similar as we can see in the proof of [65, Theorem 2.5].

Theorem 5.22. The AS-closed* subsets of Pit are exactly the closed sets of a
noetherian topology on PE.

Another advantage of the AS-collection is that it is a constructible category.

Theorem 5.23 ([65, Theorem 4.5 & Proposition 4.6]).

The AS collection is a constructible category. Moreover it is the biggest one
since every other constructible category is contained in AS. This is also the only
constructible category which contains the connected components of compact real
algebraic sets.

In particular, the image of an AS-set by an injective map whose graph is AS
is an AS-set. Contrary to the arc-symmetric case (See Proposition 5.9), it is not
necessary to assume that the map is proper. The following example shows that
the properness is not a superfluous condition.

Example 5.24 ([56, Remark 3.6]). The image of the hyperbola branch {(z,y) €
R, 2y = 1,2 > 0} by the projection on the first coordinate is not arc-symmetric.

* By [14, Theorem 3.4.4], P} is biregularly isomorphic to an algebraic subset of an Euclidean
space RN,

 for the Euclidean topology.

t for the Euclidean topology.
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The following result may be easily deduced from [65, Theorem 4.3]. We may
see this result as an analogue of the Chevalley theorem which states that, over
an algebraically closed field, the image of a Zariski-constructible set by a regular
map is Zariski-constructible.

Theorem 5.25. The image of an AS-set by a reqular map whose each fiber has
an odd Euler characteristic with compact support is an AS-set.

5.5 The virtual Poincaré polynomial

C. McCrory and A. Parusiriski [60] proved there exists a unique additive in-
variant of real algebraic varieties which coincides with the Poincaré polynomial
with Z5 coefficients for compact non-singular algebraic varieties. It is called the
virtual Poincaré polynomial.

This invariant was extended to AS-sets by G. Fichou [28] who also showed
that it is invariant under Nash-isomorphisms*.

These constructions rely on the weak factorization theorem [75, 3] in a way
similar to what has been done by F. Bittner [12] to prove that Ky(Vary) is
spanned by the isomorphism classes of projective non-singular algebraic varieties
with the following relations: 0 = [@] and [Bly X| — [E] = [X] — [Y] where Bly X
is the blowing-up of X along a non-singular closed subvariety Y with exceptional
divisor F.

Using a new construction, C. McCrory and A. Parusiriski proved that the vir-
tual Poincaré polynomial for AS-sets is in fact an invariant up to bijections whose
graph is AS (See the proof of [61, Theorem 4.6] together with [61, Proposition
4.3]).

Theorem 5.26 ([60], [28], [61]). There is a unique map' B : AS — Z[u], called
the virtual Poincaré polynomial, such that

e BXUY) = B(X) +B(Y),

o B(X xY) = AX)B(Y),

o If X # & then deg f(X) = dim X and the leading coefficient of 5(X) is posi-
tivet,

e If X is compact and non-singular then f(X) =, dim H;(X, Zo)u’,

o If X and Y are two AS-sets such that there is a bijection with AS-graph be-
tween them then B(X) = B(Y).

Remark 5.27. Notice that if we work with semialgebraic sets with no additional
assumption then every additive invariant of semialgebraic sets up to semialgebraic

* Two AS-sets A and B are Nash-isomorphic if there exist two compact Nash manifolds M and
N such that A C M and B C N and a Nash-isomorphism ¢ : M — N such that ¢(A) = B,
see [28, Definition 2.15 & Theorem 2.16].

T AS is a set since each AS-set is embedded in a projective space.

t (@) =0
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homeomorphisms factorises through the Euler characteristic with compact sup-
port*.

This highlights that the virtual Poincaré polynomial, which encodes the di-
mension, is a very powerful additive invariant.

Notice also that we recover the Euler characteristic with compact support by
evaluating the virtual Poincaré polynomial in u = —1.

Example 5.28. Since P} is compact and non-singular we have 3(P%) = u + 1
and so, by additivity, 3(R) = B(Pg) — B(pt) = u.

The following example shows that the virtual Poincaré polynomial is not a
topological invariant.

Example 5.29 ([60]). The strict transform of the blowing-up of the eight curve
H = {y? = 22 — 2%} at the origin is a circle and the inverse image of the origin
consists in two points. Hence 5(S') — 28(pt) = B(H) — B(pt) and so B(H) = u.

If we blow-up the following union of two circles tangent at the origin
T ={((z+1)?+3?>—-1((z — 1) +y*> — 1) = 0}, then the strict transform
consists in two circles and the inverse image of the origin consists in two points.
Hence 25(St) — 28(pt) = B(T) — B(pt) and so B(T) = 2u + 1.

6. The blow-Nash equivalence

6.1 Nash maps

Nash maps and Nash manifolds were first studied by J. Nash [62] where
he considered real analytic functions satisfying non trivial polynomial equations.
Thanks to this notion, in the same article, he proves that a connected and com-
pact C*°-manifold is diffeomorphic to a non-singular connected component of a
real algebraic variety. This result was improved by A. Tognoli [71]: a compact
C*°-manifold is diffeomorphic to a non-singular real algebraic set.

M. Artin and B. Mazur [6] gave a characterization of Nash functions in order
to define an abstract notion of Nash manifold.

Nash functions are powerful since they share good algebraic properties with
polynomial maps and good geometric properties with real analytic geometry such
as an implicit function theorem [14, Proposition 2.9.7 & Corollary 2.9.8]. We refer
the reader to [14, §8] and [69] for more details.

* See [68]. More precisely the Grothendieck ring of semialgebraic sets up to semialgebraic home-
omorphisms is isomorphic to Z via the Euler characteristic with compact support. This
is due to the following cell decomposition property of semialgebraic sets: a semialgebraic
set may be splitted as a disjoint union of semialgebraic sets which are semialgebraically
homeomorphic to (0,1)%. We may conclude by noticing that we can cover (0,1)? with
two semialgebraic sets that are semialgebraically isomorphic to (0,1)¢ and such that the
intersection is semialgebraically isomorphic to (0,1)4-1,
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Definition 6.1 ([62], [14, §8]). Let U C R? be an open semialgebraic set. A
function f : U — R is Nash if it satisfies the following equivalent conditions:

1. f is semialgebraic and C*°,

2. f is real analytic and satisfies a non trivial polynomial equation.

Definition 6.2. A map f : U — R" defined on an open semialgebraic set is Nash
if so are its component functions.

Definition 6.3. A d-dimensional Nash manifold is a semialgebraic set M of RP
such that every x € M admits a semialgebraic open neighborhood which straight-
ens M, i.e. there exists U a semialgebraic open neighborhood of the origin in R?,
V' a semialgebraic open neighborhood of z in RP and ¢ : V — U a Nash diffeo-
morphism such that ¢(z) =0 and o(M NV) = R? x {0}.

Example 6.4. We may derive from the Jacobian criterion and the Nash implicit

function theorem that a non-singular real algebraic set has a natural structure of
Nash manifold.

M. Artin and B. Mazur gave a description of Nash maps as maps which lift
to polynomial maps on irreducible non-singular real algebraic sets.

Theorem 6.5 (Artin-Mazur description [6] [14, Theorem 8.4.4]). Let M C RP
be an n-dimensional Nash manifold which is semialgebraically connected. Let
f: M — RF be a Nash map. Then there exists an n-dimensional irreducible
non-singular real algebraic set V.C RPY4, an open semialgebraic subset M’ of V,
a Nash diffeomorphism o : M — M’ and a polynomial map g : V — RF such that
the following diagram commutes

RPte OV

L
17

RP —M

where II is the projection on the first p coordinates.
Moreover M’ is a connected component of II71(M)NV.

6.2 The blow-Nash equivalence

G. Fichou [28] introduces zeta functions similar to the ones of S. Koike and
A. Parusinski but realized through the virtual Poincaré polynomial which is a
richer invariant than the Euler characteristic with compact support.

Whereas his zeta functions are well defined for real analytic function germs,
he has to restrict to Nash function germs in order to ensure that the object
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involved in the rationality formula are AS.

For this technical reason, he introduces an algebraic version of the blow-
analytic equivalence for Nash function germs called the blow-Nash equivalence.
It is not known whether the first definition of the blow-Nash equivalence is an
equivalence relation. For this reason, the definition evolves in [29] to get an equiv-
alence relation. But with this last definition the Fichou zeta functions are not
invariants of the blow-Nash equivalence (but we may still derive from them few
weaker invariants [29, Proposition 2.6, Proposition 3.2 & Theorem 3.4]). Finally
the definition of the blow-Nash equivalence stabilized as a notion which is mid-
way from the previous notions [30, 31, 32]. From now on, the term “blow-Nash
equivalence” will refer to this last notion.

Fichou zeta functions are invariants of the blow-Nash equivalence but it was
still not obvious originally that this notion is an equivalence relation.

Definition 6.6 ([28, Definition 4.1]). Two Nash function germs f,g : (R 0) —
(R,0) are blow-Nash equivalent if there exist two Nash modifications*

pp (Mp,pp'(0) = (RL0)  and gy = (Mg, pg " (0)) — (RY,0)
such that fuy, Jac,,, gug and Jac,, have normal crossings only, a Nash diffeo-
morphism

@ (My, 15 (0)) — (Mg, g (0))
which preserves the multiplicies of Jac,, and Jac,, along the irreducible compo-
nents of the exceptional loci and which induces a semialgebraic homeomorphism
¢ : (R%,0) — (R?,0) such that the following diagram commutes

o]

(My, 5 '(0)) (Mj, 1151 (0))

g Ry
Sl

(R,0)

The blow-Nash equivalence has properties similar to the ones of the blow-
analytic equivalence concerning the absence of continuous moduli for isolated
singularities.

6.3 Fichou zeta functions
Definition 6.7 ([28, §3.1]). Let f : (R%,0) — (R,0) be a real analytic function
germ. For n € Ny, we set

* A Nash modification is a proper surjective Nash map whose complexification is proper and
bimeromorphic.
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%n(f) = {ry € ‘cn([RdaO): f’}/(t) =ct" +-,c 7é 0} ;

() ={v e La(R%0), fy(t) =t"+---},

X, (f) = {v € L.(RL0), fy(t) = —t"+---}

and we define the Fichou zeta functions by

Z?,naiVE(T) _ Z 5 (xn(f)) ufndTn cZ [’LL, ufl] [[T]]v

n>1

ZPHT) =" B (X)) u T € Z [u,u ] [T,

n>1

7 (1) = 3 B (% (1) w T € Z [u,u '] [T])

n>1

Remark 6.8. Similarly to the Koike-Parusinski zeta functions, the Fichou zeta
functions are local.

We may derive the following rationality formulas from an adaptation of
Denef-Loeser key lemma for the motivic change of variables formula.

Theorem 6.9 ([28, Proposition 3.2 & Proposition 3.5]). Let f : (R%,0) — (R,0)
be a Nash function germ. There exists o : (M,o=1(0)) — (R%,0) a finite sequence
of algebraic blowings-up with non-singular centers such that fo and Jaco simul-
taneously have normal crossings only and such that o is an isomorphism outside
the zero set of f. We denote by (E;)ic the irreducible components of (fo)~1(0)
and, fori € J,

N; =multg, fo and v; —1 = multg, Jaco.

Then

u—ViTNi
1 —u—viTN:

Z?,naive(T) _ Z (u _ 1)‘I‘ﬁ (E; N 0'_1(0)) H

GAICT el
and, fore € {—,+},

w VTN
1 —yvTN:

2Py = Y -0 (B e 0) I]

@AICT il

We refer the reader to [28, Lemma 8.12] for the definition ofEf?.

Remark 6.10 ([28, Remark 3.3]). In Theorem 6.9, it is necessary to assume that
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f is Nash in order to ensure that E} is AS so that B(EY}) is well defined.
The next theorem is a direct consequence of the previous rationality formulas.

Theorem 6.11 (28, Theorem 4.8]). If f,g: (R% 0) — (R,0) are two blow-Nash
equivalent Nash function germs then
B.naive __ 7B, naiv Bt _ 7B+ B,— _ 7B,—

Z; = Z, ", Zyt =27, Zym =Zy".
Remark 6.12 ([28, p.678]). In the blow-Nash setting, Fichou zeta functions
generalize the Fukui invariants since the virtual Poincaré polynomial is non-zero
for a non-empty AS-set.

Fichou zeta functions allow one to obtain a complete classification of
Brieskorn polynomials up to three variables for the blow-Nash equivalence [28].
More recently they were used by G. Fichou and T. Fukui [32] to prove that the
blow-Nash class of a three variables non-degenerate (with respect to its Newton
polyhedron) convenient weighted homogeneous polynomial determines its weight
system.

No convolution formula is known for Fichou zeta functions.

7. The arc-analytic equivalence

7.1 Definition and first properties

In [16], a characterization of the blow-Nash equivalence is given in terms of
arc-analytic maps. This relation is called the arc-analytic equivalence and allows
one to prove that it is an equivalence relation as expected. Moreover it avoids
using Nash modifications.

Definition 7.1 ([16, Definition 7.5]). Let f,g : (R%,0) — (R,0) be two Nash
function germs. We say that f and g are arc-analytic equivalent if there exists a
semialgebraic homeomorphism A : (R?,0) — (R%,0) such that
(i) f=gh,
(ii) h is arc-analytic,
(iii) there exists ¢ > 0 such that |det dh| > ¢ where dh is defined.

Theorem 7.2 ([16, Proposition 7.7]). The arc-analytic equivalence is an equiv-
alence relation.

Theorem 7.3 ([16, Proposition 7.9]). The arc-analytic equivalence coincides
with the blow-Nash equivalence, i.e. two Nash function germs are arc-analytic
equivalent if and only if they are blow-Nash equivalent.

Corollary 7.4 ([16, Corollary 7.10]). The blow-Nash equivalence is an equiva-
lence relation.
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A recent preprint by A. Parusinski and L. Paunescu [66] announces that the
arc-analytic equivalence admits no continuous moduli even for families of non-
isolated singularities. The following result can be deduced from [66, Theorem
8.5] and the proof of [66, Theorem 3.3], see also the formula [66, (3.9)].

Theorem 7.5. Let F : (R¥xI,{0}xI) — (R,0) be a Nash germ. Then the germs
fi(z) = F(t,x) : (R%,0) — (R,0), t € I, define a finite number of arc-analytic
classes.

7.2 A new zeta function
7.2.1 A Grothendieck ring

In order to obtain a zeta function with a convolution formula, we are go-
ing to work with an adaptation of Guibert—Loeser—-Merle Grothendieck group to
R*-equivariant AS-sets up to AS-bijections following [16, §3].

Definition 7.6 ([16, Definition 3.1]). Let K(AS) be the free abelian group
spanned by symbols* [X] with X € AS modulo the following relations
(1) Let X,Y € AS. If there is a bijection X — Y whose graph is AS then

(2) For X € AS and Y C X a closed AS-subset we set
[(XAY]+[Y] = [X],

The cartesian product induces a ring structure:
@3) [(X][Y]=[X xY].

Remark 7.7. The unit of the addition is the class of the empty set denoted by
0= [@].
The one of the multiplication is the class of the point denoted by
1= [pt].
We denote by L 4s = [R] the class of the affine line and we set
Mas = Ko(AS) [ﬂ-;t}s] .
Remark 7.8. For A, B € AS we have [AU B] = [A] + [B].

Remark 7.9. The virtual Poincaré polynomial factorises through a ring mor-
phism

* 1t is well defined since AS is a set.
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B: Ko(AS) — Z[u]

which extends to a ring morphism
B: Mus — Z[u,u™1].

Definition 7.10. For n € N+q, we denote by AS".

hon the category whose objects

are of the form
px : R"CX —» R*

where X € AS, the graph I',, € AS, the graph of the action I'r-xxx € AS
and finally for all (A, z) € R* x X, ox(A-z) = A"p(x) and whose morphisms are
equivariant maps* with AS-graph over R*:

X S Y
A %
R* .
Remark 7.11. One may notice that an isomorphism in AS],  is just an equiv-
ariant bijection with AS-graph over R*.

Definition 7.12 ([16, Definition 3.4]). For n € Nsg, we denote by K(ASy,,)
the free abelian group spanned by symbols

[px : R"CX — R*]

where px : R*CX — R* € AS},, modulo the relations:
(1) If px : R*CX — R* and ¢y : R*CY — R* are isomorphic in AS},,, then

we set
[px : R*CX — R*] = [py : R*"CY — R*],
(2) If Y is a R*-invariant closed AS-subset of X then

[(PX :R*CX — [R*] = [(,DXD/ :R*CY — [R*] + [(,0)(|X\y : R*OX\Y — |R*] s

(3) Let vy : R*C,Y — R* € AST,,, and ¥ = oy pry : ¥ X R™ — R*. Let o
and ¢’ be two actions of R* on Y x R™ which are two liftings" of 7 then
¥ R*Cy(Y x R™) = R* and ¢ : R*C,/ (Y x R™) — R* are in AS}, ., and
we add the relation

[ : R*C, (Y x R™) = R*] = [¢p : R*Cpr (Y x R™) — R*].

*ie. f(A-xz) =X f(x).
tie pry (Ao x) = X7 pry (z).
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The fiber product over R* induces a ring structure:
(4) We add the relation

[ox : R*CX — R [y : R*CY = R*'] = [X Xg« ¥ — R"]

where the action of R* on X xg« Y is diagonal from the previous ones.
The cartesian product induces a structure of Ky(.AS)-algebra* :
(5) Let [A4] € Ko(AS) and [px : R*CX — R*] € Ko(AS7},,,) then we set

[A] - [px :R'CX = R*] = [pxpryx : A x X — R*]
where the action is trivial on A.

Remark 7.13. The unit of the addition is the class of the empty set
0=10]
and the unit of the product is
1, = [id: R* = R*]

where the action on the first R* is A - r = \"r.
The class of the affine line 45 € Ko(AS) induces, by the scalar product, a
class

L, =Las 1, =[prg« : Rx R* = RY]

where the action is A - (r,z) = (r, A\"x).
We set M™ = Ko(ASp,,,) [L,'] which has a natural structure of M 4s-
algebra.

Definition 7.14. We define a directed partial order on N~y by
n<m-< Jdk € Nsg, n=km

and for n < m we define the morphism

o AST 5 AST

mon mon

which only changes the action by A -, x = \¥ -, x.
Then we set ASmon = ligASZmn, Ko(ASmon) = @KO(AS:;W) and
M = hﬂ/\/l"

Notation 7.15. e 1 = li%m]ln

* Using the notation introduced below, the algebra structure is given by the structural mor-
phism Ko(AS) — Ko(ASon) defined by [A] — [A] -1, = [prgs+ : A X R* — R*] where the
R*-action is A - (a,7) = (a, A"r).
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° ﬂ_:ligl[l_n

Remark 7.16. Notice that Ky(ASmon) has a natural structure of Ky(AS)-
algebra and that M has a natural structure of M 4s-algebra.

Notice also that L = L 4s - 1 and that, since the localization commutes with
inductive limit,

M = KO(ASmon) [H—il]
Proposition 7.17 ([16, End of §3]). The map ASy., — AS defined by

mon
(px :R*CX - R*) = X

induces the following forgetful morphisms:

o Morphisms of Ko(AS)-modules - : Ko(ASy..) — Ko(AS),
A morphism of Ko(AS)-modules - : Ko(ASmon) — Ko(AS),
Morphisms of M as-modules - : M™ — M s,

A morphism of M as-modules - : M — M 4s.

Proposition 7.18 ([16, §4.2.1]). Lete € {<,>}. The map AS;,,,, — AS defined
by

(px 1 R*CX = R*) = ¢x' (Reo)

induces the following forgetful morphisms

o Morphisms of Ko(AS)-modules F*© : Ko(AS.,.) — Ko(SA),

o A morphism of Ko(AS)-modules F* : Ko(ASmon) — Ko(SA),

o Morphisms of M gs-modules F© : M™ — Mga,

o A morphism of M y4s-modules F¢ : M — Mga,

where Ko(SA) ~ Z is the Grothendieck ring of semialgebraic sets up to semial-
gebraic homeomorphisms and Mga ~ Z the localization by the class of the affine
real line.

Remark 7.19. Previous morphisms are morphisms of modules (and not of alge-
bras) since the multiplication comes from the cartesian product in Ky(.AS) and
from the fiber product in Ko(ASmoen). It is highlighted in the following example.
Example 7.20. o 3(1) = 8(R*) =u—1# 1= 3(pt).
hd Xc(F>]l) = Xc(IR>O) =-1 7é 1= Xc(pt)~
Proposition 7.21 ([16, §4.2.2]). Lete € {+,—}. The map AS;,,,, — AS defined
by

(px : R*CX = R*) = oy (el)

induces the following forgetful morphisms:
e Morphisms of Ko(AS)-algebras F€ : Ko(ASy,,,,) = Ko(AS),
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o A morphism of Ko(AS)-algebras F¢ : Ko(ASmon) — Ko(AS),
o Morphisms of M ss-algebras F& : M™ — M 4s,
o A morphism of M ys-algebras F€: M — M ys.

Remark 7.22. Previous morphisms are morphisms of algebras since the fiber
product over a point coincides with the cartesian product.

7.2.2 Definition and properties of the zeta function

Definition 7.23 ([16, Definition 4.2]). Let f : (R, 0) — (R, 0) be a Nash function
germ. For n € Nso, we set

xn(f) = {7€£n(Rd70)7 f’Y(t):Ctn‘i’"' ) 07&0}

together with the angular component morphism ac’ : X,.(f) — R* defined by
ac%(y) = ac(fvy) = c and with the R*-action defined by A - y(t) = v(At). In this
way the class

[Xn(f)] := [ac} : R"CXn(f) = R*]

is well defined in Ko(ASh .-
The zeta function of [16] is defined by

Zp(T) = [Xu(HILT™ € M[T].

n>1
This zeta function encodes the previous ones of Koike—Parusinski and Fichou.

Proposition 7.24 ([16, §4.2]). We recover Koike—Parusiriski zeta functions ap-
plying coefficientwise the morphisms x.( - ), XcF~ or x.F< to Z(T).

Proposition 7.25 ([16, §4.2]). We recover Fichou zeta functions applying coef-
ficientwise the morphisms B( - ), BEY or BF~ to Z¢(T).

This zeta function admits a rationality formula (from which we may derive
the rationality formulas of Koike—Parusinski zeta functions and Fichou zeta func-
tions).

Theorem 7.26 ([16, Theorem 4.22]). Let f : (R% 0) — (R,0) be a Nash func-
tion germ. There exists o : (M,0~(0)) — (R% 0) a finite sequence of algebraic
blowings-up with non-singular centers such that fo and Jac o simultaneously have
normal crossings only and such that o is an isomorphism outside the zero set of
f. We denote by (E;)ics the irreducible components of (fo)~1(0) and, fori € J,

N; =multg, fo and v; —1 =multg, Jaco.

Then
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We refer the reader to [16, §4.3.2] for the definition of Ur and p;.

We derive from the previous rationality formula that the zeta function con-
sidered in this section is an invariant of the arc-analytic equivalence.

Theorem 7.27 ([16, Theorem 7.11]). If f,g : (R%,0) — (R,0) are two arc-
analytic equivalent Nash function germs then Zy = Z,.

7.2.3 A convolution formula

Definition 7.28 ([16, Notation 6.1]). We define the convolution product

1 Ko(AS™

mon

) X Ko(AS0n) = Ko(ASpon)

mon

as the unique Ky(AS)-bilinear map satisfying

[p1: R*Cy, X1 — RY] % [2 : R*"Cy, X2 — RY)
= —[1+ 2 : RCr, (X1 x X2) \ (01 4 ¢2)71(0)) = R*]
+ [pr[R* : R*O‘Fz(((pl + (102>_1(0) X |R*> — IR*] )

where A, (£1,22) = (A" g, 1, A" 2o, T2) and A, (21, 22,7) = (A" 5, 1, A" <6,
Lo, AT

Remark 7.29. This induces a Ky(AS)-bilinear map * : Ko(ASmon) X
Ko(ASmon) = Ko(ASmon) (resp. M gs-bilinear map * : M x M — M) which

is associative, commutative and whose unit is 1.
Definition 7.30 ([16, §6]). We define the modified zeta function of f by

N ]l—Z?aive(T)
Zf(T) = Zf(T) P +1

where Z}‘ai"e (T) is obtained by applying coefficientwise o — @ - 1 to Z;(T).

Remark 7.31 ([16, Remark 6.9]). Applying coefficientwise the forgetful mor-
phism (resp. F~, resp. F'<) then the Euler characteristic with compact support
we recover the modified zeta functions of Koike-Parusiniski.

Remark 7.32 ([16, Corollary 6.14]). Z;(T) and Z;(T) encode the same infor-
mation. Indeed

. L — Zpaive(T)

Zy(T) = Zy(T) + — o — L.
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We may recover Remark 4.9 from both previous remarks.

Theorem 7.33 ([16, Theorem 6.15]). For i € {1,2}, let f; : (R%,0) — (R,0)
be a Nash function germ. We define fi @ fo : (R x R%,0) — (R,0) by
f1® fa(z1,22) = fi(z1) + fa(z2). Then

Zf1®f2 (T) = _Zf1 (T) ® Zfz (T)
where ® is the Hadamard product which consists in applying * coefficientwise.

We may recover Theorem 4.8 from the last theorem.

The convolution formula of this section allows one to get a real version of a
result of Yoshinaga—Suzuki [76]: the arc-analytic type of a Brieskorn polynomial
determines its exponents (See [16, Corollary 8.4]).

Notice there exists an effective formula to compute the zeta function of a
polynomial non-degenerate with respect to its Newton polyhedron [16, Theorem
5.15]. Such a formula was already known in the topological case [20, §5], the
p-adic case [19], the classical motivic integration case [43, §2.1] and for Fichou
zeta functions [32].

Acknowledgements. I would like to express my gratitude to Adam Parusinski
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thank him for his relevant comments on the preliminary versions of this text.
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