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Abstract

We introduce the notion of multiplicity for a singular C°° (resp. analytic)
curve. When the multiplicity is m, we show (Theorem 1.1) that the m-th root of
the arc length parameter is a C'°° (resp. analytic) parameter. We show a closed
formula (Theorem 2.1) for curvatures in arbitrary parameterizations, which enable
us to investigate the asymptotic behavior of curvatures at a singular point. As an
application, we obtain a version of the fundamental theorem of curves at a singular
point.

As pointed out at the beginning of [2], the singular points of analytic space
curves have been investigated by various authors. An abstract of [2] was pub-
lished in 1916 (Bull. Amer. Math. Soc. 22 (1916), page 268), and this research
topic has a history of more than 100 years. Talking about regular space curves,
the fundamental theorem of curves says that curvatures of curves decide their
shapes. This was generalized by T. Sasai ([3, 4]) for analytic space curves with
singularities. We show a version of the fundamental theorem of C*°-curves at a
singular point (Theorem 2.8) for curves with multiplicity m, as a byproduct of
our approach. Since the author is not able to find any literature which claims
Theorem 2.8, it is probably new. But the author is not able to distinguish the
known things (including forgotten things and folklore) and new things in the re-
sults of this article. The author feels that it is impossible to be aware about all
important results in this field. Since the author is not an expert on history, he
decides to prepare the paper in this form.

The paper is organized as follows: In the first section, we define the notion of
multiplicity for space curves and, when the multiplicity is m, we show (Theorem
1.1) that the m-th root of the arc length parameter is a C* (resp. analytic)
parameter. We next show a closed formula (Theorem 2.1) for curvatures in arbi-
trary parameterizations, and show a version of the fundamental theorem on C*°
space curves with a singularity of multiplicity m. We present a proof of Theorem
2.1 in the third section.
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1. Multiplicity and arc length parameter
Let f:]0,e) — R™ be a C*°-map with f(0) = 0. We say that f is of mul-

tiplicity m at ¢ = 0 if there is a C™-map f : [0,e) — R” with the following
property:

m
f0=""f0),  Jo)#0.

We denote this number m by ord f.

We say that f is of finite multiplicity at ¢t = 0, if f is of multiplicity m at
t = 0 for some positive integer m. We say that f is flat at ¢ = 0 if there are no
such positive integer m.

We consider a non-constant C*°-map « : [0,e) — R™, v(0) = 0, as a curve
in the Euclidean space R"™. We denote elements of R™ as vertical vectors. The
following lemma implies that the multiplicity m is an intrinsic invariant.

Theorem 1.1. If v is of multiplicity m at t = 0, then there is a C°-
parameter u = u(t) so that u™/m is an arc length parameter. Moreover, we
have | 2| = u™~L.

Proof. We have dvy/dt = t™~1T(t) where T'(t) = 7 + (t/m)7;. We remark that
T(0) # 0. The arc length parameter s satisfies that

ds dry 1

— = |=L | =T @)

dt ’ dt ‘ ()]
Define a parameter u by u™/m = s, that is,

u™ ¢
(L1) u :3:/ 771 T(7) dr.

m 0
We remark that when we express the right hand side by ¢(t), d¢/dt has order
m — 1 in t. This implies that ¢(t) = t™¢(t) for some C*°-function ¢(t) with
#(0) > 0. So we take a parameter u by u = t(ma(t))"/™. Remark that u is a
C*°-function in t. We also remark that

dy| |ds dv’_’ds‘_ me1l
‘du‘_‘dqus ldu - ’ -

We remark that u is an analytic parameter when ~ is analytic.
In the notation in the proof above, we have

(1.2) L (5" ),
(1.3) u™ tdu =t™ T ()] dt,
(1.4) u T T (0| T ()] du =t T(t)dt,
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(15) [ omomorta = [ e near =

where T'(t) = Y(T1(t),...,Tn(t)). Here 'a denotes the transpose of a. The
(m + k)-jet of v determines (k — 1)-jet of T'(¢). If u = u(t) denote the function of
t with (1.2), then the equation (1.3) implies (k — 1)-jet of T'(¢t) determines k-jet
of u(t). In fact, setting u = >, u;t’, we have

D iy I = (D)
J1s e Gm>1
and (k — 1)-jet of T'(t) determines uq, ..., U.

For a C*-map v : (—¢,e) — R™, we say that v is of multiplicity m (resp. of
finite multiplicity, flat) at ¢ = 0 if the following two maps [0,e) — R™ defined
by t — ~(t) and t — ~y(—t) are of multiplicity m (resp. of finite multiplicity, flat)
at t =0.

Example 1.2. Let o, 5 : R = R™ be two analytic maps. Then the the image of
Coo_map v R — Rn: t— a(g(t)) + ﬁ(g(_t))) is

{a(t) : t >0} U{B(t) : t >0}
where g(t) = e/t t>0;0,t<0. We remark that ~y is flat at t = 0.

Example 1.3. For a C*®-curve defined by s — ~(s) = i(COSIOgS/ﬁ), s >0,

V2 \sinlog s/v/2
s is an arc length parameter. Setting s = e '/, this curve is expressed by
t s e/t (f:fnll/;t), which extends to a C°-function at t = 0. This is flat at
t=0.

Consider a C°*°-map

$1(t) b1(t) =t
. 1|0 tf) =t
pil0e) o RY o o G gy

Here ¢ is a small positive number. The image of a C*°-map ~ : [0,€) — R™ with
multiplicity m is represented by the image of the map in this form, up to suitable
rotation. The functions ¢o(t), ..., ¢,(t) are differential geometric invariants. We
call this expression Monge normal form, since this is classical Monge normal
form when (n,m) = (2,1).

For arbitrary C*°-map 7 : [0,&) — R™ of multiplicity m, there is a diffeomor-
phism germ 7 : [0,e) — [0,¢) at 0 so that v(7(¢)) is in Monge normal form, that
is,
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tm
1| 2200
(7)) = — :
Pn(t)
We remark that (m + j)-jet of v determines (m + j)-jets of ¢a(t), ..., dm(t).

If we take a parameter u so that t™/m is an arc length parameter, we can
express the curve by

¢1(u)

(1.6)  ~(u) = , m=ordp(u), lim ———= =
en(t)

composing a suitable rotation, if necessary. This is also a normal form of a curve

with multiplicity m. We remark that (m+j)-jet of Monge normal form determine
the (m + j)-jet of the normal form (1.6) and vice versa.

Remark 1.4. S. Shiba and M. Umehara ([5]) has analyzed 3/2-cusp in the plane
R? using the square root of an arc length parameter as a parameter (they call it
the half-arclength parameter).

2. Curvatures

Let us consider a curve 7 : [0,e) — R™, ¢t — ~(t), with multiplicity m at
t = 0. We have a parameter u so that u™/m is an arc length parameter. Set
wy = dfvy/dt*, k =1,...,n. We consider an orthogonal frame a;,as,...,a, so
that

(a1,az,...,a)r = (W1, wa,...,wK)r, k=1,...,n—1 for0<t<e.

Define Vi, k=1,...,n—1, by

1/2
(wy,wi) ... (wr,wg) /
Vi = : : , and V,=|w; - wyl
(Wi, w1) ... (W, wg)
Recall that the curvatures k;, i = 1,...,n — 1, are defined by the formula
0 K1 0 0
a —K1 0 Ko a
d
ds = 0 —ky O 0
an, . Qan
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where s is an arc length parameter. The curvatures k; in arbitrary parametariza-
tion are given by the following
Theorem 2.1. k; = ‘/Z%“/{?l, i=1,...,n—1.

This formula enables us to analyse the asymptotic behaviour of the curvatures
at a singular point. When the author first showed this formula, he did not know
any such a closed formula for curvatures in terms of Gram determinants. After
he showed this, he has found the paper [1], which showed the formula for curva-
tures using Gram-Schmidt process. Before Theorem 4.2 on page 702 loc. cite.,
H. Gluck said “Looking carefully at the chain rule formulas for the derivatives of
F in terms of those of F'* leads one to the following conclusions”, and stated the
formulas for curvatures for arbitrary parameterization. So some details were not
presented. We present a proof of Theorem 2.1 in the next section, since our proof
gives an explicit expression of the orthonormal projection, and looks different to
that in [1].

Let us assume that there are C*°-functions ¢(¢t) and T' = T'(t) € R™ with

by _

0= gOT(@), T(O)#0.

We consider a C'*°-map

dA
4:00,6) > R™  with dl =T(t).
Since T'(0) # 0, ¥ is regular at t = 0. It is clear that ¢ is an arc length parameter
of 4, i.e., |T| =1, if and only if fgg(T)dT is an arc length parameter of ~.
Let & (k=1,...,n — 1) denote the curvatures of 4.

Theorem 2.2. |g(t)|kx = Ay fork=1,...,n—1.

Corollary 2.3. Ift™/m is an arc length parameter of v, then ™1

k=1,...,n—1.

Kk = Ry for

Proof. Assume that |T'| = 1 and set g(t) = t™~! in the previous Theorem. [J

Definition 2.4. Define Vi, (k=1,....n—1) by

(T, T) 0 A T o S
‘7 <TtaT> <Tt7Tt> cee <TtaT(k71)>
k= . . . . )
@D,y (D gy e D)

and XA/n =|TT; - T("71)|. By convention, we set ‘A/o =1.
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By Theorem 2.1, we have &y = 17k_1‘7k+1/(‘71‘7,3) So Theorem 2.2 is a
consequence of the following

Vi1V

Theorem 2.5. k; = AN oL
lg()[V1V;;

k=1,2,...,n—1.

Remark 2.6. When t is an arc length parameter of 7, or equivalently, f(f g(7)dr
is an arc length parameter of v, i.e., fot |d~y/dt(T)|dT, we have

<T7T> = 17 <Ta Tt> = 07 <Tt7Tt> + <Tt7Ttt> = 0; teey

Vi=1, Vo =|Ty|, Vs = /[T 2Tu?> — [T:[6 — (T}, Ty)2, and so on.

Set T'(t) = (T1(t), Tz(t), ..., Tn(t)). After composing a suitable rotation, we

can assume that lim; 0 Tk41/Tx = 0 for k = 1,2,...,n — 1. If we assume that
ordT;, < oo, then there are non-negative integers ey, ..., e,—1 so that
ordTy, =1+ ey,

ordT3 =2 + e1 + eo,

ordT, =n—1+e1+es+---+ep_1.

Corollary 2.7. We have ordky = e, —m+ 1, k=1,...,n— 1. In particular,
Kk 18 bounded if e, > m — 1.

Proof. Since ‘713 is the sum of squares of k X k minors of the matrix
(T Ty Ty ... T*Y),
we have that ord T, — (k—1) =e; + --- + e and

ord Vi =ey + (e1 +ea) + -+ (e1 + -+ ex_1)
Z(k— 1)61 -+ (k—2)82—|—~“—|—€k_1.

By Theorem 2.5, we conclude that
m71+ordnk:ord?k_1+ord‘7k+1f2ordf/k:ek. O
Setting Vi, = tk—Deit(k=2eat+ex-175,  we have

Cene Wg—1Wk 41

m—ep—1

t k R = W
1Wy

The j-jet of T determines (j — k + 1)-jet of T* =Y (j — k + 1)-jet of Vi, and thus
(J—k+1—[(k—1)e1+ (k—2)ea + - -+ + eg_1])-jet of Wy. Since



LOCAL DIFFERENTIAL GEOMETRY OF SINGULAR CURVES 85

j—k+1—-[(k—1er+ (k—2)ea+ -+ ex—_1]
>j—(k+1)+1—[kes + (k—1ex+--- + el

the j-jet of T' determines (j—k—[ke1+(k—1)ea+- - -+ex])-jet of Wy_1W41/W1W;.

Theorem 2.8. Let ki(t), ..., kn—1(t) be C®-functions defined on [0,g). As-
sume that ki(t) >0, ..., kn_2(t) > 0 fort # 0. Then there exists a curve y(t)
of multiplicity m so that t™/m is an arc length parameter and the curvatures
are given by k1(t) = ki(t)/t™ Y, ..., Kno1(t) = kn 1 (8)/t™ L. Such a curve is
unique up to a motion of R™.

Proof. The fundamental theorem of space curves shows the existence of a regular
curve 4 in R™ so that t is an arc length parameter of 4 and that the curvatures

of 4 are ky(t), ..., kn—1(t). ThlS shows the existence of a C°°-map T'(t) so that
ke = Vie1Vig1/ (Vle) k= .,n — 1, where V}, are defined in Definition
2.4. Remark that V; = 1 nd d’y/dt T(t). Solving the differential equa-

tion dry/dt = t™ 1T (t), we conclude the existence of a curve v(t) of multiplicity
m so that t™/m is an arc length parameter and the curvatures are given by
k1(t) = ki (8)/t™ L, o0 K1 (t) = kn_1(t)/t™ 1, as a consequence of Theorem
2.2. Such a curve is unique up to a motion of R"™. O

Remark 2.9. We show a flat version of the previous theorem is possible as fol-
lows: Let ki(t), ..., kn—1(t) be C*°-functions defined on (0,e) with ki(t) > 0,

.oy kn—o(t) > 0. Then there is a regular curve 4(t), t € (0,g), in R™, whose
curvatures are given by

I%l(t) = ]ﬁ(t), ey /%n—l(t) = kn_l(t), f07’ te (O,E)

and t is an arc length parameter of 4. Let s(t) is a C°°-function on (0, ) which is
increasing with s(0) = 0. We assume that s(t) is flat att = 0. Since T(t) = d¥y/dt
is unit vectors, si(t)T'(t) extends to t = 0 as a C™-function. Then the inte-
gration of s;(t)T(t) provides a curve y(t) whose curvatures k;(t) are given by
ki(t) = Ri(t)/s:(t), i =1,...,n— 2, as a consequence of Theorem 2.2.

3. Proof of Theorem 2.1

Let aq,...,a, denote the frame defined at the beginning of the previous
section.

Lemma 3.1. We have

(wi,wy) ... (wi,wi_1) w
ay = : : : (k=1,...,n—1)

(wk,'w1> ('wk,wk_1> Wi
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0
N (€1, w1) (er,wp-1) e :
a -
and @, = ——, @, = : where e; = | 1 |i-th
[ ’ .
<en7w1> <en7wnfl> €n :
0

Tow.

Proof. Let 7 : R™ — R™ denote the orthogonal projection to the normal space

of the linear span of wy,...,ws. Then
a; = wla 2 = ﬂ-l(wZ)a"'vak-Fl: ﬂ-k(wk—‘rl)vk:Q?"'?niQ'
w1 |1 (w2)] [Tk (W)
We remark that 7 is given by
(w1, wr) (w1, wg) wy
1
(V) = —5 : : .
Vi (wp, wy) (wp, wr)  wy
(v, w1) (v,wg) v

In fact, if v is normal to the linear span of wy, ..
., Wy, then 7 (v) = 0.

v is a linear combination of wy, ..

., Wy, then m(v) = v; and if

(w1, wy) (w1, wy) (w1, T (Wrt1))
1
(e (Wip1), Te(Wrt1)) =5 : : '
Vi | (wy, wy) (Wi, wy) (W, T (Wht1))
(Wrt1,w1) (Wig1, wr) (W1, T (Whet1))
(wi,wy) (w1, wg) 0
1 : : :
—y2
Vii | (wp, wy) (wg, wy) 0
(Wi g1, w1) (W1, we)  (Whpr, Te(Wiy1))
=(Wkt1, Te(Wht1))
<w1,w1> <w1,’wk:> <w1,wk+1>
_ 1 : : : Vi
—1/2 =12
Vi | (wp, w1) (wi,wy)  (wg,wir) | Vi
<wk+17w1> <wk+17wk> <'wk+17'wk+1>
We then obtain that
(wy,w1) (w1, wy) w1
T (Wga1) _ 1 : :
[me(wrr)l ViVisi | (wp, w:) (wy,wy)  wy,
<’wk+1,w1> <wk+1awk> WE+1
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It is clear that (a;,a,) = 0, i = 1,...,n — 1. It is enough to show that
(@n,a,) =V2 .

n—

<elawl> <€1,wn_1> <elvdn>
<&'n>dn> = .
<enuw1> <enawn71> <en7&n>
=Y ()" Miles, an) =Y M =V,
i=1 i=1
Where Mz = \(ej,w1> v (ej,wn,1>|j:1 ..... i—1,441,..., n- O

Proof of Theorem 2.1. Fori=1,...,n— 2, we have

()~ (e )
P ds iy it1 ) — ds‘/i—l‘/i’ ‘/i‘/i—i-l

(3 V:lvi)&“ 1;11211>+ <vi,11Vi%‘~”” Vav++11>

1 dt yd . . . -

:m£<£ai, a¢+1> (since {(a;,a;+1) = 0)

(wi,w1) ... (wi,w;_1) 0
_ 1 1 : " : :
Vil VitV |y (wi_1,wy) ... (w1, w;_q) 0

dt %(wi,wﬁ %(wi,wi,ﬁ (Wig1,@i11)
(since (w;,a,41) =0, j=1,2,...,i—1)

:V1Vi11/z‘2vi+1Vi_12w+12 N %‘;11“2;1.

We also have that

o= (o) = (G2 42 = (s 22
TN T T N ds VoVt Vieed ! \V oV qds Y Vi,

(wy,w1) (wi,wp_2) 0
1 1 : - : : V-2V,
= 2 d . . . : - z J
Vn—2Vn—1 ’_7‘ <’UJ.,L_2,’LU1> e <wn_2,wn_2> 0 ‘/1Vn—1
dt %<wn—17wl> LR %<wn—1awn—1> <wn7&'n>

Proof of Theorem 2.5. Since dv/dt = g(t)T, we have

d?y
dat?
d3y
dat®

=(g(t)T)s = g:(t)T + g(t)T,

=91t (1)T + 2g: ()T + g(t)T'ss,
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These imply that

(Z—Z ...‘f;TZ) (TT, - T¢ )P, P= R
O g(t)

and we conclude that

V2 =det('PUT Ty - TED)(T Ty - TED)P) = g(1) 2.

We complete the proof by Theorem 2.1. O
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