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Abstract

A varifold is a generalization of a differential manifold using Radon measures.
The theory of varifolds is a central topic in geometric measure theory. Any varifold
possesses a notion similar to “the area”, and the generalized mean curvature is
defined through the first variation of “the area”. If a varifold has C? regularity,
then the generalized mean curvature coincides with the classical mean curvature.
Furthermore, if the generalized mean curvature vector has some integrablity, then
we obtain some regularity of the varifold. In this sense the generalized mean cur-
vature contains information concerning its shape. However, it is not known that
generalized mean curvature vector is represented without the first variation. In
this paper, under the C1>® regularity condition, for a > 1/3, we give a geometric
representation of the generalized mean curvature using a limit of integral averages
suggested by the Menger curvature.

1. Introduction

The theory of varifolds is a branch of geometric measure theory. It is a
generalized notion of differentiable submanifolds using Radon measures, and, for
example, we know the monotonicity formula, the compactness theorem and the
isoperimetric inequality for varifolds. Today, varifold theory is used for the study
of minimal surfaces as well as mean curvature flows, and some regularity theorems
are known.

A varifold V is a Radon measure on the product topological space of R™ and
the Grassmannian G(n, k). We consider a differentiable submanifold M on R”
as a varifold v(M) defined by

V() = [ fla L0 At (L1)
for a continuous function f on R™ x G(n, k) with compact support. Here % is

the k-dimensional Hausdorff measure. For a varifold V', we can define the first
variation dV (g) by
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5V(g) = [ Dy(a) SaV(a.5),

where ¢ is a C! vector field. In particular, if the total variation measure of 6V
is absolutely continuous with respect to the area of V, then there exists a V'
measurable vector field h(V-) such that

5V(g) = — / h(V,2)- g(z) dV (z, S) (1.2)

for any C! vector field g. The vector field h(V,-) is called the generalized mean
curvature vector of V', and coincides with the classical mean curvature vector
when V' has C? regularity. In [1], Allard showed the regularity theorem which
says that if the generalized mean curvature vector has the LP integrability, then
the varifold can be locally written by the graph of a C'~*/? function, where
p is greater than dimension of the varifold. The monotonicity formula and the
isoperimetric inequality mentioned above are represented by the first variation
and the generalized mean curvature. A varifold is called integral if it is repre-
sented by a countable summation of (1.1) type varifolds, and we know that the
generalized mean curvature vector of such an integral varifold is contained in the
orthogonal space almost everywhere ([2]). Hence the generalized mean curvature
reflects the geometric shape of varifolds in this sense. Other than (1.2), we are
not aware of different representations of the generalized mean curvature. In this
paper, we give a representation of the generalized mean curvature vector using a
limit of integral averages of a discretization of the classical mean curvature vector.
Roughly speaking, the assertion of our main theorem is as follows. If a varifold V'
is locally C% with o > 1/3, then the generalized mean curvature vector satisfies

L Tan (V] @)L (b(V, )

k
2 Tan (V] 0)* (2 = )
/ v
B"(a,R)

= 1. _—
10 [V][B"(a, R) @ — al2

where |- |,, is the Euclidean norm of R™, B"(a,r) is the n-dimensional closed ball
with radius r and center a. In paticular, if V = v(M), then we have

1 2 T.M*(x —a) &
—h(v(M =1i —— dH ", 1.3
k (v(M),0) RL0 wy Rk /B"(a,R)ﬁ]W |z —al, ! 13)

where wy = #%(B¥(0,1)). The norm of the integrand of (1.3) is the inverse of
the radius of the k-dimensional sphere which is tangent to T, M at a and passes
through x. That is, it is just the Menger curvature. For details, see section 4.
Hence, we expect to obtain the quantity of mean curvature by some limiting pro-
cedure. The main theorem realizes it by use of the limit of integral averages. The
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author hopes that our theorem contributes to understanding and development of
[1], [6] and related works in this field.

In section 2, we prepare definitions and theorems for the proof of the main
theorem. In section 3, we state the main theorem (Theorem 3.1) and prove it.
In section 4, we explain a vector-valued version of the inverse of a tangent-point
radius and provide a geometric meaning of the main theorem, as well as some
examples.

2. Preliminaries

We refer the reader to [1], [2], [3], [4] and [5] for facts given in this section.
Throughout this section, k and n are always integers satisfying 2 < k < n. For r,
s > 0, we use the notation r < s when there exists C' > 0 independent of r and s
such that r < Cs. Let G(n, k) be the space of k-dimensional subspaces of R™. If
S € G(n, k), we also use “S” to denote the orthogonal projection from R™ onto
S. Let Hom (R™,R™) be the space of linear mappings from R" to itself, and the
inner product on Hom (R™, R"™) is defined by

A-B="Tr(A* o B)

for A, B € Hom (R",R™). Whenever U is topological space, let ¢ (U) be the
space of continuous functions on U with compact support. Let 2 (R™) be the
vector space of smooth mappings g : R® — R" with compact support. For m € N,
let |- | be the Euclidean norm of R™. Whenever a € R™, r > 0, let

B"(a,r)={zeR™ : |z —a|lp, <r}, Ua,r)={xeR™ : |z —a|, <r}.
Whenever S C R", a € S, let

Tan (S,a) = ﬂ U U{UER" e —aln <e, r(x—a)—v|, <e}.

e>0zeSr>0

Suppose V and W are finite-dimensional linear spaces, with dimV = m,
dimW < oco. Let AgV be the k-th exterior power of V. The inner product on
AV is induced from V when V has an inner product as follows. For ui A-- - Aug,
vy A - Avg € AV, we define the inner product between them by

k
(ug A Aug) (vp A Avg) = Z sgnoHuiwo(i),
oESE =1

where Sy is the symmetric group of degree k. For f € Hom (V, W), we define
Akf € Hom (AkV, AkW) by

Apflug Ao ANug) = fur) A A flug),
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when k > 2, and A; f = f. Whenever p is a Radon measure on U and A, B C U,
let
(kL A)(B) = u(ANB).
Let % be the k-dimensional Hausdorff measure on R" and wj, =

HF(BF(0,1)). fU CR™ and a € U, let

K _ o p(B(a,r))
6% (u,a) = lim ok

and
Tan (1, a) :ﬂ{Tan(S,a) :SCU O uLU\S,a)=0}.

Next, we give some definitions and properties of varifolds; we refer the reader
to [1] for further details.

Definition 2.1 (see [1, 3.1 and 3.5]) We say that V is a k-dimensional var-
ifold in R™ if V is a Radon measure on R™ x G(n, k). Let Vi(R™) be the weakly
topologized space of k-dimensional varifolds in R™. Whenever V € Vi (R™) and
A C R, et |V|(A) = V(A x G(n, k). Whenever M is a k-dimensional C*
submanifold of R™, let v(M) € Vi.(R™) be defined by

v(M)(f) = / fla, T,M)d(s% L M)z
for f € H(R™ x G(n,k)). We say that V is a k-dimensional rectifiable varifold

in R™ if there exist a positive real number sequence (a;)72, and k-dimensional ct
submanifolds (M;);2, in R™ such that

V= Z alV(Ml).
=1

If the a; may be taken to be positive integers, we say that V is an integral vari-
fold in R™. Let RV (R™) and IV, (R™) be the spaces of k-dimensional rectifiable
varifolds in R™ and k-dimensional integral varifolds in R™, respectively.

Definition 2.2 (see [1, 3.2]) Suppose that k, | and m are integers with

0<k<I m. LetV € Vp(R) and let F : Rl — R™ be continuously differ-
entiable. Then FyV € Vi (R™) is defined by

RV(f) = [ £(F(@), DF(@)($))|A«DF () o 5| dV (2. 5)

for f e Z(R™ x G(m, k)).
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Definition 2.3 (see [1, 4.1]) Suppose V € Vi (R™). We define a linear func-
tional 6V : Z'(R™) — R, called the first variation of V', by

3V(g) = [ Dyla) 5V (z.5)
for g € Z(R™). The total variation of V is defined by
[0VI(G) = sup{dV(g) : g€ Z(R"), sptg C G, |gln <1}

whenever G C R™ is an open subset. For A C R™, not necessarily an open set,

we define ||[6V]|(A) by
I6V]I(A) = inf {||6V||(G) : A C G is open }.
Theorem 2.4 (see [1, 4.2]) Suppose V € Vi (R™) and ||6V| is absolutely con-

tinuous with respect to ||V]|. Then there exists a locally ||V summable vector
field W(V,+) such that

V(g) =~ [ 1(Vo) gla)d|V o (21)
for g € Z'(R™).
Definition 2.5 We call h(V,-) in Theorem 2.4 the generalized mean curvature
vector.

Proposition 2.6 is the first variation formula of a varifold restricted to a ball.
Proposition 2.6 (see [1, 4.10(1)]) Suppose V € Vi (R"), g € Z'(R"), R > 0.
Then it holds that

oV (xer(0,m)9) = 6(V L B*(0, R) x G(n, k))(9)

1 (a2 4y, ) @2

— lim —
el0 € JBn(0,R+e)\Bn(0,R)xG(nk)  |Tln

Proposition 2.7 is concerned with the direction of the generalized mean cur-
vature vector.

Proposition 2.7 (see [2, 5.8]) Suppose that V € IV, (R™) and that |0V is
absolutely continuous with respect to ||V||. Then

S+ ((V,z)) = h(V, z) (2.3)
holds for V a.e.(x,S) € R" x G(n, k).

Proposition 2.8 is an elementary but important fact; use this result in the
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proof of Lemma 3.3 below.

Proposition 2.8 (see [3, 3.4.4]) Suppose that f : R¥ — R is a % -summable
function. Then we have

/f(w) dA*x = /GBk(o , /000 flrw)r* =t dr ds* 1w, (2.4)

3. The main theorem and its proof

Throughout this section, k and n are integers satisfying 2 < k < n and « is
a real number satisfying

a>1/3. (3.1)
In this section, we prove the following main theorem in this paper.

Theorem 3.1 Suppose that V € RV, (R"), T € G(n,k),a € T. Let f : T — T+
be a continuous differentiable map, and let F': T — R™. Assume that there exists
Cy > 0 and 6 > 0 such that ||6V|| is absolutely continuous with respect to ||V|| on
U™(a,d), and

ImF NU"(a,0) =spt ||[V|| NU"(a,d), (3.2)

T(F(z)) =z, TH(F(x)) = f(z), |[Vf(z) = Vf(a)| < Cilz —aly  (3.3)
forx € TNU™(a,d). Let a € T be a Lebesgue point of h(V,-); that is,

1
h(V,a :lim4/ h(V,z)d||V ||z, 3.4
(V.0) = 1y S, BV (3.4)

and assume that 0 < ©F(||V||,a) < co. For some Ry > 0, we assume that
[OF (VI x) —©*(|Vl,a)| < C1R' (3-5)

for any 0 < R < Ry and ||V| almost every x € U™(a,R). Then the normal
component of h(V,a) is given by

1
Eh(V,a)w
k Ll Y.
_ nmf/ Tan ([Vlha) (@ =a)v oy, (36
Ri0 ||V[B"(a, R) JBn(a,R) lz —al?,

forv e Tan*(||V],a)*.
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When f is in the class of C? and T' = Tan*(||V|,a), it is known that

| . 2 (F(y) — FO)v
Zh(V,a)-v = lim / VW Z B0 gwky (3.7
BV = I SR T A B 0, R) S v 02 v (37)

where b = T'(a). (3.6) implies (3.7) and vice versa if f € C2. In this sense (3.6)
is a generalization of (3.7) under less regurality condition.

We prepare a few lemmas which we need for the proof of main theorem.
By use of f(-) — f(a), if necessary, we may assume f(a) = 0. Moreover, by
translation, we may assume

a=0. (3.8)

The map f is defined on T, but not necessary on ImDF'(0). However, we regard
the map f as a map defined on ImDF(0) provided ¢ sufficiently small. Next
lemma is a rigorous statement of this fact.

Lemma 3.2 Letd, f and F' satisfy (3.2) and (5.3) with a = 0. Then there exist
0 >0, C2 > 0, continuous differentiable maps f : ImDF(0) — ImDF(0)*, and
F :ImDF(0) — R™ such that

ImF NU™0,6) = spt ||V[ N U0, ) (3.9)
and

ImDF(0)(F(z)) =z, InDF(0)*(F(x))=f(x), [f(0)|=]IVF(0)]=0,

) 1 =/ (3.10)
|f(@)]n < Colal P, [IVf(z) = VI(y)| < Calz -yl

Proof. Let S =1ImDF(0). Take 0 < § < 6. Let 2, y € spt [|V]] NU™(0,4) with
T # . By (3.9), there exist x, y € TN U"(0, ) uniquely such that x # y, and

F(z) =z, Fy) =7. (3.11)
Let X = (z,2- Vf(0)) and Y = (y,y- V£(0)). Then
15(7) = S@)ln = |X = Y]|n = [(X =Y) = (5() = 5(@))ln- (3.12)
Since X —Y € 5, and since |z — 5 — (S(Z) — S(9))|» = dist (z — 7, S), we have

(X =Y) = (5() = S(@))ln

(X =Y) = (@ -9+ (@ —-9) - (5&) = 5@)n
(X =Y) = (Z = 9)ln

2/(x =y, (x —y)- V() — (x —y, f(2) = f(y))ln
2[(x —y)-VI(0) = (f (@) = f(y))ln—k

IA
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2 / (VH(y + tlx — ) — VF(O)): (x — ) dt
0

n—=k
< 2016%x — . (3.13)
Substituting (3.13) into (3.12), we have
|S(2) = S@)|n = (1= 2C16%)[ = ylx- (3.14)

Hence, we obtain [S(z) — S(y)[» > 0 for sufficiently small 5. Then, whenever
Z € spt ||[V||NU™(0,d) there exists uniquely & € SNU™(0,d) such that F(Z) =
Using this correspondence, we define F' by F(Z) = Z and observe that, by def-

inition, F satisfies (3.9). Furthermore F is continuously differentiable by the
continuous differentiablity of F. Using [1, 8.9(5)], (3.9) and (3.14), we have

(17 [ImDE(F) — ImDE()| )HDf(f) ~ Df(y)|?
< |[tmDF(%) — ImDE(§)||?
= |ImDF(z) — ImDF(y)|?
— IDf(x) — Df(y)|?
< Cile —yli®

<ct(1-208) -l

for  and j € SNU™(0,4). Consequently, if 4 is sufficiently small, then we have
(3.10). O

By Lemma 3.2, we may assume (3.9) and (3.10) with
f=F, F=F, ImDF(0) = R* x {0}. (3.15)

In what follows, we always assume (3.8) and (3.15). Furthermore, we identify
R* x {0} with R*.

Lemma 3.3 Let f and F be functions as in Theorem 3.1. Then there exist
Ry > 0 and C3 > 0 satisfying the following properties. Whenever R € (0, R)
and w € OB¥(0,1), there exists r(R,w) € (0, R] such that

r(R,w + |f( (R,w)W) k= R2 R < C3T(R,W)’ (3.16)

2(r(R,w) + f(r(R,w)w)  Vf(r(R,w)w)w) > r(R,w).

The function r(R,w) is continuously differentiable with respect to R, and satisfies
0 R
—r(R,w) = . 3.17
or" ) = R ) ¢ (B w)0) VIR @) (47
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Furthemore for any continuous function G : RF — R, we have

R,w)
/ G(x)dA#"*x = / / G(rw)r* =t drd#*"'w, (3.18)
F-1(B"(0,R)) 8Bk (0,1) J0

lim1 G(z)dA
el0 € Jp—1(Bn(0,R+¢))\F~1(B"(0,R))
r(R,w)* 'R b1 (3.19)
= G(r(R,w)w ’ A" w.
/mo,l) ) R YT 7 (R o) ¥ (R )l
Proof. By (3.10),
0
8—(7“ + 1 frw)lay) =2(r + frw)- Vf(rw)-w) > 2r (1 = C5r°%)..
By (3.1), there exists Ry > 0 such that
0
> (r* + [f(rw)|2_;) >0 (3.20)

for r € (0, Ry). Note that Ry is independent of w. Hence, for R € (0, Ry) and
w € 9B(0,1), there exists 7(R,w) € (0, R] uniquely such that

r(Rw)? +[f(r(Rw)w)l;_ = R, (3.21)

By the implicit function theorem, we find that r(R,w) is continuously differen-
tiable with respect to R. Hence, there exists C3 > 0 such that

R2 = T(RWJ)z + |f(r(R,w)w) EL—]C T(R,w)2 (1 + CQQT(Ra w)2a)
R,w)* (1+ C3R3%)

Cir(R,w)?.

ININCIA

Since 7(R,w) < R, for sufficiently small Ry > 0, we have 1 — C2r(R,w)** >
r(R,w)/2 whenever 0 < R < Ry, and

r(Ry,w) + f(r(R,w)w) Vf(r(R,w)w)w > r(R,w) (1 - CQZT(R,w)Qa)

r(R,w)/2.

Consequently, (3.16) holds. (3.17) is obtained by differentiating (3.21) with re-
spect to R. By Proposition 2.8, we have

/ G(x)dA*x
1(B"(0,R))

/83k(01)/ X falt sl <re } (@) Glre)rt™ drdA™ .

v v

(3.22)
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Hence, we have (3.18) by (3.21) and (3.22). (3.19) is proved similarly to (3.18).
O

Next we prove Theorem 3.1.

Proof. We assume that f(a) = 0, Vf(a) =0, a = 0 and T = R* x {0} €
G(n, k). Let (e;)™, be an orthonormal basis of R", with (e;)¥_; being an or-
thonormal basis of R¥ x {0}. Since

1 RE 1

[VIB"(0,R)  [V|B"(0,R) RF

by (3.4), it is enough to show

1 T+(x)- 1
lim — 2/ %dnvnx— —/ W(V,z) e d|V |z
RIOR Bro,R)  |[2 k Jer0,r)

= (3.23)

for any natural number [ with £+ 1 <1 < n. By (3.10), there exists J : T — R
such that

[AeDE(y) = V1+J(y), J(y) S IV (3.24)

For simplicity, we write ©(x) = ©F(||V|,2). By (3.24), (2.1), Proposition 2.6 and
(3.9), we have

/ h(V, 2)- e d]| V|
Bn(0,R)

1 S(er) x

= lim - v (z, S)

el0 € JBn(0,Rte)\B"(0,R)xG(n,k) | T|n
i b 9" (y)(er- 0iF (v))(9; F (y)- F(y))

el € Jp-1(Bn(0,R+e)\B" (0,R)) [E'(y)]n

X 1+ J(y)O(F(y)) dAay

— lim 2 97011 () (w + 9, f W) f ()

el0 € JFp-1(Bn(0,R+¢)\B"(0,R)) |y|i +1f(y) 721%

1+ J(y)O(F(y)) dA™y, (3.25)

where f; = f-e;, g¥ is the (i,7) element of the inverse matrix of (9;F" ajF)ﬁjzl,

and we sum 4, j over repeated indices from 1 to k. Since 0;F- 0;F = 0;;+0; f- 0; f,
and since [[(9;f- 9; f)|| < ||V f]|?, we have
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i ij IV
1(g") = (6] < T— VI SIviP (3.26)

provided ||V f|| < 1. Using (3.26), (3.24) and (3.10), we have

(97 = 69)0uhi(y) (s + 9 W) F W) )
iz + 1F (W12 _y
~ \Z/|k
S YR+ [yi)- (3.27)
By (3.19),
lim © (14 o) dorty

10 € JF-1(B"(0,R+¢)\B"(0,R))

_ / r(R,w)w[}* (1 + |r(R, w)w[f*)r(R,w)" 'R
oBr0,1)  T(Rw)+ f(r(R,w)w) Vf(r(R,ww)w

dA* 1w, (3.28)

and using (3.16) for (3.28), we have
(3.28) < R3a~1Fk, (3.29)

Note that 3a — 1 > 0 when (3.1). Consequently we have

i (97 = 69)0i fiy)(y; + ;£ () f(y))
0 € JF-1(B7(0,R+2)\B (0,R)) lyl2 + | f ()%,
X 1+ J(y)O(F(y)) dAa*y
= o(R*) asR /0. (3.30)

Hence, we use (3.30), then (3.25) can be written as

(325) — lim ! 090:fu(y) (s + 0 £ (v) F W)
el0 € Jp-1(Bn(0,R+e)\B"(0,R)) |y|i +1£f(y) 72171@

X 1+ J(y)O(F(y)) dA™y

+lim 1 (9" = 87)d; fiy) (y; + 0, (y)- f(y))
=0 € Jp-1(Bn(0,R+e)\B"(0,R) I+ 1f W5

X V14 J(y)O(F(y)) d™y
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— lim 2 (VAily) y+ VAly) V() (y)/2)
0 €SP (B (0,R+0)\B" (0,8)) lyli + 1 f W)l
X V14 J(y)O(F(y)) dA™y
+ o(R*) as RO, (3.31)

By (3.10), we have

Vily)- V() (y)
20/lyly + 1f )2k

E(0u1i(y) — DL (0)(O:f () — Bf () (F(w) — F(O)) |

i=1 lyli + 1f W)k
< IVf@) = VIO, () = F(O)]n—rk
~ Y|k
< lyli (3.32)

We use (3.19) for (3.32), we have

1 VA VUH)

elo € /Fl(B"(O,R+€)\B"(O,R)) 2 /\y|i +1f(y) iik

1
< lim — lylitdAry
el0 € Jp-1(Bn(0,R+¢)\B"(0,R))
Ir(R, w)w|3er(R,w)* 1R

- /£3Bk(0,1) r(R,w) + f(r(R,w)w)- Vf(r(R,w)w)w
Using (3.16) for (3.33), we have

A"y

d* 1w, (3.33)

(3.33) S R 1HK, (3.34)
and noting that 3 — 1 > 0 when (3.1), we have
1 NEY
(3.31) = lim - Vhiy) yv1+J(y)
40 & Jp-1(Bn(0,R+€)\B"(0,R)) |y\% +f(y) %%
. 2
Flim VAW VUG s,
0 & Jp-1 B (0.R+\B (0.R) 2, /|yl + | F(y)2_,

~ lim L Vi) -yv1+J(y)

0 E P ®r,R+\BO.R) L lyl2 + | f(y)2_,

O(F(y)) do™y

O(F(y)) dA™y
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+ o(RF) as R 0. (3.35)
Using (3.19), we have

- Vfi(r(R,w)w) wRO(F(r(R,w)w))
B3) = [ o TR0 TR ) VR
r(R,w)*/1+ J(r(R,w)w)
VIRw2 + (R ww)2,
+ o(RF) asRJ0. (3.36)

A1y

Since
r(R,w)*y/1+ J(r(R,w)w)
VrRw? + (R,
_ MR IF TR w)w) - 1)
R + (R W),

1 1
+ T(R,w)k B
(\/T(R,w)2 +Fr(Ryw)w) 2y T(R,w))
(R R R am

using (3.10), (3.16) and the fundamental theorem of calculus, we have

W T ~ 1 SIVFE(R W) S R,
1

| Jr R+ (R W), 1)
|T(R,W) —1 _Rk71| 5 Rk71+2a.

< R2o-1 (3.38)

~

Substituting (3.37), (3.38) and (3.1) into (3.36), we have
_ Vhi(r(R,w)w) wR*O(F(r(R, w)w)) k=1, 4 of BE

(3.36) = /aBkm,n Bw) T F (B w)w) VI (Rww)e @ o)

) —

B VAr(R, @) wRO(F(r(R,0)0) = 0(0)) iy
_/eawc(on r(Bow) + [ R)w) V(R

+/ Vfi(r(R,w)w)- wR*©(0)
oBk(0,1) T(R,w) + f(r(R,w)w)- Vf(r(R,ww)w
+ o(R*) asR|O0. (3.39)

A" 1w

We divide both sides of (3.39) by R¥, and take the limit as R | 0. It follows from
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(3.4), (3.5) and (3.16) that

lim Vfi(r(R, w)w)-wO(0)
R0 Jopr(o,1) T(R,w) + f(r(R,w)w)- Vf(r(R,w)w)w

By L’Hospital’s rule and (3.17), we have

2

im - k-1
Rlo B2 aBk(o,l)fl(r(R’w)w)@(O)dﬁf w

1 or(R,w
= g% R Joseon) Vfi(r(R,w)w)  wO(0) SR

= (3.40).

On the other hand, using (3.1), (3.18), (3.38) and (3.5), we have

TJ_
[ ey
Br0,R) |77

) k
-1(B"(0,R)) ‘ylk_l,_‘f'( ) \/T‘](y)@(F(y))d% Yy

-/
| W) o0y arty
)

-1(B"(0,R)) \y|k

L oo, i @) 00Dty

0,R)) |?J|k

_.|_

F1sno,r) Y+ W2k

N ;
ooy 0 (i~ i) OFOI

= / i) 2) 0(0) d™y + o( R*)
1(B"(0,R)) \’U|k

r(R,w)
= / / filrw)rk=30(0) dr do* 1w
OBk (0,1)
+0o(R*) asR 0.
The derivative of the first term of (3.42) with respect to R is

fi(r(R,w)w)r(R,w)* 2 RO(0)

w)+ f(r(R,w)) Vf(r(R,w)w)w A" w.

/8Bk(0,1) (R,

Similarly, we have

(3.43) — RF3 /8 oy S (RDO0)

d#*1w e R.

) d%k_lw

/ Ay (VI+T@W) - 1) 6(F(y) d™y

(3.40)

(3.41)

(3.42)

(3.43)
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+ / F(r(R,w)w)r(R, )R
9Bk (0,1)

><< 0(0) 90
r(Ryw)+f(r(R,w)) Vf(r(Rww)w r(R,w)

b AR () = R 80 at

_ Rk / A (R, w)w)0(0) d* 1w
OB*(0,1)
+ o(R*1Y) as R 0. (3.44)

We divide both sides of (3.42) by R¥, and use L'Hospital’s rule. The assertion of
Theorem 3.1 follows from (3.41) and (3.44). O

If the varifold has higher regularity, then the assertion of Theorem 3.1 be-
comes simpler. Corollary 3.4 associates the Laplacian of a graph which represents
a varifold with the generalized mean curvature of the varifold.

Corollary 3.4 Let f and F satisfy (3.2) and (3.3). We assume that o > 1/2.
Then

1
lim — VF(Rw)-wO(0)ds#"tw ¢ R™ (3.45)
R0 R Bk (0,1)

and this value coincides with the generalized mean curvature.

Proof. We rewrite the integrand of (3.40) as
V(R ww) w
T(R7 W) + f(’I“(R7 W)W)' Vf(T(R, w)W)' w

1 1
= Vi(r(R,w)w) w (T(R,w) + f(r(R,w)w) Vf(r(R,w)w) w B r(R,w))

+V fi(r (R, w)w)- w (m - %>

1 V fi(Rw)-
+E (VAilr(Ryww) — Vfi(Rw)) -w + % (3.46)
Using (3.10) and (3.16) for the third term, we have

VA (Rw)) ~ VAR < 2 jr(R,w)e — Rol®

Co (1f(r(R,w)w)[*\*
R( r(R,w) + R )
R Fa—1 (3.47)

A
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and we note that 2a? +a — 1 > 0 is positive when « > 1/2. Estimating the first
and second terms similarly, we have

/ Vfi(r(R,w)w)- wO(0)
aBr(0,1) T(R,w) + f(r(R,w)w)- Vf(r(R,w)w) w

= l/ V fi(Rw)-wO(0) d#* 1w +o0(1) as R]O.
R Jamr(0,1)

A" 1w

4. Inverse of a tangent-point radius and some examples

In this section, we explain the vector-valued tangent-point radius, and we
introduce a generalization of the mean curvature vector different from [1]. The-
orem 3.1 says that this coincides with that of [1] when the varifold V is locally
the graph of a C1'® function with o > 1/3. Furthermore we give some examples.

Suppose that S € G(n, k), v € R™” and a € S. Then we say

|z —al?
2|5+ (z —a)ln

is a tangent-point radius. We consider a curve which is tangent to S at a. If a
point x on the curve approaches a along the curve, then inverse of the tangent-
point radius tends to its curvature. The quantity

25+ (z — a)

|z —al}

(4.1)

in integrand of (3.6) corresponds to the vector-valued inverse of the tangent-point
radius. Hence its integral average might approximate the mean curvature, which
is the heart of (3.6). The above idea is based on the Menger curvature. (4.1)
is a modification of the Menger curvature for calculation ([7]). By Theorem 3.1,
the classical mean curvature is represented by (3.6). It is a generalization of the
generalized mean curvature without using the variation, and this is different from
the corresponding generalization in [1].

Finally, we present examples with the help of (3.6); it is easier to calculate
than the generalization of the mean curvature in [1]. For these examples, we
prepare Propositon 4.1 below. It is proved by similar argument to the proof of
Theorem 3.1, so we omit the details.

Proposition 4.1 Under the same assumptions as Theorem 3.1 with T =
ImDF(0) = R* x {0}, F(0) =0. Then we have

2 THF
h(V,0) = lim —kk M A"y (4.2)
RO W R Jgeo.my  |yli
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We assume that 0 < 8 < 1 in the following examples.

Example 4.2 Suppose k > 2, n=k+1,y= (y1,...,yx) € R*, |ylx =7 and
y1 =r101. Welet

fly) =r*Por.

Then f ¢ C2, and the mean curvature in the classical sense of f cannot be defined.
However, by Proposition 2.8, we have

1 F(y) ext1

RF B*(0,R) |y|i

R Jgro,r) lyI7
1

R
k+B-2 k—1
— r dr/ o1dI" 0.
R¥ /0 9Bk (0,1)

Since o1 is odd with respect to yy, its integration over OB¥(0,1) vanishes. Con-
sequently the generalization of mean curvature exists.

Example 4.3 Suppose that k=2, n =3 and set y; = rcosf. We let
f(y) =P cos 20.

Then f ¢ C2, and the mean curvature in the classical sense of f cannot be defined.
However, by Proposition 2.8, we have

1 1 R 2
= f(yQ) d%%’y — 1 / 7'6 dr/ cos20df =0
R? Jg2(0,r) 115 R Jo 0

and the generalization of mean curvature exists.
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