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Abstract

Let k be a field of positive characteristic p and let k[z1,...,xn] denote the
polynomial ring in n variables over k. In this article, we treat two topics. The first
topic is to give a method of constructing p-unipotent triangular automorphism of
klz1,...,2zn]. The second topic is to give a necessary and sufficient condition for
a p-unipotent automorphism o of k[z1,...,zn] to be triangular in terms of the
pseudo-derivation A of k[z1,...,zy] corresponding to o.

0. Introduction

Let k be a field of positive characteristic p and let A be a k-algebra. For a
k-algebra homomorphism o : A — A, we say that o is p-unipotent if oP = id 4,
where id4 : A — A denotes the identity map. Clearly, if a k-algebra homo-
morphism ¢ : A — A is p-unipotent, then o is a k-algebra automorphism of
A.

Let k[z1,...,x,] be the polynomial ring in n variables over k and let o be
a k-algebra automorphism of k[z1,...,z,]. We say that o is triangular if o can
be written as o(x;) = w;x; + f; for some w; € k\{0} and f; € k[z1,...,2zi—1]
(1 <1i<n). Especially when u; = 1 for all 1 < i < n, we say that o is a unitrian-
gular automorphism. Any p-unipotent triangular automorphism of k[z1,...,zy]
is a unitriangular automorphism of k[x1, ..., z,]. We say that o is triangulable if
o is conjugate to a triangular automorphism, i.e., ¢
morphism of k[z1, ..., x,] for some polynomial automorphism ¢ of k[z1, ..., x,].

In [4], we proved that for any p-unipotent triangular automorphism o of
the polynomial ring k[z1, 22, 23] in three variables, the modular invariant ring
E[x1, o, 23] is a hypersurface ring, where (o) is the cyclic group generated by

oo o is a triangular auto-

o. We wish to extend this result for p-unipotent triangular automorphisms of
k[x1,...,2n], where n > 4. Now, we hope to express the forms of p-unipotent
triangular automorphisms of k[z1,...,z,]. However, little is known about such
forms, except for linear p-unipotent triangular automorphisms of k[z1,...,z,].
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In [4], we also proved that there is a one-to-one correspondence between the
set of all p-unipotent k-algebra automorphisms of A and the set of all pseudo-
derivations of A. So, we are interested in translating triangularity of a p-unipotent
automorphism o of k[x1,...,z,] into a property of the pseudo-derivation A of
k[x1,...,2,] corresponding to o.

We summarise the article, as follows:

In Section 1, we give a method of constructing p-unipotent triangular auto-
morphisms of k[z1,...,2,]. We may perform the method by hand calculations.
We can run, in principle, the method on computer with the aid of Kemper’s algo-
rithm [2] and Grobner bases theory. Anyway, we just started to study expressing
p-unipotent triangular automorphisms of k[z1,...,z,], where n > 4.

In Section 2, we give a necessary and sufficient condition for a p-unipotent au-
tomorphism o of k[z1,...,z,] to be triangular in terms of the pseudo-derivation
A of k[xy,...,x,] corresponding to o.

1. A method of constructing p-unipotent triangular automor-
phisms of polynomial rings

Let k be a field of positive characteristic p and let A be a k-algebra. Given a
k-algebra homomorphism o : A — A, we can define a k-linear map D, : A — A
as Dy (f):=0o(f)— f for all f € A. We have

Do (fg) = Do(f)o(g) + f Do(g) forall f,g € A.

For each £ > 1, we can define the kernel APs of D! as
APe = {f € A| DL(f) =0},

Clearly, AP+ becomes a k-subalgebra of A, and each APs becomes an APe-
module.

1.1 On p-unipotent triangular automoprhisms
Lemma 1 Leto: A— A be a k-algebra homomorphism. Then o is p-unipotent
if and only if D? = 0. In particular when A = k[zq,...,x,] is the polynomial
ring in n variables over k, o is p-unipotent if and only if DP(x;) = 0 for all
1<i<n.

Proof. The proof follows from D? = D,». Q.E.D.

By the following Lemmas 2 and 3, we can inductively construct p-unipotent
triangular automorphisms of k[z1,...,z,], where n > 1.

Lemma 2 Let o be a k-algebra endomorphism of k[z1]. Then the following
conditions (1) and (2) are equivalent:
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(1) o is a p-unipotent triangular automorphism.

(2) o(x1) =x1 + f1 for some f € k.

Proof. The proof is straightforward. Q.E.D.
For any k-algebra homomorphism o : k[z1,...,2,] — k[z1,...,2,] and
any f € Ek[zy,...,z,], we can define a k-algebra homomorphism e, ¢
klx1, .., Tny Tpt1] = k[T1, ..., Tn, Tpy1] as
N J o(z) if 1<i<n,
foup (%) = { Tpy1+ f if i=n41.

Lemma 3 For any integer n > 1, the following assertions (1) and (2) hold true:

(1) Let o be a p-unipotent triangular automorphism of klx1,...,x,]. Take any
element [ of the kernel k[xq,... ,xn]Dg_l. Then the k-algebra endomor-
phism €5 ¢ of k[x1,...,Tn, Tnt1] i @ p-unipotent triangular automorphism
Ofk[xla s axnvgjn-i-l]'

(2) Let 7 be a p-unipotent triangular automorphism of k[x1,...,Tn,Tni1].
Let T|iay,....x,) be the k-algebra endomorphism of k[xi,...,x,] defined by
Tlhizrswn] () = 7(f) for all f € k[zy,...,25]. Then 7|y, . 2, 5 @ P-
unipotent triangular automorphism of k[x1,...,x,], and T(xp41) — Tpy1 €

po1
k[z1,...,xn] "*lerenl,

Proof. (1) Note that

D . 3 < ; <
ng,f(xi) _ { DP(z;) if 1<i<n,

DP=L(§) if i=n+1l

Thus, we have Dfu_f(l”i) = 0 for all 1 <4 < n+ 1, which implies that e, ¢
is p-unipotent by Lemma 1. Clearly, e, is a triangular automorphism of

Elx1,..., Tny Tny1].
(2) Clearly, T7lgz,,....z,] is a p-unipotent triangular automorphism of
klx1,...,2,]. We can express 7(zp41) as 7(Xpy1) = Tpp1 + f for some f €
~1
klxy,...,xn]. Sol, T(Tnt1) —Tny1 = f € klx1, ...,z Nk[xq,. .. ,xn,an]Df =
DP~
K[zy, ..., 2n] "Ee1eenl Q.E.D.

We denote by UP# (k[x1,...,2,]) the set of all p-unipotent triangular auto-
morphisms of k[zy,...,z,], and let UP*(k[x1,...,2,]) be the set defined by

UP2 (k[ ..., 20])
= {(a, £) e UPL(klzy, ... xn]) X K[z1,. .., 20] | F € Klz1, ... 2n]P5 }
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By Lemma 3, we can define a map ® : UP (k[zq,...,z,]) — UP2 (k[zy, ..., 2,
Tni1]) as

®(0, f) =0,
and also define a map W : UP2(k[x1, ..., Tn, Tni1]) — UP2 (K[, ..., 2,]) as

U(T) = (Tlher ]y T(@nt1) = Tngr)-

We denote by idyr.2 (k[z,.....z,,]) the identity map from UPA k[, ..., z,]) to it-
self, and denote by idys.a (i )y the identity map form UPA (klay,. ..
T,y Tpt1]) to itself.

The following theorem implies that there exists a one-to-one correspondence
between the set UP*(k[zy,...,z,]) and the set UP®(k[x1,..., %0, Tni1]). So,
we obtain a method of constructing p-unipotent triangular automorphisms of
klx1,...,Zn, Tps1) from p-unipotent triangular automorphisms of k[zy,...,z,],
for any n > 1.

L1y Tn, T4l )

Theorem 4 For any n > 1, we have

Vo ® =idyr.a(kfs,,. and DoV =idypra

Tn]) k[z1,...,Tn,Tny1])

Proof. The proof follows from Lemma 3. Q.E.D.

1.2 On forms of p-unipotent triangular automorphisms
The following lemma gives a form of any p-unipotent triangular automor-
phism of k[xy, zs).

Lemma 5 Let 7 be a k-algebra endomorphism of k[xy,x3]. Then the following
conditions (1) and (2) are equivalent:

(1) 7 is a p-unipotent triangular automorphism of k[x1,x2].

(2) 7 has one of the following forms (2.1) and (2.2):

T(x1) = 21,
1) { T(x2) = 22 + fo(z1)

for some fa(x1) € k[z1]; and
T(z1) =1+ f1,
p—2
(22) T(32) = 2 + Z di(a? — [P ) 2t
i=0

for some f1 € k\{0} and ¢;(T) € k[T] (0 < i < p—2), where k[T] is the
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polynomial ring in one variable over k.

Proof. The proof of the implication (2) = (1) is straightforward. We shall
prove (1) = (2). By assertion (2) of Lemma 3, 7|4[,,] is a p-unipotent automor-

pr-t
phism of k[z1] and 7(x3) — x5 € k[x1] "'*=1l. By Lemma 2, T|pz(T1) = 21+ f1
for some f; € k. We know from [4, Lemma 2.8] that

) Elz1] if fi=0,
DP-
klzq] ren = ¢ 2 _ ; .
> k[t — [T ]2 if  f1#0.
i=0

So, if f; = 0, then 7 has the form (2.1); and if f; # 0, then 7 has the form
(2.2). Q.E.D.

We shall give an example of non-linear p-unipotent triangular automor-
phisms of k[z1,x9,x3,24]. Assume that the characteristic of k is three, let
A := k[x1, 22, 23] be the polynomial ring in three variables over k, and let o
be the k-algebra automorphism o of k[x1, xo, x3] defined by

( ) L 1 if 1= 1,
o) = T+ Ti—1 if > 1.

Clearly, o is a p-unipotent triangular automorphism of A. We know from [1]
that the kernel AP is generated as a k-algebra by the following four polynomials

f17f27f37f4:

f1 =1,

fo i= w129 + 223 + 21123,

f3 = 223wy + 23,

fa:= 21103 + ngxg + :z:lx% + 1’%

Lemma 6 Let o be as above. Let T be a p-unipotent triangular automorphism
of kw1, v, 23, v4] satisfying Tli[z, 20,25 = 0- Then 7 has the following form:

(1) = 21,
T(22) = 22 + 21,
T(x3) = T3 + T2,
4
T(xa) =24+ Y Bi(f1, fo, f5, f4) g

i=1

for some polynomials Bi(y1,y2,y3,ya) € k[ylay27y3ay4] (1 <i < 4); where
kly1,v2,Ys,ya] s the polynomial ring in four variables over k and the polyno-
mials g1, g2, 93, ga are defined by
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g1 = ]-7

g2 = T2,

g3 = 22179 + T3 + 21073,

gq = xlx% + 296;’ + 2z 1073 + Z‘%l‘g + 2x1x§.

Proof. We know from [5, Theorem 5| that AP = Z?:l AP+ g, By Lemma 3,
7 has the desired form. Q.E.D.

1.3 A method of constructing a generating set of the kernel
E[z1, ... an)Pe 1<0<p—1)

Let A := k[z1,...,x,] be the polynomial ring in n variables over k, where k
is a field of positive characteristic p. Let o be a k-algebra automorphism of A of
order p, i.e., 0 # id4 and o? = id4. Let B := AP7 be the kernel of D,. So, we can
take a finitely generated k-subagebra C of B such that A is a finite C-module.
In fact, we know the following C and A: For any f € A, we define a polyno-
mial ¢/ (T) := Hf;ol(T —0o'(f)) of A[T]. Expand p(T) as > +_, s;(f) T, where
si(f) € APe for all 0 <i <p—1. Let C:=k[s;(z;) |1 <j<mn, 0<i<p-—1].
Clearly, A=3"_; i <, 1 Calt . gin,

We shall give a method of constructing a generating set of A” = as a C-module
for each 1 < ¢ < p — 1, as follows:

We can write C' and A as

C=klei,...,cr) for some c¢1,...,c,. € C,
S

A:ZC% for some aq,...,as € A.
i=1

We have an increasing sequence
CCB=AP  CAP: C...C APZ C APT = A

of C-modules, and each AP: is a finite C-module. Let 7 : C®° — A be the
surjective C-module homomorphism defined by

(Y1, Ys) 1= Z’yi a;.
i=1
Clearly, we have

AP: — w(syzC(Dﬁ(al), S Dﬁ(%)))
_ W(SyzA(Df;(al), ... DL(a)) N C@S) forall 1<¢<p-—1.

Foreach 1 < /¢ <p—1, we let
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M, = Syz, (D% (a1), ..., D5 (as)).

Clearly, we have APe = (M, N C®*) forall 1 < £ < p— 1.

Now, we explain how to calculate a generating set of AP5 as a C-module.
Since A is a polynomial ring over k, we know an algorithm for calculating a gen-
erating set {my1,...,mgy,} of the syzygy module M, as an A-module (see, for
example, [3]). And we also know an algorithm for calculating a generating set of
the intersection My NC®* as a C-module, by the algorithm of Kemper [2, Lemma
6]. So, let {e1,- .-, feu, } be a generating set of My, NCP* as a C-module. Then
the set {m(pe1),-..,7(pew,)} forms a generating set of AP as a C-module.

For the convenience of the reader, we write Kemper’s algorithm for cal-
culating a generating set of the intersection M, N C®%, as follows: Let P =
Elx1,...,Tn,Y1,-..,Yyr] be the polynomial ring in n + r variables over k, and let
Q = kly1,-..,y:] be the polynomial subring of P. Define maps ® : P®s — A®s
and U : Q9 — C®¢ as

D1 (T, Y1y s Yr)y ey as(@yr, .. yr))i=(ar(x, 1y yCr)y ooy as(Ty 1,005 00))s

\Il(ﬂl(ylv"-7yr)a-"7ﬂs(yla"'7yr))::(ﬂl(cla-~'ac7")a"',55(617-"367“));

where © = (z1,...,2,). Clearly, we have the following commutative diagrams,
where vertical arrows are inclusion maps:

Ppos ¢ > A®s

QGBS Cos

Let N;:= ®~(M,). It follows that

te r s
Ne=(zpmz,i)+ S Pl oo |
=1

J1=1j2=1

where e, is the element of P®* whose jo-th entry is one and the other entries
are zero. Since V¥ is surjective, we have

\IJ(Ng n Q®S) =M,N C®s.

Using Grobner bases theory for submodules of free modules over the polyno-
mial ring @), we can calculate a generating set of N, N Q®* as a Q-module, and
let {vg1,...v0u,} be the generating set. Let pp; := ¥(vp,;) for all 1 < i < wy.
Clearly, the set {s¢1, ..., fte,u, } forms a generating set of MyNC'®* as a C-module.
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2. Triangular pseudo-derivations and triangulable pseudo-derivations

Let A be a k-algebra, where k is a field of positive characteristic p. A k-linear
transformation A of A is said to be a pseudo-derivation if A satisfies the following
conditions (1), (2) and (3):

p—1 i
(1) A(fg) = A(f)g+ FA(g) + 3 =Y

i=1

(2) A(1a) =0, where 14 is the unity of A.

A (f)APT(g) for all f, g € A.

(3) AP =0.

Given a pseudo-derivation A of A, we can define a k-linear transformation
Exp(A): A — A as

Exp(A)(f) 1= 3 =3

=0

il
We know that Exp(A) is a k-algebra automorphism of A satisfying Exp(A)? =
id4 (see [4, Lemma 1.2]).

Given a k-algebra automorphism o of A. We can define a k-linear transfor-
mation Log(o) : A — A as

p—1 i—

Log(o)(f) = 3 "V pip).

5 )
=1

For any p-unipotent automorphism o of A, the truncated logarithm Log(o) is a
pseudo-derivation of A (see [4, Lemma 1.6]).

We denote by UF(A) the set of all p-unipotent automorphisms of A, and by
PDery(A) the set of all pseudo-derivations of A. Let Exp : PDery(A) — UP(A)
be the map defined by A — Exp(A) and let Log : U (A) — PDery(A) be the
map defined by o + Log(c). We denote by idpper, (4) the identity map from
PDery,(A) to itself and by idyr a) the identity map from Ur(A) to itself.

We know the following theorem (see [4, Theorem 1.7]), which states that there
is a one-to-one correspondence between the set of all p-unipotent automorphisms
of A and the set of all pseudo-derivations of A.

Theorem 7 We have
Log o Exp = idpper, (4) and Expo Log = idU]r:(A).

And we have Exp(A) =ida if and only if A = 0.
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2.1 Triangular pseudo-derivations

Let A be a pseudo-derivation of k[x1,...,2,] and let o be the p-unipotent
automorphism of k[z1,...,xz,] corresponding to A, ie., 0 = Exp(A). We say
that A is triangular if o is a triangular automorphism of k[z1, ..., z,].

The following theorem gives a necessary and sufficient condition for a p-
unipotent automorphism o of k[zy,...,x,] to be triangular in terms of the
pseudo-derivation A of k[z1,...,z,] corresponding to o.

Theorem 8 Let o be a p-unipotent automorphism of k[x1,...,x,] and let A
be the pseudo-derivation of k[x1,...,x,| corresponding to o. Then the following
conditions (1) and (2) are equivalent:

(1) o is triangular.
(2) A(z;) € k[zy,...,x-1] forall1 <i<mn.

In order to prove Theorem 8, we prepare the following lemma. After we
proved Lemma 9, we prove Theorem 8.

Lemma 9 Let i be an integer satisfying 1 < ¢ < n, and let A be a pseudo-
derivation of k[x1,...,x,] satisfying the following conditions (1) and (2):

(1) A(J?l) € k[l‘l, ey xi—l]-
(2) A(k[zl, - ,xi_l]) C k[Il, - ,581'_1].

Then, for all v > 1, we have
Ax]) € Z klxy,. .., @i 1],
r—1
A(Zk[.’lﬁl, , Ti— 1 )CZkl‘h.. , Li— 1]
£=0

Proof. We proceed by induction on r > 1. If » = 1, the proof is clear. So let
r > 2 and suppose that

r—2
Az} 1)EZ/€[$1, Ti—1|T
=0
r—2
A(Zk[zl,.. i) )Ckal,.. Ti—1]
(=0 £=0

‘We have

Af(ws) AP (277
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r—1
S Z k[xl, . ,Ii_l] xf
£=0
For any f € k[xy,...,2;-1], we have
Gk
A(fai™) =Af)a] ™ + fA@Y) + 7 AL(f) AP (a7

r—1 =t

GZk[Il,...7l’i_1]If. QED
yourd .E.D.

Now, we prove Theorem 8. We first prove (1) = (2). For all 1 <i <n, we
have

p—1

(=D,
A(z;) = Log(o)(z;) = Z 7 Dy ().
=

1

Since o is triangular, we know that D,(z;) € k[z1,...,2;—1] and D, (k[z1,
ceoy®i1]) C k[wy,...,7i1]. So, we have D!(z;) € k[zi,...,z;_1] for all
1<¢<p-—1. It follows that A(x;) € k[z1,...,2—1].

We next prove (2) = (1). We begin with proving that A(klz1,...,z;]) C
Elz1,...,z;] for all 0 < j < n — 1. We proceed by induction on j. If j = 0, the

proof is clear. So, let j > 1 and suppose that A(k[z1,...,z;-1]) C klz1,...,zj-1].
Since A(z;) € k[z1,...,2z;-1], we know from Lemma 9 that A(k[z1,...,z;]) C
k[zy,...,2;]. So, for all 1 <7 < n, we have

A ()

o(x;) = Bxp(A)(z:) = Y €z + k[x1,. .., zi1],
2!

=0
where we denote by z; + k[z1,...,zi—1] (1 <i < n) the set of all polynomials F’
which can be written in the form F' = x; + f for some f € k[x1,...,2;_1]. This

compietes the proof of Theorem 8.

2.2 Triangulable pseudo-derivations

Let A be a pseudo-derivation of k[z1, ..., x,]. Clearly, for any automorphism
@ of k[x1,...,2,], o 1Ay is a pseudo-derivation of k[z1,...,7,]. We say that A
is triangulable if o~ *A¢ is triangular for some automorphism ¢ of k[zy,...,z,].

We have the following lemma:

Lemma 10 Let o be a p-unipotent automorphism of k[xy,...,x,] and let A
be the pseudo-derivation of k[x1,...,xy,] corresponding to o. Then the following
conditions (1) and (2) are equivalent:

(1) o is triangulable.
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(2) A is triangulable.

Proof. The proof follows from the fact that ¢~top = Exp(p tAgp) for any

automorphism ¢ of k[z1,...,z,]. Q.E.D.
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