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Abstract

‘We observe that there exists a Biatynicki-Birula decomposition of the Hilbert
scheme HilbL such that the cells are homeomorphic to Grébner strata of homo-
geneous ideals with fixed initial ideal. Using such a decomposition, we show that
HilbflD is singular at a monomial scheme if the corresponding Groébner stratum is
singular at J.

1. Introduction

Let k be a field. We consider the Hilbert scheme Hilbfj parameterizing closed
subschemes of P} with Hilbert polynomial P. If we fix a term order < on the
polynomial ring S = k[z] = k[zo,...,z,], each homogeneous ideal I in S has a
unique initial ideal in.(I) and a unique reduced Grébner basis G with respect to
<. Hence if we think to the set of k-rational points of Hilbf as represented by a
set of homogeneous ideals in S, k-rational points can be decomposed into loci of
homogeneous ideals with fixed initial ideal, called Grébner strata or Grébner basis
schemes [NS00, Rob09, RT10]. The main purpose of this article is to discuss this
decomposition and its relation with a torus group action on Hilbf corresponding
to <.

For short, we call Grobner basis scheme by Grobner scheme. We denote by
Gré')b‘_’< the Grobner scheme or the Grobner stratum parameterizing homogeneous
ideals in S whose initial ideal is J with respect to <. In this paper, we call those
schemes the Grobner strata when we think to those schemes as loci of a Hilbert
scheme. Otherwise we call Gré’)bi the Grobner scheme when we think to Grébi
as the scheme representing the Grébner functor [Led11l, LR16]

Grsb?, : (k-Alg) — (Set)

G is a homogeneous reduced Grobner basis

A @Al whose in<((G)) = J
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The Grobner scheme Grébi is computable, in the sense that we can
give defining equations of Grt')b‘i and explicitly describe the family of ideals
[Rob09, RT10, Led11]. Each Grobner scheme is a weighted cone in its tangent
space on the point corresponding to the monomial ideal [Rob09, RT10]. It implies
that Grébi is smooth at J if and only if Grébi is isomorphic to an affine space.
This property plays a relevant role in this content. For instance, it can be used
to decide whether Gr'dbi is smooth or not. We denote the computation methods
in Section 3 that we used for this paper.

To the best knowledge of the author, the study of Grobner strata began from
Notari and Spreafico’s results [NS00] which became basic concepts and proper-
ties nowadays. Roggero and Terracini dealt with a construction of Grébner strata
from Buchberger’s criterion [RT10], Robbiano and Lederer also gave a construc-
tion of Grébner strata from a theory of border basis [Rob09, Led11]. Moreover,
[Rob09, RT'10] show properties on Grobner strata about the computability and
the smoothness as above. Hence one can consider that the smoothness of Grobner
strata implies the rationality on the Hilbert scheme. Lella and Roggero show the
following.

Theorem 1.1 ([LR11]). Let H be an irreducible component of HilbY . Let r be
the Gotzmann number of P.

e [f H is smooth, then it is rational.

o If H contains a smooth point which corresponds to a (r,<)-segment ideal
(where < is any term order), then H is rational.

o The Reeves and Stillman component Hrs of Hilbf is rational.

Moreover, if J is a (r,<)-segment ideal and HilbY, is smooth at ProjS/J, then
Grébi is isomorphic to an affine space.

The Gotzmann number of a Hilbert polynomial P is a number determined
by a combinatorial way and is an upper-bound of Castelnuvo-Munfold regular-
ity on the Hilbert scheme Hilbf . By Gotzmann’s Persistence Theorem, we have
a representation of the k-rational points of the Hilbert scheme as the following
[LR11]:

e [ is homogeneous generated by I,

. n—+r
HilbY (k) ={TIc S 'dlm’“b:< r >_P(T) : (L.1)

n+r+1> Pt 1)

odimkITH:( r+ 1

Here we mean I, = {f € I | f is homogeneous of degree r}.
For shot, we denote by Ip, the above three conditions. There is an easy
proposition about initial ideals of ideals in HilbZ (k).
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Proposition 1.2. Let I be a homogeneous ideal in S. Let < be a term order on
S. Then I satisfies Ip ,, if and only if the initial ideal in< I satisfies Ip y.

Proof. Note that I satisfies Ip , if and only if I is the r-truncation of a satu-
rated ideal defining an element of HilbZ (k) [RT10, LR11]. Here we call I, the
r-truncation of I and we say I is saturated if Iz := {f € S| 3d > 0, Va7 €
Sq, zVf € I} =1

Put J = ins . Assume that I satisfies Ip,. For any s > r, we have
dimg(S/J)s = dim(S/I)s = P(s). The Hilbert polynomial of ProjS/J in P} is
also P, then dimy(S/Jsat)s = P(s). Thus (Jsat)>r = J>r =ini(I>,) =ini(I) =
J. Conversely, assume that J satisfies Ip ,. Then there exists a saturated mono-
mial ideal J’ such that J = J.  and ProjS/J’ € Hilb! (k). Put I' = L. Then
for any s > r, we have dimy(S/I), = dimg(S/J)s = dimg(S/J")s = P(s)
dimy (S/I")s. Therefore we obtain I = I% .

oo

We define the set of monomial ideals in S satisfying Ip , and denote it by

Mpyn, i.e.

e J is a monomial ideal generated by J,.

. n—+r
Mpp=KJCS .dlkaT:< r )_P(T)

n+r+1
- P 1
r+1 ) (r+1)

>~ {x € HilbY (k) | « corresponds to a monomial ideal}.

(1.2)
(] dlmk Jr+1 = (

Then we obtain the following decomposition of the k-rational points of Hilbi by
Proposition 1.2:

Hilb) (k) = [ GrobZ (k). (1.3)
JEMp,n

We call this decomposition the Gréobner decomposition of Hilbf with respect
to <. Since the set Mp , is computable (see Section 3), the Grébner schemes in
the Grébner decomposition (1.3) is also computable.

Example 1.3. We introduce an example of the Grobner decomposition com-
puted by the methods in Section 3. We consider the Hilbert scheme of d points
in IE”% and let < be the lexicographic order on k[zg,x1,z3]. The Hilbert scheme
Hilbg is smooth and its dimension is 2d [Harl0]. By computing (1.3), in fact,
Grébi is isomorphic to an affine space A}" for any J € Mgo. We make Table 1
of the numbers of J € Mg such that Gréb”, = A, In fact, these numbers are
the Betti numbers of Hilb$ [ES87].

In [ES88], Ellingsrud and Strgmme give a cell decomposition of Hilbg using a
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Table 1 The numbers of J € Mg > such that Grébi = A
[d\m]01 2 3 4 5 6 7 8 9 10]

1 1 11

2 1 2 3 2 1

3 125 6 5 2 1

4 1 2 6 10 13 10 6 2 1

5 1 2 6 12 21 24 21 12 6 2 1

result of Bialynicki-Birula [BB73, BB76], called Bialynicki-Birula decomposition.
The original Bialynicki-Birula decomposition is a cell decomposition of a smooth
projective variety with a one dimensional torus action. Since Grobner strata are
naturally equipped with a one dimensional torus action from Grébner degener-
ation [Bay82, Rob09, RT10], one may wonder when the Grobner decomposition
(1.3) coincides with a Bialynicki-Birula decomposition.

The interest in these object is not new. Evain and Lederer study Grébner
strata and Bialynicki-Birula decomposition in Hilbert schemes parameterizing
points on an affine space [EL12]. They give a functorial definition of cells of
Bialynicki-Birula decomposition and they show that such functors are repre-
sentable by k-schemes called Bialynicki-Birula scheme. For more general setting,
Drinfeld [Dril3], Jelisiejew and Sienkiewicz [JS18] study about the Bialtynicki-
Birula decomposition on any (possibly non-smooth) algebraic scheme with an
action of G, or a reductive group.

Thanks to these studies, the contribution of this paper is to compare a
Biatynicki-Birula decomposition of Hilbf with the Grobner decomposition fo-
cusing on their topologies and singularities. Moreover, we will obtain another
proof of a result in [LR11] as Theorem 1.5.

Theorem 1.4. For any term order <, there exists a Gy,-action on Hilbf such
that:

e the scheme of fized points is 0-dimensional and the k-rational fized points are
the monomial schemes {ProjS/J | J € Mp .} in Hilb% .

e the Biatynicki-Birula scheme for a fized point ProjS/J is homeomorphic to
Grébi with the same k-rational points in Hilbf.

In particular, the Grébner decomposition

Hilb) (k) = [ Grob? (k).
JGMP,H

coincides with the Bialyniciki-Birula decomposition of Hilbf on the k-rational
points.

Theorem 1.5. For any J € Mp,, if the Hilbert scheme HilbfzD is smooth at
ProjS/J, then the Grébner scheme Grébi is isomorphic to an affine space.
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On Theorem 1.5, we provide an example in where P = 2t + 2, n = 3 (Ex-
ample 7.7). Such Hilbert scheme is dealt in a Sernesi’s book [Ser06] and Sernesi
shows that Hilbgt+2 has a singular point defined by a monomial ideal using a
obstruction theory. In our example, we find 18 new singular points in Hilb§t+2
defined by monomial ideals in Ms; 9 3 using Theorem 1.5.

This paper is organized as follows. Section 2 and Section 3 describe pre-
liminaries, notations and computation methods used in this paper. We attach
a Gy-action on HilbY induced from given term order < in Section 4. Then we
define the Bialynicki-Birula decomposition of Hilbf in Section 5. In Section 6 and
Section 7, we compare topologies and smoothness on Hilbf and Grébi. Then we
will obtain Theorem 1.4 and Theorem 1.5.

Acknowledgments. This work was supported by JSPS KAKENHI (Grant
Number 18J12368). The author is deeply grateful to Professor Paolo Lella for
his support to write this paper, and to live in Milan when the author visit in
2018-2019. Thanks to his advice, the author also could talk the results of this
paper in MEGA conference 2019. It was a very productive experience for me.
The author’s adviser Professor Kiwamu Watanabe always gave a lot of comments
to my progresses. The author’s results have been shaping up and polished by
discussions with Professor Watanabe at Saitama University. The author would
like to thank him for his supporting.

2. Preliminaries and Notation

e Let k be a field and S = k[z] = k[zo, ..., z,] the polynomial ring over k in
(n+ 1) variables. We always fix a term order < on S that is a total order on
all monomials in S with 2 < 2# = 2%27 < %27 and 2% = 0 (2® # 1).

o We equip S with the ordinal total degrees of polynomials and denote it by
deg f for f € S. For a subset A C S, we denote by A, the homogeneous
elements of A with degree r and denote by (A) the ideal generated by A in
S.

e For a = (ag,...,a,) € N"T1 let 2% = 2{° - -- 29, Using this notation, we
regard N"*1 as the set of monomials in (n + 1) variables. The degree of « is
la| = ap + -+ + . For a subset A C N*T1 let A, ={a € A||a]=r}. We
also define A, and A<, in a similar way.

e For k-schemes X and Y, let X(Y) = Homy (Y, X). If Y = Spec A, we denote
it by X (A) instead.

e We denote by G,, the one-dimensional algebraic torus Spec k[t, t~1].

The Hilbert scheme Hilbf is the scheme representing the following Hilbert
functor:

HilbY : (k-Sch) — (Set)
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Y is a closed subscheme in P7 flat over Z,
Z +— Y C P7 | the Hilbert polynomials of all fibers on closed
points of Z are P
The Hilbert scheme Hilb” is a projective scheme over k [Har10].

The Grobner scheme Grébi is the scheme representing the following Grébner
functor:

Grob?, : (k-Alg) — (Set)

A {GCA[;U]

G is a homogeneous reduced Grobner basis
whose in<((G)) = J

See [Wib07] for the definition of Grébner basis with ring coefficient. If a mono-
mial ideal J defines a point of Hilbf: , then there exists a canonical morphism
Grébi — Hilb? induced by the natural transformation

Gréb?, — HilbY

G — Proj Alz]/(G).

If we denote a morphism Grébi — Hilbf , we always mean this morphism.
Important facts on Grébi for this content are the following:

Theorem 2.1 ([LR16]). If J € Mp ., then Grob?, — HilbY is a locally closed
immersion. Namely, it can be factored as j ot where i is a closed immersion and
7 18 an open immersion.

Theorem 2.2 ([Rob09, RT10]). For any monomial ideal J and any term order
=<, the Grébi is smooth at J if and only if Grébi is isomorphic to an affine
space over k.

3. Computation methods

In this section, we introduce computation methods for Grébner schemes and
Grobner decompositions. We mainly refer to [RT10] for this section.

Let I be a homogeneous ideal in S with in, I = J. Let B; be the minimal
generators of J. Then the reduced Grébner basis of I is in the following form:

G=4{ ga=12"+ Z Ca,ﬂxﬂ «a € By, g, is homogeneous

zB8¢B;
P <xo
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Conversely, for given < and J, let us consider the form G as the above with
arbitrary coeflicients C, s € k. Using the Buchberger’s criterion, we will obtain
the polynomials F7, ..., F, of the coefficients C, g such that G is a Grobner basis
of (G) if and only if the polynomials Fy, ..., Fs are vanish. In fact, by regarding
the coefficients C,, 3 as the variables, the polynomials F1, ..., F,s only depend on
the choice of < and J [RT10]. Therefore Fi,..., Fy define the Grébner scheme
Gr'dbi.

Theorem 3.1 ([RT10]). The Grébner scheme Grob?, is isomorphic to the affine
scheme

Speck[Cq 5 | 2* € By, 2" ¢ By, 2% = 27 dega® = degzP]/(Fy,..., Fy).

Therefore we can compute Grébi by computing syzygies of the form G. Note
that also we can compute Grébi by a theory of border basis [Rob09, Led11].

For computing the tangent space of Grébi on J, denoted by T;’, we recall a
positive grading on k[C], where

C={Cup|z®e€ By, 2® ¢ By, z® = 2P, degz® = deg 2"},
and a theory of homogeneous varieties given in [FR09, RT10].

Proposition 3.2 ([Bay82, Proposition 1.8]). Let < be a term order on S, and
let A be a finite subset of N"*1. Then there exists a vector w € N1 such that
forany a, B € A, a < B if and only if w-a < w- . Here w - « is the ordinary
inmer product wog + -+ Wy Oy, -

Let r be the maximum degree in B;. We fix a vector w € N**! given by
Proposition 3.2 for fixed term order < and the finite subset A = (N"*1),.. Then
this vector w implies a positive grading on R as follows.

Proposition 3.3 ([RT10, Lemma 3.2]). Let J € Mp,. We define a grading A
on K[C] such that A(Co3) = w-a —w - B. Then the defining ideal of Grob?, in
Spec k[C] is A-homogeneous.

Definition 3.4 ([RT10, Definition 3.3]). Let C be a set of variables and k[C] be
a polynomial ring with a positive grading A. Let A be a A-homogeneous ideal in
k[C].

e For a polynomial F € k[C], we denote by L(F) the linear component of F,
i.e. the sum of terms of usual degree 1 that appear in F'. We also denote by
L(A) the k-vector space {L(F) | F € A}.

e A subset C” of C is eliminable variables if for any ¢’ € C’, L(A) contains ele-
ments of the type ¢ +1 with [ € k[C'\ C']. C’ is a mazximal set of eliminable
variables if #(C") = dimg(L(A)).
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Theorem 3.5 ([RT10, Proposition 3.4, Corollary 3.6]). Let C = {Cyp | z* €
By, 2% & By,z® = 27 dega® = dega®}. Let A C k[C] be the defining ideal of
the Grobner scheme Grob?, in Speck[C]. If C' = {c},...,c.} is a mazimal set
of eliminable variables for A, then the reduced Grébner basis G of A with respect
to any elimination order of the variables C' in the following form:

g:{C/l+917""C/r+gr7f1a-~-afd}

with g; € k[C'\ C] and f; € (C\ C")? C k[C \ C'"]. In particular, Grob?, =
Speck[C\ C')/{f1,..., fa) Moreover, the affine scheme Spec k[C \ C'] is isomor-
phic to the tangent space of T? as schemes. Then Grébi is non-singular at J if
and only if fr =---= fg3=0.

We can find a maximal set of eliminable variables by the following method.

e A basis of L(A): Since J € Grob’, as the origin of Spec k[C], the defining
ideal A is contained in (C). Thus generators of A do not contain constant
terms. Then the linear components of generators of A is a basis of L(A).

e Gaussian reduction: Let us consider L(A) as vector subspace in the vector
space V = {> .o acc | a. € k} with canonical basis C. Let {b1,...,bs}
be a basis of L(A). Assume that b; = > . b;.c and consider the matrix
B = (b; ). Doing Gaussian reduction on the rows of B, we will obtain new
basis {e1,...,es} of L(A) and s variables ¢,...,c, such that e; = ¢} +;
with [; € k[C'\ C"]. Therefore C’ is a maximal eliminable variables.

Then we can compute the embedding Grébi — T;] with its defining ideal and
can determine if Grébi is non-singular or not.

Next we introduce a computation methods for the Grobner decomposition of
the Hilbert scheme

HilbY (k) = [ Grob’(k). (3.1)
JeMp n

Proposition 3.6 ([Vas98, Corollary B.5.1]). Let P be the Hilbert polynomial of
a projective scheme in a projective space. Then there exist integers a1 > ag >

-+ > a, > 0 such that
" ft4a;—i+1
=3 ("),

i=1

We call the number r in the above the Gotzmann number of P. The proce-
dure for the Gotzmann number is the following.

(1) Put a; = degP and P, = P — (t+a171+1).

al
(2) If we have obtained P; and P; is not constant, then put a;11 = deg P; and
Piy1 = Py — (Mo —H+n),

Ai41
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(3) Repeat (2) until Py = ¢ is constant. Then the Gotzmann number of P is
r=s+c.

Finally we introduce the procedure for the set of monomials Mp j:

e J is a monomial ideal generated by J,.

. n-+r
Mpn=dics OdlkaT—( . )—P(T)

n+r+1
- P 1
r+1 ) (r+1)

>~ {z € Hilb?' (k) | 2 corresponds to a monomial ideal}.

o dimy J, 41 = (

The procedure for Mp ,, is the following.

(1) Determine the Gotzmann number r of P.

(2) Make the list L of sets of (("!") — P(r)) monomials of degree r in (n + 1)
variables.

(3) Set Mp,, = {}. For each B € L, compute {xg,...,zn} - B = {x;27 | i =
0,...,n,a7 € B} If #({xo,..., 2} - B) = ("}17") — P(r + 1), then add
J = <B> to Mpm.

Therefore we can compute the Grobner schemes in the Grobner decomposi-
tion of Hilb? (3.1).

4. Gp-action on the Hilbert scheme corresponding to a monomial
order

Let J € Mp,,. We fix a vector w € N1 given by Proposition 3.2 for fixed
term order < and the finite subset A = (N"*1),. where r is the Gotzmann number
of P. By Proposition 3.3, there is a grading A on the polynomial ring

R=k[Chp|z® € By,2” ¢ By, 2% = 2P degz® = dega® =r]

such that A(Chp) = w-a —w - f. We attach a Gp-action on Spec R such
that t - Cp 5 = tACad)C, 5 = tw o= B(C, 5. Then Proposition 3.3 says that
Grébi is G -invariant in Spec R. The vector w also defines a G,-action on §
by t-x® = t7«“x®. Therefore there exists a G,,-action on the Hilbert scheme
Hilbfj as the set of saturated homogenous ideals in S. Namely, for a element
Y = Proj A[z]/I € HilbY (A), we define t - Y = Proj Alz]/(t - Isar).

These G,-actions on Grébi and Hilbf are compatible with each other under
the canonical morphism.

Proposition 4.1. If J € Mp,,, then the canonical morphism Grébi — Hilbfl)
is a Gy, -equivariant morphism.
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Proof. For each reduced Grobner basis

G=1{ go=1z%— Z aa’glﬁ z“eByp e Qrébi(A),
BEN,

we have
tego =t“% — Z t=Pay g’ (t € AX)
BENJ
under the Gy,-action on A[z]. Let I be the ideal generated by G, and let
Y = ProjA[z]/I. Then t-I = {t-f | f € I} is generated by the set
{29 = > pen, twra=wBa, saf | x* € By}. This set is ¢ - G under the Gy,-action

on Grébi. Taking an integer s > 0 such that Iss = (Isat)>s, then we obtain
t-Y =ProjAlz]/(t - Lsar) = Proj A[z]/(t - Lsat)>s = Proj A[z]/(¢ - I).

Note that we use (t - I)ss = t - I>5 in the last. Therefore the morphism
Grébi — Hilbf is a G,,-equivariant morphism. O

From now on, we always attach Gp,-actions on Gréb?, and Hilb! introduced
in the above for given term order <.

5. Bialynicki-Birula schemes in the Hilbert scheme

Let X be a scheme locally of finite type over k equipped with a Gy,-action.
For any k-scheme Y, we attach a G,-action on Y as the projection G, XY — Y.
We also attach the trivial G,,-action on A}f X1 Y induced by the canonical Gy,-
action on A}«

The scheme of fized points is defined as the subscheme X®» such that for
any k-scheme Y,

XCn(Y)={p e X(Y) | ¢ is Gy-equivariant}.

The scheme of fixed points exists and it is a closed subscheme of X [Dril3, Propo-
sition 1.2.2].

We define the scheme of attractors in X as the scheme X such that for any
k-scheme Y,

XT(Y)2{p: A xx Y = X | ¢ is Gy-equivariant}.

The scheme of attractors exists and it is locally of finite type over k [Dril3,
Corollary 1.4.3], [JS18, Theorem 6.17].

Proposition 5.1. The scheme of fized points of the Hilbert scheme Hilbf satis-
fies (Hilb2)®m (k) = {ProjS/J | J € Mp.,}.
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Proof. Consider the Grobner decomposition, we have

IT /3= JI (Gréb)®=(k) = (Hilb])® (k).

JEMP n JEMP n

The right side equality comes from (Grob”)®» = (Hilb)®» N Grob?, since
Gréb‘i — Hilb,}LD is Gy-equivalent (Proposition 4.1). O

We obtain a canonical morphism ix : XT — X by taking restrictions to 1:

ix(Y): XH(Y) = X(Y)

P Q{1 x,Y
If X is separated, then this map ix(Y) is an injection for any Y [Dril3, Propo-
sition 1.4.11], i.e. ix is a monomorphism in (k-Sch).

We also obtain a canonical morphism 7y : X* — X®n by taking restrictions
to 0:

x(Y): XT(Y) = XO(Y)

P = Q{0 xpY -
This morphism 7y is Gy-equivariant and affine of finite type over k [JS18, The-
orem 6.17].

We describe the connected components of X®= by Fj,...,F.. The
Bialynicki-Birula schemes are defined as the preimages of components under mx.
More precisely, the Bialynicki-Birula scheme X;' is the subscheme of Xt such
that

X (V) ={pe XT(Y) | mx(p) € K(Y)}.

For short, we call a Bialynicki-Birula scheme by BB scheme.

If X is the Hilbert scheme Hﬂbf , then each connected component of X®m is
a point corresponding to a monomial ideal in Mp , (see Section 6). We denote
the BB scheme for J € Mp,, by BBi, where w is fixed vector induced by fixed
term order < in Proposition 3.2.

Theorem 5.2. Let J € Mp,,. Then
BB (k) = Grob? (k)
in HilbY (k).

Proof. Taking Grobner degenerations [Bay82, Proposition 2.12], there exists a
monomorphism Gréb?, — BB, Then we obtain Gréb’ (k) ¢ BB/ (k). Con-
versely, for any ¢ € BBJ(k), put Y = Y1y € Hilb? (k) and assume that
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Y e Gré’)b‘: (k) for some J' € Mp . Then taking the Grobner degeneration of
Y, there exists a G,-equivariant morphism 1 : A — Hilbfj such that ¢, =Y
and 9|0y = Proj S/J'. Since iy,r : (HilbY)+ — HilbY; p — p|{1} is a monomor-
phism, we obtain ¢ = ¢. Therefore J = J'. U

6. Topologies on base spaces

The schemes Hilb?, Grébi and BB?, are universal for base changes. Namely,
we have

Hilb), ,,(K) = (Hilb) x Spec K)(K) 2 Hilb}, 1 (K)

and so on for any field extension £ C K. Then the representation (1.1), the
Grébner decomposition, Proposition 5.1 and Theorem 5.2 are still true on K-
rational points for any field extension k¥ C K. In particular, those propositions
are true on geometric points. Our purpose in this section is to discuss about
topologies on base spaces of Hilbi , Grré')b‘_]< and BBi using the following lemma.

Lemma 6.1. ([Sta20, Tag 0485]) Let S be a scheme. Let f : X — Y be a
morphism of algebraic spaces over S. Assume f is locally of finite type. Then
following are equivalent:

(1) f is surjective, and
(2) for every algebraically closed field k over S the induced map X (k) — Y (k)
18 surjective.

Proposition 6.2. The scheme of fixed points (Hilbfj)c’m is 0-dimensional. In
particular, (HilbY)®» is finite and discrete.

Proof. Put X =[] ;c 4, n(Grébi)Gm. Clearly we have dim X = 0. In particu-

lar, X is finite over k. Thus the morphism f : X — (Hilbi )€m is of finite type
over k. By Lemma 6.1 and Proposition 5.1, we obtain that f is surjective. Then
for any irreducible closed subset V in (Hilb! )&= consists of only one point since
V = f(f~Y(V)) with a finite set f~1(V). Therefore dim(Hilb} )&= = 0. O

Corollary 6.3. The BB scheme BBi s an affine scheme of finite type over k.

Proof. It is immediate by that e (Hilb2 )T — (HilbY)®= is affine of finite
type over k and Proposition 6.2 O

We show that Gréb‘_]< and BB are homeomorphic.

Theorem 6.4. The morphism taking Grébner degenerations

Crob?, — BB!
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is a homeomorphism on base spaces.
Proof. Since

Gréb?, — BB?

N

Hilb?

is commutative, if 7 = ig,p BB/ — Hilb’ is separated, then Grébi — BB/ is
also a locally closed immersion [Sta20, Tag 03HB], and therefore Grob?, — BB
is a homeomorphism (Theorem 5.2, Lemma 6.1). Hence it is enough to show
that 7 : BB/ — Hilb! is separated. Indeed, BB/, and Hilb’ are separated over
Spec k (Corollary 6.3) and i : BB, — Hilb” is a k-scheme morphism. Therefore
i: BBi — Hilb,[f is also separated by basic properties on separated morphisms
[Har77, II. Corollary 4.6]. O

7. Smoothness at monomial schemes

We recall the following Biatynicki-Birula’s result.

Theorem 7.1. ([BB73, BB76], see also [Dril3, JS18]) Let X be a smooth projec-
tive scheme over an algebraically closed field k equipped with a Gy, -action. We
assume that dim X®= = 0. Then there exist closed subschemes Zg D -+ D Zq
such that

o7y =X anqu:V),
e cach Z; \ Z;y1 is a BB scheme in X,
e any BB scheme is isomorphic to an affine space over k.

Therefore X has a cell decomposition (see [Ful98] for the definition).
A part of the above Bialynicki-Birula’s result is generalized as follows.

Theorem 7.2. ([JS18, Corollary 7.3]) Suppose that X is smooth over k. Then
7x : Xt — XC®» s an affine fiber bundle. Moreover, both X% and XT are
smooth.

Using Theorem 7.2, the next purpose is to show that the smoothness of Hilbf
at J € Mp , implies the smoothness of Grébi.

Theorem 7.3. For any J € Mp,,, if BBi is smooth at ProjS/J, then Gr'dbi
is isomorphic to an affine space.

Proof. Let Tg be the Zariski tangent space on Grébi at J and T the Zariski
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tangent space on BBi at Proj S/J. We claim that the k-linear map T — T in-
duced by Gré')bi — BBi is injective. Indeed, we can naturally regard T and T
as the subsets of Homy(Spec k[e]/(¢2), Gréb”,) and Homy,(Spec k[e]/(e2), BBY)
respectively [Har77], and the morphism Grébi — BBi is a monomorphism since
J € Mp . In fact, there exists a closed immersion Grob?, — T as schemes and
it is an isomorphism if dim Gréb‘_’< = dimy, T [FR09, RT10]. Therefore we obtain

dim Gréb?, < dimy Tg < dimy, T < dim BB, = dim Grob?.

Note that the last equality comes from Theorem 6.4. Then Grébi is an affine
space. U

Proposition 7.4. ([JS18, Proposition 5.2]) Let f : X = Y be a Gy,-equivariant
morphism. If f is an open immersion, then the induced morphism f+: X+ — Y+
is also an open immersion.

Proposition 7.5. Let X be a locally of finite type scheme over k equipped with
a Gy -action and x € X®. Assume that dim X®» = 0 and X is smooth at .
Then the BB scheme X} for x is smooth at x.

Proof. Let U be the smooth locus of X. Then U is Gy,-invariant, smooth and
open in X. By Proposition 7.4, Ut is open in X*. Then the BB scheme
Uf = (my)"Yx) = UT N (7x)"*(z) is also open in X,. Since U] is smooth
by Theorem 7.2, X is smooth at z. O

Therefore we obtain the following corollary by Theorem 7.3 and Proposi-
tion 7.5.

Corollary 7.6. For any J € Mp,,, if the Hilbert scheme Hilbf is smooth at
ProjS/J, then the Grébner scheme Grébi is isomorphic to an affine space.

The converse is not true by the following example.

Example 7.7. In [Ser06], Sernesi shows that the Hilbert scheme Hilb3 "2 is sin-
gular at a point defined by a monomial ideal. To find other singular points, let
us compute the Grébner decomposition of Hilbgt+2 with respect to the reverse
lexicographic order <==.jc; 00 k[z,y, 2, w] such that > y > z > w. Then we

obtain:

o #(Magiia3) = 159.

o The 144 monomial ideals in My 2 3 define smooth Grobner schemes. The
dimensions are in Table 2.

e The following 15 monomial ideals in Mg o3 define singular Grébner
schemes:
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Jy = (w?, zw,yw,yzwywyzy zw?, zyw, xyz, xy?, 2%y),
Jo = (W, 20?, yw?, xw?, r2w, 222, xyw, xyz 22w, 2?2, w2y, %),
Js = (W, 202, yw?, xw?, x2w, zyw, zyz, vy, 2 w, 22z, 2 y, z3),
Jy = (zw?, 22w, yzw, zw?, 2w, 22, xyw, acyz 22w, 22z, 22y, 13),
Js = (Z2w, 23 yzw, y22, v w, y? 2, y°, waw, 222, wyz, wy?, 02 2),

Jg = (zzwz,yzw yz,ywyzy 22, ryw, Tyz, my ,2%Y),
Jr = (Z2w, 23 yzw, y2* yPz, xzw, 122 wyw, xyz, oy?, 22, 2y),
Js = (22w, 23 ,yzw y22, %2, w2w, 122 zyz 22w, 22z, 2? y, z3),
Jo = (ZPw, 23, y2%, x2w, 222, xyw, vyz, 2y°, 2w, %2, 2%y, 2°),
Jio = yw Jyzw, yrw, yiz, v, ww?, zaw, xyw, a:yz xy?, 22w, 2?y),

Jll = (yw ,yzw y w, LE’U)2 TZW, YW, rYz, l’y x2w £C2Z CL’ Yy, xr >,

2

(

{yw

Ji2 = (yzw,y2?, y*w, v’ 2, y3, 2w, 2° myw zyz, 2y, 2z, 2%y),

Jiz = (yzw,yz? ,ywyzy Tyw, TYz, TY? xzwxzzy, 3,

Jia = (yzw,y2?, 2z, w2w, 222, xyw, wyz, 2y?, 2’ w, 2% 2, 2%y, 23),
(

J15 — 2 2 2 2 >

vw, Y22,y v2w, 122 ryw, vy z, 2y?, 2w, 2% 2, 2%y, @
Therefore H11b2t+2 includes 15 singular points defined by the above 15 monomial
ideals.

Let us change the monomial order to the lexicographic order <==.,. Then:

e The 143 monomial ideals in May;;2 3 define smooth Grobner schemes. The
dimensions are in Table 2.

o The following 16 monomial ideals in Magiio3 define singular Grébner
schemes:

J1, Jo2, I3, Ju, J5, Js, J7, Jo, Jo, J11, J12, J14, J15 and

Jie = (w?, zw? yw?, yzw, y?w, y* 2, y°, zw?, xzw, ryw, vy?, wiw),
Jir = (zQw,z?’,yzQ,xw2,xzw,ng,xyw, xyz,wa,xzz,:ch@B),
Jis = (WPw, y?2,y°, vw?, vzw, xyw, vy z, 2y°, 2w, 2% 2, 2%y, 2°).

The consequence is that H11b2t+2

includes 18 singular points defined by the above
18 monomial ideals. The Sernesi’s example is defined by a saturated mono-
mial ideal J = (yz,yw, zw,w?). In fact, the Grobner scheme determined by
J>3 € Moaio3 with respect to the lexicographic order or the reverse lexico-
graphic order is smooth. Therefore the monomial ideals Ji,...,Jig does not
define the same point with J in Hilb3" 2.

One may care about the locus of these singular points. For example, are

these singular points in intersections of irreducible components? However, we do
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Table 2 The numbers of J € Moy 2 3 such that Grébi =AY

[<\m]01 2 3 4 5 6 7 8 9 10 11]

Srvlez |1 3 8 18 23 24 25 20 14 6 2 0
<les ||1 3 9 17 22 24 23 19 15 6 3 1

not have investigated it yet.
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