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corresponding to a discrete bending problem of a string

are given by investigating the matrices. Moreover, we show the positivity and the
hierarchical structure of Green matrices.
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The best constant of discrete sobolev inequality

Hiroyuki Yamagishi and Atsushi Nagai

(Received 1 September, 2020; Revised 3 June, 2021; Accepted 3 June, 2021)

The discrete Sobolev inequality shows that the maximum of deviation of a
string is estimated from above by a constant multiples of the potential energy. We
have found the best constant and the vector, which attain the equality. In the back-
ground, there is five boundary value problems of the 2nd-order difference equation,
which describes a discrete version of a string bending problem. The solution is
expressed by using Green or pseudo Green matrices. The best constant and vector
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For N = 2,3,4,---, we consider the following boundary value problems of

2nd-order difference equation:

DBVP(X;a)
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The physical meaning of the above equation is as follows. A string is supported
by uniformly distributed springs with spring constant a on a fixed ceiling. Let
f(4) be a given function which means the load at i (0 < ¢ < N —1) and u() be the
bending displacement at 7 (0 <i < N —1). (X) means a boundary condition in
which (0, 0) is Clamped-Clamped, (0, 1) is Clamped-Free, (1,0) is Free-Clamped,
(1,1) is Free-Free and (P) is Periodic boundary conditions. The Clamped and
Free boundary conditions are called Dirichlet and Neumann boundary conditions
in other words, respectively. We call DBVP(X;a) the discrete bending problem

2010 Mathematics Subject Classification. Primary 46E39, Secondary 35J08
Key words and phrases. discrete Sobolev inequality, Chebyshev polynomial.



20 H. Yamagishi and A. Nagai

of a string.
We set hyperbolic functions ch(z) = cosh(z) and sh(x) = sinh(z) for short.
For later convenience sake, we introduce constants x and y defined by

2 ;F ©_os(v=ly) = ch(y) o  a=2(x—1)=4sh>(y/2) (L1)

(I<zx<oo, 0<a<oo, 0<y<oo).

Results are sometimes described by means of z or y in (1.1), instead of a. We
note that the limit of @ — 0 is equivalent to x — 1 and y — 0.
Introducing vectors

w="(u(0), u(N-1)eC”  f="f0),-,f(N-1)eC"
and N x N identity matrix I, we can rewrite DBVP(X; a) as
DBVP(X;a)
(A+al)u=f,

where A = A(X) is a discrete Laplacian. A = A(X) is an N x N matrix. Using
2+ a =2z in (1.1), we have the concrete form of A(X) + al as

20 —m -1
-1 2z -1
A(m,n) +al = ,
-1 2z -1

-1 2x—n

for (m,n) = (0,0),(0,1),(1,0),(1,1) and

20 —2
(—2 2x> (N=2)
20 —1 -1
AP)+al = [-1 22 -1 .
. . (N:374757)
-1 2z -1
-1 -1 2z

NxN

5 kinds of A(X) + al are positive definite Hermitian matrices. Taking limit as
a — 0 (that is  — 1) for A(X) + al, we have the concrete form of A(X).
A(0,0), A(0,1), A(1,0) are positive definite Hermitian matrices. A(1,1) and
A(P) are non-negative definite and singular Hermitian matrices. In particular,
A(P) is a cyclic matrix.
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We introduce the maximum and minimum function defined by
R
{mvy=maX{w7y} iVj=gi+i+li=j)

. 1
x Ay = min{z,y} i/\j:§(i+j—‘i_j‘>
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The following Lemma 1.1 states the uniqueness of the solution for DBVP(X;a).

Lemma 1.1. For arbitrary f € CY, DBVP(X;a) has a unique solution u =

G(a)f. We call G(a) “Green matriz”. Green matriz G(a) is expressed as

Glo) = (A-+a1) = (g(Xsaii))) |

0<ij<N-1

where (i, §)-th entries g(X;a;i,j) are given by

Uinj+1(x) Uv—ivj(z)  sh((i Aj+1)y)sh((N —iV j)y) _

9(0,0; a3, j) = Un 11 () - sh((N + 1)y) sh(y)
1

2sh((IN + 1)y) sh(y) [eh((N + 1= i = jl)y) = (N =1~ i = )],

oo Uingra(®) (Un—ivj(z) = Uv—1-ivj(z))
9(07170;13]) - + UN+1($) —UN(.’I)) -
sh((iAj+1Dy)ch((N-1/2—iVjy)

ch((N +1/2)y)sh(y)
1

2ch((N + 1/2)y) sh(y)

Sh((N +1/2 = |i = jl)y) = sh((N = 3/2 i = j)y)]

(Uinj+1(2)=Uinj(z)) Un—iv; ()

9(1,0;a54, j) =9(0,1;a; N=1—i, N—=1—j) = Un+1(z)~Un(z)

ch((i Aj+1/2)y)sh((N —iVj)y)
ch((N+1/2)y)sh(y)

2¢h((N + 1/2)y) sh(y) sh((N +1/2~[i—j|)y)+sh((N—1/2—i—j)y)|,

Uing+1(2) = Uinj(x)) (Un—ivj(x) = Un—1-ivj(2)) _
Unt1(x) — 2Un(z) + Uy —1(2)
ch((iNj+1/2)y)ch((N —1/2—iVj)y)
sh(Ny) sh(y)

1 . .
o ¥y i) [PV 1= )+ eh(V =1 =i = )],

U@ F Ui a(e) (2= fi =gy
PG hd) = "o T @ 1) 2sh(Ny/2)shly)
1

Sy 2 sy PR i = bw) =+ shi = i)

g(1,1;a;4,5) =
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In the above expressions, Ty (x) and Uy (z) are Chebyshev polynomials of the first
and second kinds defined by

sin(INO)

Tn(cos(f)) = cos(NF), Un(cos(8)) = Sin(0)

(N=0,1,2,---). (1.2)

We use constants x,y in (1.1) instead of a.

Lemma 1.1 shows that the element of Green matrix ¢g(X;a;4,7) can be writ-
ten by employing Chebyshev polynomials or hyperbolic functions in section 4.
We call the former Chebyshev polynomial expression and the latter hyperbolic
function expression in this paper. In particular, 4 kinds of Chebyshev polynomial
expression g(m,n;a;i,j) are given as

g(m,n;a;i,j) =
(Uinj+1(x) = mUip; (@) (Un—ivj(x) — nUy—1-iv;(x))
Uvii(z) — (m+n)Uyv(x) + mnUy_1(x)

(0<ij<N-1).
(1.3)

Next, we take the limit @ — 0. In the case of (X) = (0,0), (0,1), (1,0), all
the eigenvalues of A are positive eigenvalues, as is shown later in Lemma 5.1.
Hence, taking limit as a — 0 for Lemma 1.1, we have the following lemma.

Lemma 1.2 ((X) = (0,0),(0,1),(1,0)). For arbitrary f € CY, DBVP(X;0) has
a unique solution

u=G0)f,

where
G0) = A" = (sfx:0:0.)) .
0<i,j<N-1

(i,7)-th entries of g(X;0;4,7) are given as
(ENj+1)(N—iVy)

N+1 ’
9(0,1;0;4,7) =i A j+ 1,
9(1,0;054,5) = g(0, ,0; N =1 -4, N =1 —j) =N —iVj.

9(0,0;0;4,7) =

In the case of (X) = (1,1) and (P), A has an eigenvalue 0 whose correspond-
ing eigenvector is 1 = *(1,1,---,1) € C¥, as is shown later in Lemma 5.1. In
order to guarantee the existence and uniqueness of the solution for DBVP(X;0),
we impose additional two condition as the following lemma.
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Lemma 1.3 ((X)=(1,1), (P)). For arbitrary f € CN with the solvability condi-
tion '1f = 0, DBVP(X;0) with the orthogonality condition *1u = 0 has a unique
solution

u=G.f,

where

G. = lim (G(a) —a 'Ey) = <g*(X;i,j)> , (1.4)
a—0 .
0<i,j<N-1
where Eg = N™'1%1 is a projection matriz to the eigenspace associated with the
eigenvalue 0 [10, §2]. (4, )-th entries of 9.(X;1,7) are given as

g+(1, 14, §) = b2 (2N |i — j]) + b2 (2N; 1 + i+ j) =
6%[(N71)(2N71)73(i\/j)(2N717ivj)+3(i/\j)(i/\j+1)},
N2 -1

1 1
g( 727j) 2( a‘,l' .7) 2]\7|Z ]| 2|Z ]|+ 19N )

where by(N;1) is the discrete Bernoulli polynomial [1] given as

) 1, 1. N?*-1 .
The matrix G, is a Moore-Penrose generalized inverse matrix of A [10, §3].

G, satisfies the relations
AG, =G, A=1-E,, G.E, = E\G, =0,

where O is the zero matrix.

Lemma 1.1, 1.2 and 1.3 show the uniqueness of the solution of DBVP(X; a)
and DBVP(X;0), respectively. Continuous versions of Lemma 1.1, 1.2 and 1.3
are given in [4, Lemma 2.1] and [5, Theorem 3.1].

The main purpose of this paper is to find the best constant of discrete Sobolev
inequalities corresponding to 2nd-order difference equation which represents a
string bending problem. The best constant and the best vector, which attains
the equality in discrete Sobolev inequalities, are given by employing Chebyshev
or discrete Bernoulli polynomials.

This paper is composed of five sections. In section 2, we state main results
of this paper. In section 3, we show the determinant expressions of Chebyshev
polynomials, which play important roles in the expressions of Green matrices. In
section 4, we prove lemmas and theorems. Finally, in section 5, we consider the
eigenvalue problem for the bending of a string. From spectral decompositions of
Green or pseudo Green matrices, we obtain nontrivial and interesting equalities
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concerning trigonometric functions.

2. Main results

First, we state the positivity and hierarchical structure of Green matrices
G(a) and G(0).

Theorem 2.1. The elements g(X;a;i,5) (0 < 4,5 < N — 1) of Green matriz
G(a) satisfy the following inequalities:

9(X;0;4,5) >0 (0<a<oo)  (X)=(0,0),(0,1),(1,0),(1,1),(P), (2.1)

o
0<g(0,0;a;z‘,j><{g<0’ ’“’“‘7)}<g(1,1;a;z‘,j) (0<a<oo), (22

9(1,05asi, j)
g<X§0§iaj) >0 (X) = (070)7 (07 1>7 (1’0)7 (2'3)
0 < g(0,0;0;4, §) < { ig?égzgg } (2:4)

(2.1) and (2.3) show the positivity of Green matrices G(a) and G(0), respectively.
(2.2) and (2.4) show the hierarchical structure of Green matrices G(a) and G(0).

The hierarchical structure of Green matrices (2.2) shows that if boundary
condition (X) becomes looser as (0,0) — (0,1) or (1,0) — (1,1), Green matrix
gets larger. The continuous version is given in [3, Theorem 0.3]. It should be noted
that G, takes negative value owing to the orthogonality condition G, E, = O.
Hence, we remove G, from the hierarchical structure.

Next, we state the best constant of the discrete Sobolev inequality corre-
sponding to Lemma 1.1 and 1.2. For u,v € C”, we introduce the inner products
and norms as

(w,v) =v'u,  [uf* = (u,u),

(u,v)g = ((A+al)u,v) =v* (A + al)u, ||u||?{ = (u,u)p,

where u* = . We prepare vector spaces

- {eeor {525 B288707 )

For u,v € H(X), we introduce the inner product and norm as
(w, V)4 = (Au,v) =v"Au,  Juli = (u,u)a.

lw||?, lu|% and ||ul/% are also expressed as

N-1
lull® = Ju(@)?,
i=0



THE BEST CONSTANT OF DISCRETE SOBOLEV INEQUALITY CORRESPONDING TO A DISCRETE BENDING PROBLEM OF A STRING 25

lullf = llwl? +aHU\\2
|2+Z|u —u(i+ 1) + [u(N - 1)]? (X) = (0,0)
|2+Z|u —u(i+ 1) (X) = (0,1)
N-—-2
ul% = > uli) —uli+ D+ [u(N = 1) (X) =(1,0).
Nb
Z Ju(i) — u(i+ 1) (X)=(1,1)
Nob
u(i) = u(i + D + [u(N = 1) = u(0)[? (X) = (P)
1=0

We set Kronecker delta symbol §(i) = 1 (i = 0), 0 (¢ # 0). For any fixed
0 <j < N —1, we introduce the delta vector

=]

Jj = t(é(_j)vé(l _j)7"' ,6(N =1 _])) ecV.

We state the best constant of 2 kinds of the discrete Sobolev inequalities in two
cases a > 0 and a = 0, corresponding to the bending problem of a string.

Theorem 2.2. Let a be a positive constant. There exists a positive constant C
such that for any w € CN the discrete Sobolev inequality

(o |u<j>|)2sc||u||%q

0<j<N-1
holds. Among such C, the best (least) constant Cy(a) is

Cola) = | max  8,G(a)3; = 8;,Gla)d, = 9(X:ai o o)

Here, G(a) is given in Lemma 1.1. The concrete forms of Cy(a) = Co(X;a) are
given as

Upags (0) Upvge (#)  sh(| %3 Jy) sh(| 252 ]y)
Uy 41(z) sh((N +1)y)sh(y) ~

N —2 N

T7 ? (N:274767)

N -1 ’

N N=357.-
2 ( A ) )

Co(0,1;a) = g(0,1;a; jo, jo) =

jo=N-1

Co(0,0;a)=g(0,0; a; jo, jo) =

jO =
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Un() sh(Ny)
Uv+i(z) = Unv(z)  2ch((N +1/2)y)sh(y/2)’
Co(1,0;a) = g(1, 05 a; jo, jo) o
0=

Un(x) sh(Ny)
On1(e) — Un(@)  260((N + 1/2)y)sh(y/2)’

00(17 ]-;a) = g(]-v 1v a;j07j0)

Jo=O0.N—1
Un(z) — Unv—1(7) _ ch((V —1/2)y)
Uvi1(x) —2Uyn(z) + Uy_1(z)  2sh(Ny)sh(y/2)’
Uy (x) ch(Ny/2)

Co(P;a) = g(P;a; jo, jo) = = ’
o(P;a) = g(P;a; jo, jo) 2(Tn(z)— 1)  2sh(Ny/2)sh(y)
for any 0 < jo < N —1.

If we replaces C' by Cy(a) in the above inequality, the equality holds if and only
if the constant multiple of

u=G(a)d;, ="(  9(X;a;i,50)  Jo<i<n-1-
In the case of (X) = (0,0), |x]| is an integer part of a real number x as
|z] =sup{n € Z|n <z} (2.5)
We use constants z,y in (1.1) instead of a.

The following theorem states the case a = 0.

Theorem 2.3. There exists a positive constant C' such that for any u € H(X)
the discrete Sobolev inequality

2
. < 2
(o 1)) < Clul?

holds. Among such C, the best constant Cy is given as

Co =
O<Ijn<a]$](71 té]G(O)ajzté]oG(O)(s]o:g(Xv 07 jO;jO) (X) = (Oa O)a (07 1)7 (L 0)
Ogingajffgltfsja*fsj =19;,G.0j, =0g.(X;jo,50) (X)=(1,1),(P)

Here, G(0) and G, are given in Lemma 1.2. The concrete forms of Cy = Cp(X)
are given as

o 1
Co(0,0) = g(0,0;0; jo, jo) = {

CON+1

N+1||N+2
2 2 ]’
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N —2 N
RS N =246,
joz 2 5 2 ( 9 Ey Uy )
N-—1 ’
S (N =3,57,-)
2
Cv(0,1) = g(0, 1§0;j0,j0)‘ A =N,
Jjo=N—-1
Co(l,O)=g(1,0;0;jo,jo)‘_ =N,
Jo=0

1
=b03(2N;0)4+b2(2N;1)=—(N—-1)(2N—-1),
=N 0 b (2N 1) = o (N1 2N 1)

Co(P) = g (P josjo) = ba(N:0) = L1
0 = 0O« 5JosJo) = 02 3 - 12N )

CO(]'? 1):9*(1> ]-;jOajO)

forany 0<jo <N —1.

If we replace C by Cy in the above inequality, the equality holds if and only if the
constant multiple of

" — { G(O)ajo = t( g(X;O;i,jo) )OSiSN—l (X) = (070)’ (Ov 1)7 (170)
G.0j, ="' g.(Xsijo) Jozien—1 (X)) =(1,1),(P) '

In the case of (X) = (0,0), we use (2.5).

The engineering meaning of the discrete Sobolev inequality is that the square
of the maximum bending displacement of a string (i) is estimated from above
by the constant multiple of its potential energy || w||% or || |%. In this paper,
we have the best constants of discrete Sobolev inequalities which are obtained
through the construction of Green matrix and the pseudo Green matrix. If we
have the best constant of discrete Sobolev inequality, then we estimate the max-
imum of the bending of a string and have the shape of a string from the best
vector.

We note that the main results concerning continuous and discrete cases are
partially solved in our previous papers which are shown in Table 1. Although
some results of this paper in the discrete cases of @ > 0 and a = 0 are par-
tially solved, as are shown in the above table, we also treat them for the sake of
self-containedness.

Table 1 Concerning this paper and previous paper.

(X) | Continuous (a > 0) | Continuous (a = 0) | Discrete (a > 0) | Discrete (a = 0)
(0,0) [4] (5] This paper This paper
(0,1) [4] (5] This paper [5]

(1,0) [4] (5] This paper This paper
(1,1) [4] (5] This paper This paper
) ] 5] U 1,7
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3. Chebyshev polynomials

For N =0,1,2,--, we introduce Chebyshev polynomials T (z) and Uy(x).
Tn(x) is defined by the recurrence relation

{ Tn(z) —22Tn_1(x) + Tn—2(x) =0 (N=2,3,4,--+) (3.1)

To(z) =1, Ti(zx)==x
From this recurrence relation, we have
To(x)=22"—1, T3(x)=42>-3z, Ty(x)=8z*—8z%+1, Ts(x)=162°—20x3+5z.
Un(z) is defined by the recurrence relation

{ Uv(x) — 22Uyn_1(z) + Uy—2(z) =0 (N=2,3,4,--+) (3.2)

Uo(z) =0, Ui(z)=1
From this recurrence relation, we have
Us(x) = 2x, Us(x)=42? —1, Uy(x)=8z>—4dx, Us(z)=16z" —122% + 1.
We note that
Tn(1) =1, Uv(l)=N (N=0,1,2,---). (3.3)

Chebyshev polynomials T (z) and Uy(z) are also defined by (1.2). From the
definition of Chebyshev polynomials (1.2), we have

Tn(x = Tn(cos(vV—1y)) = cos(v—1Ny) = ch(Ny),
VO, ety ety = V(SO TT0) = cos(/=INY) = ch(N)
(3.4)
sin(v/=1Ny)  sh(Ny)
Un(z = Uy(cos(v/—1y)) = = .
6 ey gy = Oty = T2 = S
(3.5)
Taking a difference with respect to N, we have
U z)—Un(x =
O ro) = O | _pes
sh((N + 1)y) — sh(Ny) _ 2ch((N +1/2)y)sh(y/2)  ch((N +1/2)y) (3.6)

sh(y) 2sh(y/2)ch(y/2)  ch(y/2)

(Unt1(2) = Uv-1(2))

=252 =cos(v/~Ty)=ch(y)
sh((N +1)y) —sh((N —1)y) _ 2ch(Ny)sh(y)
sh(y) sh(y)

= 2ch(Ny) = 2Tn () (3.7)
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by used (3.4) and (3.5). The following Lemma 3.1 states a determinant expression

of Chebyshev polynomials.

Lemma 3.1. Tx(z) and Uy (x), together with their difference, possess the fol-

lowing determinant expressions:

2¢ —1
-1 2x -1
Un(x) = ;
-1 2z -1
-1 22 oy v
20 —1
-1 2x -1
Unt1(z) — Un(z) = ;
-1 2z -1
-1 2x-—1 NxN
20 —1 -1
—1 2¢ -1
Unt1(z) — Un(z) = ;
-1 2z -1
-1 2z iy N
20 —1 -1
—1 2¢ -1
Un+1(z) = 2Un (x) + Uv—1(z) =
-1 2z -1
-1 2x-—1
20 =2
-2 2z |, , (N=2)
20 —1 -1
2(Ty(z)—1) = -1 2z -1
) . (N=3,4,5,---
-1 2z -1
-1 -1 2z NxN

where N = 3,4,5,--- in (3.8) and N =2,3,4,--- in (3.9) ~ (3.12).

(3.10)

, (3.12)
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Proof of Lemma 3.1 We first prove (3.8). We introduce an (N —1) x (N —1)
determinant defined by
202 -1
-1 2z -1
Vn(z) = : .
-1 2z -1
—1 22 vy vey

From the expansion with respect to the first row, we have
VN(CL') = 2!L’VN71(£L') - VN,Q({,C)

which is equivalent to recurrence relations of (3.1) and (3.2). Putting N = 3,4,
we have

9 1 2 -1 0
Va(z)=| =422 -1, Vi(z)=|-1 2z -1 |=8z%—4a.
-2 0 -1 2z

From the uniqueness of difference equation, we obtain Vi (z) = Ux(z).

Using the recurrence relation (3.2) and the determinant (3.8), (3.9) is ob-
tained from

UN+1($)—UN($) = 2$UN($)—UN_1(.’E)—UN((L‘) = (21‘—1)UN(1‘)—UN_1(1‘) =

2¢ —1
-1 2x -1
(e-1)| .o +
-1 22 -1
-1 22 |y v
2¢ —1
-1 2x -1
-1 2z -1
0 -1 (N=1)x(N-1)
2¢ —1
-1 2z -1
-1 2z -1
-1 2x-—1

NXN
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(3.10) is shown in a similar way. Using the recurrence relation (3.2) and the
determinant (3.8), (3.11) is obtained from

Un+1(z) = 2Un(2) + Uy-1(2) = (Un+1(2) — Un(2)) — (Un(2) — Uv-1(2)) =
(22— 1) (Un(2) — Uv-1(x)) = (Uv-1(2) — Uy—2(2)) =

22 —1

-1 2x -1
(22— 1) +

-1 2z -1
—1 2o =110y 1o

-1 0
-1 2z -1

-1 2z -1

-1 2211y o

-1 2z -1
-1 2x—-1

NXxN

We finally prove (3.12). In the case N = 2,3, it is shown through simple
calculations. We prove the case of N > 4. Using (3.7), the recurrence relation
(3.2) and the determinant (3.8),

2(Tn(z) = 1) = Ung1(x) — Un-1(x) — 2 =22Un(x) — 2Un—1(z) — 2 =
22Un(2) = Un-1(z) =1 =1 = Uya(z) =

2.’17UN(.’L')+
-1 0 -1 -1 -1
-1 2z -1 2 —1
+(_1)N -1 22 -1 _
-1 2x -1 IR
-1 22y e ven -1 20 =y v
2z —1 -1
-1 2z -1
-1 22 -1
-1 -1 2z

NXxXN
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This completes the proof of Lemma 3.1. |

4. Proof of lemmas and theorems

Proof of Lemma 1.1 We show the elements of G(a). We use the definition of
the inverse matrix [2, p.61]

A;i(X)
A(X)
A;;(X) = (4, 7) cofactor of (A(X) + al), A(X) = det(A(X) + al).

9(X;a34,5) = (0<i,j <N-1),

Since it loses essentially nothing, we illustrate through the case N = 5. First, we
show A(X). From Lemma 3.1, we have

Us(x) (m,n) = (0,0)
A(m,n) =< Us(x) — Us(x) (m,n) = (0,1),(1,0)
Us(z) — 2Us(x) + Uy(z) (m,n) = (1,1)
)

=Us(z) — (m + n)Us(x) + mnUy(z),
A(P) = 2(T5(x) — 1).

Next, we show A;;(X). Because A(X) + al is a symmetric matrix, we consider
A;;(X) (0 << j<4). For the case of (X) = (m,n), we have

Aoo(m,n):
2¢  —1
(o] TH AT = (@) — mUo(e) (Us(a) — nU(a),
-1 2x—n
AOl(m,n):
-1 -1
ot BT = @) - mlo(@) (Usle) — nUs(a)),
-1 2z—n
Aog(m,n):
-1 2z
0ol TH = (@) - mUi(e) (Us(a) — nUa(a),
-1 2x—n
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Aog (m, TL)

(~1)°+

AQ4 (m, n)

(~1)0+

All(m, n)

(1)

Alg(m, n)

(~1)1+

Alg (m, Tl)

(~1)1+

A14 (m, n)

(1)t

AQQ (m, n)

(—1)>+

-1 2x

-1 2z
-1

20— m

20 —m

20— m

20 —m

2x
-1

2x
-1

2x

-1

-1

-1

-1

-1
-1

2x

1 | = (Ui(@) =mUo(x)) (Uz(z) = nli(2)),
2r—n
oo | = (@) U (@) (U1 (@) — (@),
1
-1
or  _1 | = U2(z) =mUi(2)) (Ua(z) - nUs (),
-1 2x—n
1
9y —1 | = W2(z) =mUi(2)) (Us(w) —nla(x)),
-1 2x—n
P = W) - mUi() (Ua(a) - Ui ().
2r—n
2c —1
1 9y | = U2(@) = mUi(2)) (Ui(z) — nUo(2)),
-1
9y —1 | = Wslz) =mUs(2)) (Us(w) —nlz()),
-1 2z —n
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Agg(m,n) =
20 —m —1
el B T = (Us(e) — mba (@) (Ua(e) — ()
2¢ —n
A24(m,n) =
20 —m —1
| THOR T = (Us) - mUs(@) (U () — ()
-1
Agg(m,n) =
20 —m —1
e = (Us() = mUs(2)) (Us() — Ui ()
2z —n
A34(m,n) =
20 —m -1
Cup T B T = W) — mUs(@) (Ui () — ()
—1
A44(m,n) =
20 —m —1
ol TH O T = Os) - mU(@) U (a) — ()
-1 2z

Hence we have

Gla) = ( (Uinj+1(@) — mUin; (2)) (Us—iv;(x) — nUs—iv;()) ) '
0<4,57<4

Us(z) — (m + n)Us(x) + mnUy(x)

For the case of (X) = (P), we have

20 —1
-1 2z -1
_(_1\0+0 _
Ago(P) = (-1) 19w 1 Us(x) + Up(w),
-1 2z




A1 (P) = (—1)"*!

Aga(P) = (=1)"*?

Ags(P) = (=1)"*3

Agy(P) = (—1)°**

Ay (P) = (=)

Agp(P) = (—1)'*?

Ay3(P) = (—1)3

Ayy(P) = (1)

-1

-1
2z
-1

2x
-1

2z
-1

2z

2z
-1

-1
-1

-1
-1

2x
-1

2x
-1
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= Us(z) + Ui (),

= Us () + Uz (),

= UQ(.I) + Ug(x),

= Ui(z) + Us(x),

= Us () + U (),

= U4($) + Ul(x),

= Ug(.ﬁ) + U2($),

= Us(x) + Us(),

35
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2¢ —1 —1
-1 2z
Agy(P) = (—1)**2 9y 1 | = Us(@) +Uo(),
-1 -1 2z
2c —1 —1
-1 2 -1
Bs(P)= (-1 0 T T | = i) + U (),
-1 2z
20 —1
-1 2 -1
A24(P> = (—1)2+4 r 1 9 - U3(LU) + U2<-7;)a
— x
-1 -1
2¢ —1 -1
-1 2 -1
Ags(P) = (~1)** g = Us(x) + Up(x),
-1 2z
-1 2z
2r —1
-1 2x -1
_(_1\3+4 _
A34(P) = ( 1) 1 922 —1 U4(£L’) + Ul(l'),
-1 -1
20 —1
-1 2x -1
_(1)4+4 _
A44(P) = ( 1) 1 9 1 U5(£E) + Uo(l')
-1 2x

Hence we have

o= [ Usli=il(@) + Uji—yi (@)
G(a) = ( 2(T5(z) — 1) )o<z‘,j<4.

Thus we have g(X;a;i,j) of Chebyshev polynomial expression. The hyper-
bolic function expression follows from Chebyshev polynomial expression and
(3.4) ~ (3.7). This proves Lemma 1.1. [ |

Proof of Lemma 1.2 We show the elements of G(0) in the case of (X) =
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(0,0),(0,1),(1,0). Taking limit as a — 0 for Chebyshev polynomial expression
of g(X;a;i,7) in Lemma 1.1 and using (3.3), we have ¢g(X;0;1, 7). [

Proof of Lemma 1.3 We show the elements of G,.. First, we treat the case of
(X) = (P). We calculate G, which is based on (1.4). Using hyperbolic function
expression of g(P;a;1,7) in Lemma 1.1 and noting (1.1), we have

o aW2-li-y 1
9(P5i1.0) = U8 = Tsh(Ny/2) sh(y/2) ch(y/2) NS (y/2)
Ny/2 y/2 \° 1 2
h(Ny/2) (sh(y/2>) (y/2) N2 W)
h(y) = N ch((N/2 — |i — j|)y) sh(y/2) — sh(Ny/2) ch(y/2).

Using Taylor expansion of h(y) as

N (1 ty (% ~ i —j)2y2 +o<y4>> (g 0] +0<y5>) -

(30 m (3] vou) (e (9 vo0n) -
(Fi- a7 - 2h—al+ ¥ ) P00 o)

we have

9+(P3,j) = lim <9(P;a;i,j) - a;,) =

i (2l
a—0 \  2sh(Ny/2)sh(y) 4Nsh?(y/2)

N2

-1 L
TN = ba(Ns i — jl),

LNV I
Lo e L
oN !PT TRt

where by(N;17) is given as (1.5). Next, we treat the case of (X) = (1,1). We
calculate G, which is based on (1.4). Using hyperbolic function expression of
9(1,1;a;4,5) in Lemma 1.1 and noting (1.1), we have
1
1,1;a;6,) — — =
91, L34, 5) = —

- [eh((N i — 1)) + eh(N 1~ i~ )] 1
—|c — i — c —1—i- -
2sh(Ny) sh(y) Ty Y 4Nsh®(y/2)
N —fi—ihy) 1 (N-1-i-jy) 1

2sh(Ny)sh(y)  8Nsh’(y/2) 2sh(Ny) sh(y) 8Nsh*(y/2)
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Using the relation

e (eh(N2-dy) 1
b2(N;4) = limy <2sh(Ny/2) sh(y) 4Nsh2(y/2>> ’

we have g.(1,1;4,7). This completes the proof of Lemma 1.2. |

Proof of Theorem 2.1 We use the hyperbolic function expression of Green
matrix G(a) in Lemma 1.1. The positivity (2.1) and (2.3) are obvious. We treat
the hierarchical structure (2.2) and (2.4). We show the upper berth of (2.2) as

sh((iAj+ 1y)

sh(y) sh((N + 1)y) ch(N + 1/2)y)
ch((N—l/Q—i\/j)y) ( )

sh(y) sh(Ny) ch(N + 1/2)y) T

g(O,l,a,z,j)—g(0,0,a,z,])= p(y)v

9(1, L a4, 5) — 9(0,1; 454, ) =
where p(y) and ¢(y) are

(y) =
sh((NV + D)y) ch((N — 1/2 =iV j)y) — ch((N + 1/2)y) sh((N =i V j)y) =

sh((3/2+iVj)y )+sh((1/2+z'v]')y)] >0,

bS]

| =

q(y) =
ch((N +1/2)y)ch((i A j+1/2)y) — sh(Ny)sh((t A j+ 1)y) =

% [ch((N — i Aj)y) +ch((N —1—i /\j)y)] > 0.

We can show the lower berth of (2.2) in the same way. Taking limit as a — 0 for
(2.2), we have (2.4). This completes the proof of Theorem 2.1. [

The basic idea for the best constant of the discrete Sobolev inequality can
be seen in, for example, [1, 5, 6, 7, 8]. However, for the sake of self-containedness
we give a proof. We prepare Lemma 4.1 and 4.2 which show that G and G, are
reproducing matrix for CV with (-,-)y and H(X) with (-,-) 4, respectively. We
set G = G(a) for short.

Lemma 4.1. For any uw € CV and fized j (0 < j < N — 1), we have the
reproducing relations:

u(j) = (u, Gd;)u. (41)
In particular, putting u = G6&;, we have

‘5,66, = |G, 3. (1.2)
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Lemma 4.2. For any u € H(X) and fized j (0 < j < N — 1), we have the
reproducing relations:

u(j) = (u, G.6;)a. (4.3)
In particular, putting w = G.0;, we have
'5,G.8; = | G5, % (4.4)
Proof of Lemma 4.1 Noting G* = G, we have (4.1) as
(u,Go;)g = (A +al)u,Gé;) ="6,G(A + al)u ="§;u = u(j),
which completes the proof of Lemma 4.1. |

Proof of Lemma 4.2 In the case of (X) = (0,0), (0,1),(1,0), taking the limit
as a — 0 for Lemma 4.1, we have Lemma 4.2. In the case of (X) = (1,1), (P),
noting G; = G, and Egu = 0, we have (4.3) as

(u, G*éj)A = (AU, G*éj) = t(st*A’U, = tdj(I - Eo)u = t6ju = u(]),
which completes the proof of Lemma 4.2. |

Proof of Theorem 2.2 Applying Schwarz inequality to (4.1) and using (4.2),
we have

u()* < ullfl|Go;1I5 = "6,Gd;]ull? (4.5)

It should be noted that in performing Schwarz inequality in (4.5), the equality
holds if and only if u = kGé; (k # 0, 0 < j < N —1). Taking the maximum
with respect to j on both sides, we have the discrete Sobolev inequality

2
. 2
(s, [a)) < Cotaluly (4.6
where
Co(a) = og?lgazsfil t(SjG(Sj = ttstG(Sjo. (47)

The inequality (4.6) implies that ||u|lz = 0 holds if and only if v = 0, which
shows the positive definiteness of inner product (-,-)y. If we take u = G§;, in
(4.6), then we have

2
( i |t6jG6jo|) < Co(@)| G, % = (Cola))”.

0<j<N-1
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Combining this with the trivial inequality

2
(Coa)? = (6,68, < (s 1,65,])
we have

2
( i |t5jaaj0|> — Co(a) GO, 13-

0<j<N-1

This shows that (4.7) is the best constant of (4.6) and the equality holds for G§ ;.
Next, we search for jo which satisfies (4.7). We use the hyperbolic function
expression of g(X;a;j,j) in Lemma 1.1. The maximum of

ch((NV + 1)y) — ch((N —1—2j)y)
2sh((V + 1)y)sh(y)

9(0,0;a;7,7) =

is attained at j = (N —2)/2 or N/2 if N is even and at j = (N —1)/2 if N is
odd. The maximum of
sh((N +1/2)y) — sh((N = 3/2 — 2j)y)

2ch((N + 1/2)y)sh(y)

9(0,1;a;4,7) =

is attained at j = N — 1. The maximum of

sh((N +1/2)y) +sh((N — 1/2 — 25)y)
2¢h((N 4 1/2)y)sh(y)

9(1,05a;7,7) =

is attained at j = 0. The maximum of

ch(Ny) 4+ ch((N — 1 — 2j)y)
2sh(Ny) sh(y)

9(1,1;a55,7) =

is attained at j = 0 or N — 1. The maximum of g(P;a;j,7) is attained at any
jo (0 < jo < N —1), because ¢g(P;a;j,j) is independent of j. This completes the
proof of Theorem 2.2. [ ]

Proof of Theorem 2.3 In the case of (X) = (0,0),(0,1),(1,0), Theorem 2.3
follows from Theorem 2.2 by taking limit as @ — 0. Using (3.3), we have the
concrete value of Cy.

We show the case of (X) = (1,1) and (P). Applying Schwarz inequality to
(4.3) and using (4.4), we have

() < NullZ1G.0;1% = "8;G.8;|[ul%. (4.8)

It should be noted that in performing Schwarz inequality in (4.8), the equality
holds if and only if u = kG.6; (k #0, 0 <j < N —1). Taking the maximum
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with respect to j on both sides, we obtain the discrete Sobolev inequality

2
) < )
(0<Ijn<%(1 |u(‘7)|> < Collulla, (4.9)
where
Co= Jux  0,G.8; ="8;,G.5j,. (4.10)

The inequality (4.9) implies that ||u||4 = 0 holds if and only if w = 0, which
shows the positive definiteness of inner product (-,-) 4. Here, jo is the same in
Theorem 2.2 because of the definition of G, shown in (1.4). If we take u = G4/,
in (4.9), then we have

2
(pom | 19,6.841) < CollGo I = GG

0<j<N-1

Combining this with the trivial inequality

2
2 _ (ts 2 ts A
Co = (70;,G.6;,)" < (Ogrjnga&(_J 6JG*6J0|) )

we have

0<j<N-1

2
( i |f6jG*6jo|) = G0 |G5, A

This shows that (4.10) is the best constant of (4.9) and the equality holds for
G.dj,. If we apply j = jo which is the same in Theorem 2.2 to g(X;0;7,7) and
9+(X;4,7), then we have the concrete form of Cy. This completes the proof of
Theorem 2.3. |
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5. Eigenvalue problem of bending of a string

We consider the following discrete string bending problem,

DEVP(X)
—u(i—1) 4+ 2u(i) — u(i + 1) = du(i) (0<i<N-1)
u(—1) =0, u(N)=0 (X) = (0,0)
u(=1) =0, u(N—-1)—u(N)=0 (X)=1(0,1)
u(=1) —u(0) =0, u(N)=0 (X) =(1,0)
u(—=1) —u(0) =0, w(N-1)—u(N)=0 (X)=(1,1)
u(=1) =u(N =1), u(0)=u(N) (X) =(P)

or equivalently the following matrix eigenvalue problem,

DEVP(X)
Au = \u.

We state the eigenvalues and eigenvectors of A = A(X) as the following
Lemma 5.1.

Lemma 5.1. DEVP(X) has the eigenvalues A = X, (0 < k < N — 1) whose
normalized orthogonal eigenvectors u = @, (0 < k < N —1). The concrete forms
of A\, and @, are as follows:

(X) = (0,0)
. k+1
Ak:4sln2<mﬂ'>, O<)\0<)\1<"'<)\N71<47
B 2, G+ 1) (k+1)
Pr N+1 ( ,sm( N+1 ") Ogingll
(X)=(0,1)
. kE+1/2
—4gin?( — /= _ 4
Ak sin (2<N+1/2)T(), 0<Ad <A < < Ay_1 < 4,
_ 2 (GG +1)(k+1/2)
gpki\/N"‘l/Q ( ,sm( N+1/2 ") 0<i<N—1
(X) = (1,0)
. k+1/2
— 4sin?( ——~ L /= _ 4
A sin (2(N+1/2)7T), O< X<\ < < An-1 < 4,
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(X)=(1,1)
o[k
A = 4sin 2—7r , 0=Xo < A <---<Any_1 <4,
Ly
. ﬁ (1,1, 71)0§i§N—1 (k=0)
e =
3t< : ((Hl/m ) ) (1<k<N-1)
N N 0<i<N—1
(X) = (P)
i = 4sin? (%ﬂ') ,
N=2n+1+4¢ (n=1,2,3,---, e=0,1),
B B _ <4 (e=0)
AO—O<)\1—)\N—1< <A7L_AN—7L{<>\N/24 (6:1)7
L
\/—N (1)17"'71)0§i§N71 (k=0)

=9 1 V—12ik :
_t<...,exp(_l7r>,...> (1<k<N-1)
VN N 0<i<N-1

In the case of (X) = (0,0),(0,1),(1,0),(1,1), since A is a real symmetric ma-
triv A = A, the eigenvalues N are distinct and the eigenvectors ¢, satisfy
prpe =0(k—10). In the case of (X) = (P), we have A\ = An—i (k=1,2,---,n)
and the corresponding eigenspace is two-dimensional. In this case, the eigenvec-
tors oy, also satisfy @ie, = 0(k — ).

The proof of the above lemma in the case of (X) = (0,0) and (P) are given
in [9] and [7, Lemma 2.1], respectively. Since the outline of the proof is basically
similar, we omit the proof.

For 5 kinds of DEVP(X), we introduce the diagonal matrix A =
diag{Ao, -+ ,An_1}, the unitary N x N matrix W = (¢, -+ ,pn_1) and the
orthogonal projection matrices Ey = o5 (0 <k <N —1).

We have the relation

Using F, we have the spectral decomposition of I, A and A + al as

N-1 N-1
I=WW"=> o= Ej,
k=0 k=0
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M Ey, (X) = (an)a (0>1>7 (170)

o P " k=0
A=WAW" =" \pypf = N ,
k=1
N N—-1 N—
Atal =W(A+a)W* = > (A +a)p,0; Z)\k—i—aEk,
k=0 k=0

(X) = (070)7 (Oal)v (1’0)7 (171>7 (P)

We note that A\g = 0 in the case of (X) = (1,1) and (P). Using the eigenvalues
A (0 < k < N —1) and the eigenvectors ¢, (0 < k < N — 1), we have the
spectral decomposition of G(a) and G, [6, 8] as

N—

1
=> E.,, G.=> —E,. (5.1)
= At a = Ak

=

Combining the expression of G(a) and G, given in Lemma 1.1 and 1.2 with the
spectral decomposition of G(a) and G, given in (5.1), we have the non-trivial
identities of trigonometric functions shown as Proposition 5.1 and 5.2.

Proposition 5.1. Combining G(a) in Lemma 1.1 with G(a) in (5.1) and putting
a = sh?(y/2) in (1.1), we have the following identities.

o Sh( A Dy)sh(N iV g)y)
AOREL) =TGN )
N-1 Sin((lJr]l\I)-(i-lirl) )bm((frl) (k+1) )

1
2(N+1) kZ:O sz(

2
st T) +sh(u/2)

M A+ Dy eh((N 12— iV i)
90, 1; 54, ) = (N + 1/2)5) shiy) -

_ (i+1)(k+1/2) o G+1)(k+1/2)
N ]-SIH(TI/2 )SIH(WTF)

M

b

2(N +1/2) k+1/2

k=0 sin” (2(N+1/2) ”) +sh*(y/2)

o h(G A+ 12N =iV i)y
90t g) = =N T 12y sh)

N1 cos (U2 1) coq (G2 1)

M

N+1/2 k+1/2

k=0 Sil’l2 (mﬂ') + Sh2 (y/2)
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oy (@A +1/2)y) ch((N —1/2—iVi)y) _
g(lalvaala]) - Sh(Ny) Sh( ) -
L e
4Nsh?*(y/2) 2N — sin? (55 7) + sh®(y/2) ’
P (07 1 N +LN‘1 exp (Y=4)
T 2sh(Ny/2)sh(y)  4Nsh?(y/2) AN = sin®(§7)+sh?(y/2)

Proposition 5.2. Combining G, in Lemma 1.2 with G, in (5.1), we have the
following identities.

9+(1,154,5) = b2(2N5 i — j[) + b2(2N; 1 i+ j) =

L V-1 cos((i+%2)k7r> o (J+1/2)k )

Q_kzl SiHQ(%W) 7

1 N— leX <\/_2(Z Dk )
«(Pi1,7) = ba2(N3 i = jl) = ==
9+(Psi,7) (N5 i —4l) 4 ; sm2(%7r)

We note that ba(N; i) is the discrete Bernoulli polynomial (1.5).
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