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Abstract

Let k be a field of characteristic three, let Z/3Z denote the cyclic group of order
three and let A% denote the affine four-space over k. In this article, we describe
triangular Z/3Z-actions on Ai, up to conjugation of automorphisms of Ai.

Introduction

Let k£ be a field of positive characteristic p, let A}’ denote the affine n-space
over k and let k[z1, ..., z,] denote the coordinate ring of A}. Given an algebraic
action of a p-cyclic group Z/pZ on A}, we can regard any element o of Z/pZ
as a k-algebra automorphism of k[z1,...,x,] satisfying o? = idg[y, ... 4], Where
idj[z,,....z,) denotes the identity map from k[zy,...,x,] to itself. Conversely,
given a k-algebra automorphism o of k[z1,...,x,] satisfying o? = idy, .. 2.1,
we can naturally define an algebraic Z/pZ-action on A}. We say that an algebraic
Z/pZ-action © on A} is triangular if there exists an element 0 of Z/pZ such that
the following conditions (1) and (2) are satisfied:

(1) 6 is a triangular automorphism of k[xy,...,z,], i.e., 6 can be expressed as
0(x;) = a;z; + f; for some a; € k\{0} and f; € k[z1,...,2,-1] (1 <i < n).

(2) O(f,z)=0%z) for all £ >0 and x € AL

Clearly, 0P = idg[4, ... z,) and a; = 1 for all 1 <4 <n.
We are interested in describing triangular Z/pZ-actions © on A} up to con-
jugation of automorphisms of A} as well as describing triangular automorphisms

0 of k[x1,...,z,] satisfying 0P = idy[4, ... »,] UP to conjugation of automorphisms
of k[x1,...,z,]. At present, we can describe triangular automorphisms 6 of
E[z1,...,xy,] satisfying 6P = idy[;, .. 5, only for 1 <n <3 (cf. [1] for n = 2, and
[2] for n = 3).

In this article, assuming p = 3, we describe triangular automorphisms 7 of
k[z,y, z,w] satisfying 73 = idg[z,y,2,w]; UP to conjugation of automorphisms of

2010 Mathematics Subject Classification. Primary 141L.30; Secondary 13A50
Key words and phrases. Wild Z/pZ-actions on affine spaces, Triangular automorphisms



2 R. Tanimoto

k[x,y, z,w], where k[z,y, z,w] is a polynomial ring in four variables over k. For
this description, we introduce special triangular automorphisms of k[z,y, z, w]
with the following forms @), @), 3, @:

@ Let y(z,y,2) € k[z,y,z]. We can define a triangular automorphism 7 of
klx,y, z,w] as

T(x) ==,
() = v,
7(2) == 2,
T(w):=w+ vy(z,y, 2).

@ Given a non-zero polynomial 3(z,y) € klx,y], we let N(2) := 23 — B(x,1)? 2.
Choose arbitrary v; € k[z,y, N(2)] (i = 0,1). We can define a triangular
automorphism 7 of k[z,y, z, w] as

® Given two non-zero polynomials a(x) € k[z] and Bo(s,t) € k[s,t], we
let N(y) := 3> — oy and let d(x) be the greatest common divisor of
a(z) and Bo(z, N(y)) in k[z,y]. We can express a(x) and Bo(z, N(y)) as
a(z) = d(z)a(z) and Bo(z, N(y)) = d(z)bo(z, N(y)) for some a(z) € k[z]
and bo(s,t) € k[s,t]. Write By := So(z, N(y)) and by := bo(z, N(y)). Let

f3:=2% = Bo(z,N(y))* ,
fa:=az —bo(z,N(y))y,

and let
g1 = 1)
92 =Y,
g3 =z,

9a:= ayz® +bo(z, N(y)) y°2.
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Choose arbitrary v; € k[f1, f2, f3, fa] (1 < i < 4). Then we can define a

triangular automorphism 7 of k[x,y, z, w| as

T(y) =y + a(z),
7(2) := z + Bo(z, N(y)),

4
T(w)i=w+ Y % g
i=1

@ Given three polynomials a(z) € klz], Bo(s,t),P1(s,t) € ks, t] such that

a(z) # 0 and Bi(s,t) # 0, we let N(y) := y> — oy and let d(x) be the
greatest common divisor of a(z) and By(z, N(y)) + S1(z, N(y))y in k[z,y].
We can express a(z) and f;(z,N(y)) (i = 0,1) as a(z) = d(z)a(x) and
Bi(z,N(y)) = d(z)b;(z,N(y)) for some a(x) € k[z] and b;(
(i =0,1). Write 8; := B;i(z, N(y)) (i =0,1) and b; := b;(xz, N(
Let

fl =z,

f2 i =y* — oy,

fa =2+ api2® = Biy*z + (aBf + Bofr)yz + (=65 + abofr)z,

fa=az +biy® — apry — boy,
and let

g1:= 17

92:=1Y,

93:= boPry® — 2boyz + 2a2* + bry?z,

ga:=b1faz + (afy + bo)y®z + ayz>.

For any (A1, \2,A\3) € k[z,y]®3, we define a polynomial g(A;, A2, \3) of
klx,y, z] as

g1, A2, Az) 1= A1z 4+ day? + A3(yz — Biy?).

Consider polynomials
g AN <<

of k[z,y, 2], WthG{()\gj), )\gj), )\gj)) € k[f1, ]2 | 1 < j <r}isagenerating

set of the syzygy k[f1, fo]-module Syzy s, r1(b1, —a, —bg). Choose arbitrary
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Y10 € k[f1, fa, f3, fa] (1 < i < 4) and y2 5 € k[f1, fo, f3, fa] (1 < j <7). Then
we can define a triangular automorphism 7 of k[z,y, z, w] as

7(z) ===,
T(y) =y + a(x),
7(2) =z 4 Bo(z, N(y)) + Ai(z, N(y)) v,

4 T
T(w):=w+ Z’yu- gi + Z’)’Q,j Q(A(lj)a )\gg)’ A:(s]))-
i=1 Jj=1

The aim of this article is to prove the following theorem:

Theorem 1 Assume that the characteristic p of k is three. Then the following
assertions (1) and (2) hold true:

(1)  Any triangular automorphism T of klz,y, z,w] with one of the above forms

@7 @7 @7 @ satisﬁes 7-3 = idk[m,y,z,w]-

(2)  For any triangular automorphism 7 of k|x, vy, z, w] satisfying 7° = idgle,y,2 0]
there exists an automorphism VU of k[x,y, z,w| such that V=1 o070V is a
triangular automorphism of k[x,y, z,w] with one of the above forms @, @),

®, @.

Definitions and notations.

Let k be a field of positive characteristic p and let A be a k-algebra. For a
k-algebra homomorphism o : A — A, we say that o is p-unipotent if oP = id 4,
where idg : A — A denotes the identity map. Clearly, if a k-algebra homo-
morphism o : A — A is p-unipotent, then ¢ is a k-algebra automorphism of
A.

Let A be a k-algebra. Let D, : A — A be the map defined by D,(a) :=
o(a) —a for all a € A. Clearly, D, is a o-twisted k-derivation of A, i.e., D, is a
k-linear transformation of A satisfying D, (a1 - a2) = Dy(a1) - o(ag) + a1 - Dy(asg)
for all a;,as € A. For any £ > 1, we denote by Ker(D?!) the kernel of D!, i.e.,

Ker(DY):={a€ A|Di(a)=0}.

Clearly, Ker(D,) is a k-subalgebra of A, and Ker(D?) is a Ker(D,)-module for
any ¢ > 1. If A is finitely generated as a k-algebra and D? = 0, then Ker(D,)
is finitely generated as a k-algebra, and each Ker(D%) is finitely generated as a
Ker(D, )-module.

- -
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1. p-unipotent triangular automorphisms

1.1 An inductive construction of p-uniptotent triangular automor-

phisms
We can construct p-unipotent triangular automorphisms of k[x1, . .., Ty, Tpt1]
from p-unipotent triangular automorphisms of k[z1,...,z,]. We shall recall this

inductive construction (see the following Lemma 2).
We denote by UP (k[z1,...,2,]) the set of all p-unipotent triangular auto-

morphisms of k[x1,...,z,].

For any k-algebra homomorphism o : k[z1,...,2,] — klz1,...,2,] and
any polynomial § of k[z1,...,2,], we can define a k-algebra homomorphism
E,s:klz,...,Tn, Tnt1] = k[z1,. .., Tn, Tpt1] as

o(x;) it 1<i<n,
Ea‘,&(mi) =

Tpy1+ 0 if i=n+1.

Lemma 2 Let n > 1. Then the following assertions (1) and (2) hold true:

(1) Let o € UP?(k[zy,...,2,]). Take any polynomial § of Ker(D2™1). Then

E, s € UPA(k[w1, ... Tny Tot1))-

(2) Let 7 € UP?(k[z1,..., %0, Tns1]). We can define a k-algebra homomor-
phism o : k[x1,...,2xn] — k[z1,...,20] as o(f) = 7(f) for all f €
klzy,...,zn]. Let 6 := 7(xpt1) — Tny1 € k[z1,...,2,]. Then we have

o € UPA(k[zy,...,2n]), 0 € Ker(DE™1) and 7 = E, 5.
Proof. See [1, Lemma 3]. Q.E.D.

The following lemma implies that if two p-unipotent triangular automor-
phisms 01,00 € UP?(k[xy,...,2,]) are conjugate to each other, i.e., =1 o
o1 01 = o9 for some k-algebra automorphism ¢ of k[zy,...,x,], then for
any § € Ker(Dgl_l)7 the two p-unipotent triangular automorphisms E,, s and
E,, p-1(5) of U (k[x1, ..., 2n, Tny1]) are conjugate to each other.

Lemma 3 Let o; : klxy,...,2,] — kl[x1,...,25] (¢ = 1,2) be two k-algebra
homomorphisms such that ¢! o gy o = o9 for some k-algebra automor-
phism ¥ of k[x1,...,x,]. We can extend ¢ to the k-algebra automorphism ¥
of klx1,...,Tn,Tni1] defined by

' Tpt1 if i=n+1.

Let 6 € klxy,...,z,]. Then the following assertions (1) and (2) hold true: .
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(1) U—1o E0175 oV = Eo%wfl((;).
(2) Forany ¢ >1, 6 € Ker(D5)) if and only if »=*(6) € Ker(D%,).

Proof. The proofs of assertions (1) and (2) are straightforward. Q.E.D.

1.2 UP*(k[z,y, 2])
Any p-unipotent triangular automorphism o of k[x,y, z] has one of the fol-

lowing forms (I) and (II), up to conjugataion of automorphisms of k[xz,y, z] (see
[2, Theorem 2]):

@D Qo) =y,
o(z)=z+pB(z,y) (B(x,y) € klz,y]).

o(x) =z,
oy)=y+a@) (alz)e€klz]\{0}),
i o(z)=z+ ; Bi(x, Ny) - y'

Ny = yP — a(z)" 'y € k[z,y],
Bi(s,t) € k[s,t] for all 0 < i <p—2,
Bi(s,t) # 0 for some 0 <i<p—2

Clearly, any k-algebra homomorphism o of k[z,y, z] with one of the above
forms (I) and (IT) is a p-unipotent triangular automorphism of k[x, y, z].

For any polynomial f € Ek[x,y,z] and any k-algebra automorphism o of
k[x,y, z], we can define a polynomial N(f) of k[z,y, 2] as

p—1
N(f) =T o'
i=0
If o has the form (II), we have
Ny = N(y)

2. Ker(D,)

From now on until the last section of this article, we assume p = 3 and o is
a 3-unipotent triangular automorphism of k[z,y, z] with one of the forms (I) and

(10).

N
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In this section, we recall a generating set of the kernel Ker(D, ) of D,, where
the map D, : klz,y,z] — klz,y,z] is defined as D,(f) = o(f) — f (see the
Introduction).

If o has the form (II), we let 8(x,y) := Bo(x, N(y)) + B1(z, N(y)) - y and let
d(x) be the greatest common divisor of the two polynomials a(z) and B(x,y) of
k[x,y]. Then we can express a(z), B(x,y) and B;(z,y) (i =1,2) as

a(z) = d(z) a(z) (a(z) € k[z]\{0}),
Bla,y) = d(x) bz, y) (b(x,y) € k[z,y]),
Bi(z,y) = d(z) bi(z, N(y)) (bils,t] € k[s,t] for i=0,1).

Clearly, b(z,y) = bo(z,N(y)) + b1(z, N(y))y. For simplicity, we write S8y, 1,
b07 bl in place of 50(1‘7N(y)), ,@1($,N(y)), b0($7N(y))a b1(1'7N(y)), respectively.
Now, we can define the four polynomials f; (1 <i <4) of k[z,y, 2] as

f1:=x,

foi=N(y) =y* —a?y,

f3:=N(2) =23+ aBi2? — B2y%2 + (afB? + BoB1)yz + (= B2 + aBob1)z,
fa = az +01y® — afry — boy.

Lemma 4 The following assertions (1), (2), (3) hold true:
(1) If o has the form (I) and B =0, then

Ker(D,) = k[z, y, z].

(2) If o has the form (1) and 8 # 0, the kernel Ker(D,) is generated by he set
{z,y, N(2)} as a k-algebra, i.e.,

Ker(D,) = k[z, y, N(2)].

(3) If o has the form (I1), the kernel Ker(D,) is generated by the set
{f1, f2, f3, fa} as a k-algebra, i.e.,

Ker(DU) = k[fla f2a f3a f4}7
and Ker(D,) is a hypersurface ring with the relation
fi+aapifi — (a3 — d®afopr) fa — a® f3 + 26 f5 + (0§ — a®bof37) f2 = 0.

Proof. (1) is clear.
(2) See [2, Lemma 2.8].
(3) See [2, Lemmas 4.2 and 4.6]. QED._

N
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3. Ker(D3?)

In the following theorem, by separating four cases, we give, in each case, a
generating set of Ker(D2).

Theorem 5 Let B :=Ker(D,). Then the following assertions (1), (2), (3), (4)
hold true:

(1) If o has the form (I) and 8 =0, we have D, =0 and

Ker(D?) = Ker(D,) = B.

(2) If o has the form (1) and B # 0, the kernel Ker(D?) is generated by the set
{1, z} as a B-module, i.e.,

Ker(D2)=B-1+B - 2.

(3) If o has the form (I1) and B1(s,t) = 0, the kernel Ker(D?2) is generated by
the set {1, y, z, ayz* + by?z} as a B-module, i.e.,

Ker(D?)=B-14+B-y+B-z+ B - (ayz* + by*z).

(4) If o has the form (II) and Bi(s,t) # 0, we let g; (1 < i < 4) and
g()\gj), )\éj), )\éj)) (1 < j <) be the polynomials given in @ in the Introduc-
tion. Then the kernel Ker(D?2) is generated by the polynomials g; (1 < i < 4)
and g()\(lj),)\éj),)\éj)) (1 <j<r) as a B-module, i.e.,

4 r
Ker(D2?) = Z B-gi+ Z B- Q(Agj)v )\gg)7 A;(gj))
i=1 j=1

We remark that a generating set of Ker(D?) is already given for the linear
triangular automorphism o of k[z,y, 2] defined by o(z) = =z, o(y) = y + =,
o(z) :=z 4y (see [3, Theorem 5]).

The proofs of (1) and (2) of the above Theorem 5 are clear (see [2, Lemma
2.8] for (2)). We prepare the following Section 4 for proving assertions (3) and
(4) of the above Theorem 5, give in Section 5 a proof of (3) of Theorem 5, and
give in Section 6 a proof of (4) of Theorem 5.

4. D,(y'z?) and D2 (y*29) (0<4,j<2), where o is of the form (II)

Assume that o has the form (II). In the following lemma, we express both
Dy (yi2?) (0 <i,5 <2)and D2(y'2?) (0 <i,j < 2).
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Lemma 6 The following assertions (1) and (2) hold true:

(1)

(2)

We can express D, (y'27) (0 <i,5 <2) as

Dy(1) =0,
D,(y) =a,
Dy(2) =5,
Da(y ) =2ay+ o?,
Dy(yz) =az+By+ap,
Dy (2%) =28z + B2,
D, (y?2) = 2ayz + By? + a?z + 208y + o3,
Dy (yz?) = az? + 2Byz + 2a8z + B2y + aB?,
Dy (y%2%) = 20922 +2By? 2+a? 22 +afyz+B2y% +2a2 Bz+2a 8%y +a? 52

We can express D2(y'z7) (0 <i,j <2) as

D3 (1) =0,

Di(y) =0,

D3 (2) = ap,

D3(y?) =202,

DZ(yz) =2afo + 206,

D2(z*) = —df1fs+ o?BF + afofr + 208,

D2(y?z) = —dafs+ o®fy,
D2(yz?) = (dapy + dBo) fa — B3 f2 — & B — & Bofb,
D2(y?*2?%) = —d? f} — da?Bi fa — (aBF + BoBr) fa + 202 BE + &®BoB1 + o B7.

Proof. The proofs of (1) and (2) are straightforward. Q.E.D.

5. Proof of assertion (3) of Theorem 5
Assume that o has the form (IT) and B;(s,t) = 0. So, 8=y #0,b=by #0

and B,b S k[fhfg}.

N

5.1 Syzpg (D?y(yz)a Di(yz)a D?y(zz)? Dg(yzz), D?y (yz2)> Dg(yzzz))
Since (1 (s,t) = 0, we can express the polynomials f; (1 <14 <4) as

=z,
fa=y* —a?y,
fs= 2" — %z,
fi=az — by.
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We know that B is generated by the set {f1, f2, f3, fa} as a k-algebra, i.e.,

B = k[f1, f2, f3, fa], and have the relation
32— a?V?d?fy — a®fs + VP f = 0. (R)

We can express D2(y'27) (0 <i,j < 2) as

Dz (1) =0,

Di(y) =0,

D3(2) =0,

D2(y?) =202 = 2a2d?,

D2(yz) = 2aB = 2abd?,

D2(z?) =24 = 2°d?,

D2(y*z) = —dafy = —ad®fy,

D3(yz?) = dBfs = bd*fa,
D2 (y?2%) = 2d* f7 + 202 B2 = d?(2f} + 2a%b2d?).

Thus, we have
SyZB(D(QT(yQ)7 Dg(yz)7 Dg_(ZQ), Dg(yQZ)a Dg(yZQ)v Dg(y222))
= Syzg(2a?, 2ab, 2b%, —afy, bfs, 2f3 + 2a%b*d?).

The following lemma gives a generating set of the above syzygy B-module.
Lemma 7 Let u; (1 <i<15) be the elements of B®S defined by

uy = (—afsfs+b°d*f7, 0, bfafa, 0, 0, f7),
uy = (—afs —20%d*fy, 0, bfa, 0, 0, f4),
uz := (abfs +b3d>fy, 0, —=b2f5,0, f2, 0),
Uy = (—a2f3 —ab2d2f4, 0, abfa, ff» 0, 0)7
Us = (f4, 0, 0, —a, O, 0)7
ug := (0, f4, 0, =0, 0, 0),
ur := (0, 0, f4, 0, b, 0),
ug := (0, 0, 0, b, a, 0),
ug = (=b, a, 0, 0, 0, 0),
uyo := (0, =b, a, 0, 0, 0),
(f2, —2a3bd2, 0, 0, 0, 2a2),
(0, f2 —2a2b2d2, 0, 0, 0, 2ab),
= (0, —2ab3d?, f2, 0, 0, 2b?),
(0, a?bd?, 0, f4, 0, —a),
uys == (0, —ab®d?, 0, 0, fu, b).
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Then we have
15
Syzp(2a®, 2ab, 20, —afy, bfs, 2f7 + 2a°0°d*) = B - u,.
i=1

Proof. Using the relation (R), we can prove u; € Syzg(2a?, 2ab, 2b%, —afy, bfs,
217 + 2a?b%d?) for all 1 < i < 15.

Now, take any element ¢ = (c1, ca, c3, ¢4, C5, ¢g) of Syz(2a2, 2ab, 2b%, —afy,
bfs, 217 +2a2b2d?) (C B®P). Since B = @,_, k[f1, fa, f3] f1 is a free k[f1, fa, f3]-
module, we can write each ¢; as

2
= ZCM ff for some ¢ ¢ € k[f1,f2, f3] (1<i<6, 0<£<2).
=0

Let
v :=c — (cg,2u1 + Co,1U2 + C52U3 + C42Us).

Then « has the following form:
=0+ e+ 12fE, Y20 + 20 fa Y2208 V3.0 +30fa + V8.2 f1,
V4,0 + V4,1 a5 V5,0 + V5,11, V6.0)
for some Yi,j € k‘[fl, fz, fg]

(170)7(171)7(172)’ (27())7(2’1)’(2’2)7 (3’0)’<371)7(3’2>7

(i,4) €
(4,0),(4,1), (5,0),(5,1), (6,0)
Clearly, v € Syz(2a?, 2ab, 2b%, —afy, bfs, 2f7 + 2a?b%d?). So, we have

2’}/1720,2 + 2’}/2,20,1) =+ 2")/3721)2 — V4,10 + ")/57117 —+ 2’76,0 = O,
271,10% 4 272,1ab + 273,1b% — Y400 + 75,00 = 0,
2’}/1700,2 + 2’}/21001) + 2’}/3’0172 + 2’}/6700262d2 =0.

Thus we have

V6,0 = 271,20° + 272,2ab + 273 2b% — ya1a + V51D,
(*) (71,17 72,15 V3,15 V4,0, 75,0) € Syzk[f17f27f3](2a27 2ab7 2b27 —a, b)7
(71,0, V2.0 + Y6.0abd%, 3.0) € SyZy (s, 1,551 (a%, ab, D?).

We consider the second formula of (). Using GCDy, ,(a,b) = 1, we can
obtain



12 R. Tanimoto

4
SYZk(fy fa. 11 (207, 2ab, 26°, —a, b) = ED kf1, fa, f3] - vi,

i=1

where vy, v2, v3,v4 be the four elements of k[f1, fa, f3]®° defined by

vy := (1, 0, 0, —a, 0),
vy := (0, 1, 0, —b, 0),
vz := (0, 0, 1, 0, b),
vy := (0, 0, 0, b, a).

Thus, the second formula of (%) implies that

1
(V.15 Y215 V3,15 Va0 V50) = D pi-vi  for some  pu, pa, s, s € k[f1, fa, f3] -
i=1

So,
Y11 = M1,
2,1 = M2,
3,1 = U3,

Ya,0 = —p1a — fi2b + pgd,

V5.0 = H3b + paa.
We consider the third formula of (x). We can express the syzygy module
Syzk[f17f2,f3](a2, ab, b?) as

2

SYZ (1, fa.ps) (07, ab, b%) = @k[fhfmfs] - Wy,

i=1

where wy := (=b, a, 0) and wy := (0, —b, a). Thus, the third formula of (x)
implies that

(1,0, V2,0 + abd*¥6 0, V3.0) = 1wy + vows  for some  vy,vs € k[f1, f2, f3].
Thus we have
Y1,0 = —u1b,
Y20 = v1a — vab — g 0abd?
= Vla—ygb—2’yl72a3bd2—27272a2b2d2—27372ab3d2+7471a2bd2—7571ab2d2,

3,0 = Va2a.

N
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Now each component of v = (71, 72, V3, V4, V5, V6) can be calculated as

Y =710 +M0fa + 727 = —vab+ pafa+ 7207,
Y2 = 2,0 + V2.1fa + V2,2f7
= 11a — Vb — 271,2a3bd2 — 27272a2b2d2 — 273,2ab3d2 + fy471a2bd2 — 7571ab2d2
+p2fa+ 2,213
Y3 =3,0 + V3,104 + V3,27 = vaa+ psfa+ 323
Va = Y40 + Va1 fa = —p1a — pob 4 pab 4 va1 fa,
Y5 = V5,0 + V5,1f4 = p3b + paa + 5,1 fa,

Y6 = V6,0 = 271,20 + 272.2ab + 273 2% — Y410 + Y5.1b.
The above equalities imply

Y = p1us + poue + p3ur + paug + V1ug + Volig

+ Y1,2U11 + Y2,2U12 + V3,2U13 + V4,1U14 + V5,1U15-

Hence we have

15
ceE ZBUZ
i=1

Q.E.D.

5.2 Proof of assertion (3) of Theorem 5
Let ® = (®;)1<i<6 be the element of A®S defined by

D= (y?, yz, 22, ¥z, y22, y?2?).

For any w = (w;)1<i<e € B¥®, we define the element w - ® of A as

6
w-P:= Zwi (I)i-
i=1

The kernel Ker(D?) is generated by the set {1, y, 2} U{u; - ®|1<i< 15} asa
B-module. We can calculate u; - ® (1 <i < 15), as follows:

- -
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uy - ® = (b*Bfa — ad®bfs — *bB* fa) - y,

uy - ® = —bPd*f, — 23d% -y — aff - (ay2® + by’z),

ug - ® = —b'd?fo — (@2b*d® — afsfs) -y — af® - (ayz® + by*2),
uy - ® = abPd?fo + ac?b?d? -y — bfafs - 2+ a2b- (ayz® + by?z),
us - ® = —bfy —a’b-y,

ug - ® = ayz® + by?z,

ur - ® =afs+ap? -z,

ug - ® = ayz® + by’z,

ug - ® = fi-y,

u @ = fa-z,

uy - ® = (b2 fy — a2bfy) -y — 2abfs - 2,

up - ®=ad’fs-y+02fy-z,

urz - ® = —2abfs -y + (af?fs + a*f3) - z,

ug - @ =-bfr- 2,

us - ®=afs-y.

Hence Ker(D?2) is generated by the set {1, y, 2, ayz? + by?z} as a B-module.
This completes the proof of assertion (3) of Theorem 5.

6. Proof of assertion (4) of Theorem 5

Assume that o has the form (II) and S;(s,t) # 0.

6.1 A generating set {p; | 1 <i <9} of k[z,y, 2] as a B-module

We know that B = Ker(D,) is generated by f1, fa, f3, f4 (see Lemma 4). So,
a generating set of k[z,y, z] as a B-module is given by {427 [0 <i <2, 0<j <
2 }. Thus, the following subset { ¢; | 1 < i < 9} of k[, y, 2] becomes a generating
set of k[x,y, z] as a B-module:

w1 :=1,
Y2 =Y,
Y3 1=z,
©4 =y,

@5 = yz — b1y,
w6 = 2% — 2B1yz,
@7 = yQZ — 0622,

ps = yz> + B1y*z + afoz,

0o = y?2? — aby?z — Biy? — o?foz + P f2z. o
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Using Lemma 6, we have

DZ(p1) =0,

DZ(p2) =0,

DZ(p3) = aph,

D3 (p4) =207

D3(ps5) = 2af,

D2 ()

D3 (p7) = —dafy,
5 (8)

D2 (o)

15

6.2 Syzp (D?,(4P3)’ thy(§04)7 Dg-(‘PE:)v D?,(‘Pe)a Dg-(‘107)’ thy(SOS)’ Dg(@9))
Let S be the syzygy B-module of the polynomials D2 (p;) (3 <i <9), i.e.

S = SyZB(D(QI(@?))a Dg(904)7 Dg((p5)7 D<27(<)06)7 D(QI(L)O7)’ Dg(¢8)7 D?T((pg))
= Syzp(api, 202, 208y, —dP1fs+ 283, —dofs, dBofs — B3 fo,
—d?f§ — BoBrf2).

The following lemma gives a generating set of S as a B-module.

Lemma 8 Let u; (1 <i<16) be the elements of B®" defined by

ur == (—daf] — o®Bofi + aboBi fafu,

—B3fi — afsfa,

0,

*b1f2f47 ff)a

bofafa, O,
ug = (—dafi — a®Bofs+ aboBifae, —B5fa—afs, 0,
bof2, 0, —bifa,

us = (aBofi + aaBs f1 — aboBopi fa,

uy = (=203 13, aBifi — aBifs+ aaBoBifi— a®fs — aboBif,

0,

f4)7

_2b053f4 - 2ab0f37 07
_b1f2f4_bgf27 07

fi,

0,

0),

us := (—afyfi + aBy fa — aafoBifs + a® f3 + abof3; f,
féf - 2b0b1f27 07
Ue = (f47 07 _b07 a, 07 07 O)a

Uz = (fzf7 Oa 2b%f25 07 07 Oa
ug ‘= (Oa f4a 07 07 261/7 0) 0)7

CLbl)7

fi = 2bob1 fo,

0, 0,
2b%f2 + b0f47

0),

72b(2)f27

0),
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ug := (0, f2, abify, 0, 0, 0, 2a?),
uo:=(0, 0, fq, 0, 2by, 0, 0),

upy = (0, 0, fi+bobifa, 0, 0, 0, 2aby),
upe = (0, 0, 0, fi, 0, —2by, —by),

uiz = (0, 0, bifo, 0, fi, 0, —a),

uia = (0, 0, 0, =bifo, 0, fa, bo),

uis := (bife, 0, 0, 0, by, a, 0),

ug:= (0, 0, by, —a, by, 0, O0).

Let {(,\§j), )\éj), )\éj)) € klf1, f2]®2 | 1 <3 <r} be a generating set of the syzygy
k[f1, f2]-module Syzyy, 1,/(b1, —a, —bo). Then we have

16 T
S = ZBU1+ZB ()‘(1])7 )‘gj)a Agj)a 07 07 Oa 0)
i=1 =1

Proof. Using the relation given in assertion (3) of Lemma 4, we can prove u; € S
for all 1 <14 < 16. Clearly, ()\(1]), )\(23), )\gj), 0,0,0,0)eSforalll <j<r.
Take any element ¢ = (¢;)1<i<7 of S. We can write each component ¢; as

2
ci:Zci,gff for some c¢; 0 € k[f1, fo,f3] (1<i<7, 0<£<2).
(=0

Let
v i=c— (cr,2u1 + 71U + 62Uz + C5,2Us + Ca2Us).
Then + has the following form:
_[mo + 71,1 fa + ’Yl,fo, Y2,0 + 2,1 fa + 72,2ff, 3,0 + v3,1.f4 + ’73,2f42,
Y4,0 +va1fa, V5.0 F V5,1 4, V6.0 + V6,1 4, Y70
for some v; ; € k[f1, f2, f3]
(i,j) € (1,0),(1,1),(1,2), (2,0),(2,1),(2,2), (3,0),(3,1),(3,2),
i, ] .
(4,0),(4,1), (5,0),(5,1), (6,0),(6,1), (7,0)
Since v is an element of the syzygy module S, we can obtain
—¥7,0801 f2 — 6,083 f2 4 274,083 + 273,080 + 272,00 + Y1081 = 0,

—7,0d% 4+ ¥6,1dBo — Ys,1de — Ya,1dB1 + 2732080 + 272,202 + Y1 2061 = 0,
76,0dB0 — V6,185 f2 — Y5,0d — ya,0dB1 + 274,188 + 273,180

+272,1Ot2 +y1,1a61 = 0. o

N
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From the second equality of (x), we have
V7.0 = V6,100 — V5,10 — Ya,101 + 273 2abg + 272,2a* + 1 2ab1.
Let

0 :=v— (111U + 71,2u7 + Y2,1U8 + V2,2U9 + Y3,1U10 + V3,2U11
+ Ya1U12 + Y5,1U13 + V6,1U14)-

We can express the i-th compotents of § = (J;)1<i<7 as

01 =710,

02 = 2,0,

03 = 73,0 + 71,100 — 271,207 fo — Y2,2ab1 fo — 73,2b0b1 f2 — 75,101 fo,
04 =10 — 71,10 + V6,101 f2,

05 =¥5,0 — 272,10 — 273,1bo,

d6 = ¥6,0 + 274,1b0,

Thus §; € k[f1, fo, fo] for all 1 <4 < 6 and d7 = 0. Since § € S, we have

81 - (Br) + 82 - (202) + 85 - (2a80)
+ 64+ (=dB1fa +2B3) + 05 - (—dafs) + 6 - (dBofs — B7 f2) =0,

which implies that

b056 — b154 = CL55,
—b%fgé@ + 2()(2)64 = —2@1)0(53 - 2@252 — ab161.
Using the above equalities, we have

(—b3 — b3 f2)86 = —b3 (bods — b164) + by (—b3 f206 + 2b304)
= —ab355 — 2&[)01)153 — 2(121)152 — abfﬁl.

Recall fo = 33 — oy. Since
GCDk[w,y](bg + bilgf% a’) = GCDk[aj,y]((bO + bly)ga CL) =1,

we have

dg=a- 52 for some 52 € k[f1, f2, f3].

N

67 =70 — (11,2ab1 + 272.2a® + 273 2abg — Ya,1b1 — 5,10 + Y6,1b0).

17
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Let
e =0— (52 ULs

and write € = (g;)1<i<7. We have g; € k[f1, fo, fs] for all 1 < ¢ < 5 and
€¢ = 7 = 0. Since € € S, we have

—b164 = acgs,
(%)
2b(2)€4 = —2(1b0€3 — 20262 — ab1€1.
Thus we have
(b3 f2 + b3)ea = (=3 f2)(—bies) + 2bo(2b3e4)

= —ab%ngs - abgsg, — a®boey — 2abobyeq,
which implies
eq=a-e) forsome &} €klf1, fo, f3].
By (%*), we have e5 = —be}. Let
¢ =c+ EZ U1le

and write ¢ = (¢;)1<i<7. Then we have ¢; € k[f1, fa, f3] for all 1 < i < 3 and
¢; =0for all 4 <j <7, and thereby have

(01, d2, ¢3) € Syziiy, 1,551 (b1, 2a, 2bg).

Hence

T

¢: (¢17 ¢27 ¢3a 07 07 07 0 6 Zkfla f2a f3 ( j)a )\gj)a A:(}])7 07 Oa 07 0)7
j=1
which implies ¢ € S, as desired. Q.E.D.

6.3 Proof of assertion (4) of Theorem 5
Let ® be the element of k[z,y, 2]®7 defined by

d = (8037 P4, P55, P6, L7, P8 @9)'
For any w = (w;)1<i<7 € BP7, we define the element w - ® of A as
w - o = Zwi Pit2-

i=1

We have

N
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16 T
Ker(D?) = ZB (u; - @) + ZB . g()\gj),/\gj),/\g])).
i=1

j=1

Let
4 r . . .
M:=3"B-g;+ 3 B-g0 AP D).
i=1 i=1

Clearly, D?(g;) = 0 for all 1 < i < 4. In order to prove Ker(D2) C M, we have
only to show u; - ® € M for all 1 <37 < 16.
We can express uig - P, w15 - @, u1q - P as

Uie * ¢ = g3 + g(_a2b17 _Zboﬁl + 2aﬂf7 2&&1)7
uis - = gs.
urg - ® =afs-y—abo-gs+ Bo- g(—a’by, —abyBi — boBo, —2aby).

Since
(—a®b1, —2b0B1 + 20837, 2aB1) € Syzyy, 11(b1, —a, —bo),
(—a®bo, —abofBr — bofSo, —2abo) € Syzy(s, 1,1(b1, —a, —bo),

we have u; - ® € M for all ¢ = 16, 15, 14.
Let

h = (—f4a2 + aaQﬁo)z + aﬁgyz + b1 foyz + (fa + aaﬁl)yzz —ay®2%.
We can deform h as
h=a”gs+g(m, n2, n3),

where

n = aOzQB() —afifa —bofe,
N = a?boB1 + afg + 2b1 S f2,
ns = 2b1f2 + 20[21)0.

Since (11, M2, 03) € Syzyys, 1,)(b1, —a, —bo), we have h € M.
Since

uz - ® = h+ g(—apff2, —b181f2, 0),

we have uy3 - ® € M.

We can deform wuqo - @ as

u12 - ® = faps — 2bopg — b1y
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= a2’ — 2abyfoz + ﬁgblyQ + &?Bobr 2 + ob Bryz
=a-(fs—apiz + Biy*z — (B + Bob1)yz — (=55 + afofr)?)
— 2abofoz + Bib1y” + o Bobrz + o’b1 fryz
= afs —aafr2” + afiy’z — aPofryz — afyz + Bibiy”
=afs —aaBz* + d*aby (g3 — boSry* + 2boyz — 2az?)
—afofryz — aByz + Bibry’
= afs + d*abigs — aBiz — (afofi — Bib1)y* + afoPryz
=afs + aBigs + g(—aBy, bofoBi, aBopr).
Thus w19 - P € M.
Let
H := a?boz — B1fay” + fayz — boy’z.
Then

H = a?byz — (az + b1y® — aBry — boy) By + (az + biy® — aBry — boy)yz — boy>z

= &’boz — 2aB1y°z — bi1fryt + aBiy® + boPry® + ayz® + biy’z — 2boy>z

= a®boz — 2aB1y°z — b1 fry(fa + ®y) + aBi(fa + @®y) + boSa(f2 + o®y)
+ ayz® + biz(fa + @®y) + boy’z

= g1 — b1 foz 4+ ®boz — b1 f1y(f2 + o®y) + B (f2 + o®y) + boBi(f2 + a®y)
+brz(f2 + a’y)

= (aBif2 + boBrf2) + (=b1B1f2 + ac® B} + &®boBr) - y + ga
+ g(a?bg, 0, a?by).

Thus H € M.
We can deform wuq1 - ® as

ury - ® = (f7 + boby f2) s + 2aboipg
= fiyz — f2B1y* + bob1 fayz — bob1B1 f2y* + 2aboy®2* — 2aabe By’ ~
— 2ab053y2 — 2a0®byBoz + 2abo P f22
= fiyz - [iBy?
+bo - (h— (—f10? + ac®Bo)z — afiy” — (fa+ acfr)y’z + ay’2?)
— boby B1 f2y* + 2aboy? 2% — 2aabofry*z — 2abo By — 2aa’byBoz
+ 2abof1 foz
=boh + fa- (0?boz — faPry® + fayz — boy?2) + g(2aboBy fa, —bob1B1 f2, 0)
= boh + faH + g(2abof1 fa, —bob1S1f2, 0)
= boh + (af3} fafa + boBr fafs) + (—b1Br fafa + ac® 5T fa + ®boBrfa) - y
+ fa-ga+ fa-g(a®bo, 0, a®b1) + g(2aboB1 f2, —bob1B1f2, 0).

N
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We have

uig - ® = faps + 2007 = a’boz — B1fay® + fayz — boy?z = H,

which implies u1g - ® € M.
We can deform ug - ® as

ug - @ = fps + aby fops + 2apg
= f1y° + aby f2yz — aby By foy?
+ 2a%y?2% — 2a*apry?z — 2a*BRy? — 202’ Boz + 202 By foz
= [7y* + a(h — (= f10® + aa®Bo)z — afgy® — (fa + aafr)y’z + ay®z?)
— ab1 B foy® + 2d%y° 22 — 2By’ 2 — 2a2B§y2 —2a%a%Byz + 242 B fo2
= ah + fa(fay® + a0’z — ay®z) + g(2a°B1 f2, —abi 1 fa, 0).

Since
fay? + ac’z — ay?z
= (az + biy* — aPry — boy)y* + aa’z — ay®z
=biy' — apry® — boy® + aa’z
= b1y(f2 + &®y) — aBi(fz + ®y) — bo(f2 + &*y) + ac’z
= a?fs + b1 foy — aPifo — by f2,
we have

ug - ® = ah + (&% f2 — aBrfofs — bofafs) ¥+ bifofs-y
+ g(2a*B1 fo, —abi B f2, 0).

Thus ug - ® € M.
We can deform ug - ® as

ug - ® = faps + 2ap7
= by* — afiy® — boy® — 2002z
=b1y(f2 + a’y) — aBi(fo + &®y) — bo(f2 + o’y) — 200”2
= —(aprfo+bof2) + (bifo — acd®Bi — &by) -y + o - g(a, by, 0).
Thus ug - ® € M.

We can deform u; - ® as

ur - ® = fipz + 2b7 faips + abipg
= 22 4 202 foyz — 26331 fo® + ab1y?2? — aaby ry?z — aBibiy?
— ac®Bobrz + abi B fo2

N
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= f; —bi(h— (—f1c® + aa250) —aBiy® — (fa+ aaB)y’z + ay’z”)
— 2071 foy® + abry®2” — aabi Br1y’z — aBibry”
— ac®Bob1z + aby By foz

= —bih+ fa(faz — b1z + biy®2) + g(abi By fa, —2b3B1 f2, 0).

Since
faz — a®b1z + biy?z
= (az + b1y* — aBry — boy)z — ab1z + biy’z
= az® + 2b1y®z — afryz + boyz — o’y 2
= a2’ +2(g3 — boPry® + 2boyz — 2a2*) — aBryz + boyz — by z
= —apryz — o’b1z — g3 + b1y’
= —g3 + g(—a’by, —afB} + bof1, —ap),
we have

wy - ® = —bih — f1-g3+ f1-g(—a?by, —aBi +bofr, —aBi)
+g(ablﬂlf27 72b%ﬂ1f27 0)

Thus u7 - ® € M.
‘We have

ug - ® = fapz — bows + aps = gs,

which implies ug - ® € M.
For proving us-® € M, it is enough to show (us+a?Bous+dauy + Biug) - @ €
M (since we already know u; - & € M for all ¢ = 6,7,8). Note that

us + o2 Boug + daur + ﬂgu8

= (aboBif2, —afs, —aPboBo+2dabifa,  bofa + aa? By,
2&68, _b1f27 f4+a2b1)'

So, letting

A= —afsy® + (—a’bofo + 2dab? f2)(yz — Bry”)
+ (bo fo + acBy) (22 — 2B1y2)
+ 2062 (y*z — a’2)
— b1 fayz® + 51922)
B = (fs+ b)) (y*2" — afry’z — Biy* — o*Boz + B1faz),

- -
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we have
(ug + a?Boug + dauy + Biug) - ® = A+ B.

Since f3 = 23 +ap122 — B2y? 2+ (af? + BoB1)yz + (=5 + afo 1)z, we can deform
A as
A= —ay’z® —aafy?2® — bifay2® + (aa®B; — aafofy — bifrf2 )yP2
+ (bofa +aa®By )2*
+ (aBifo — ac®(aBi + BoBi) — a®bofo + 2dabs fo + boBi f2 + ac®Bofr )yz
+ ( &®bofBo — 2dabi fo ) Bry®
- ( a(aB? + BoBi)f2 + 2aa2ﬂg )z
Since f4+a?b; = az+byy? —afry —boy +a?by and y® = fo+ oy, we can deform
B as
B = ay?*2® + o®b1y?2?
+ (b fo — ac®By — by Jyz?
+ (—20°b1 81 — aBif — & Bob1 + b1 f2 )yPz
+ ( —bofa — aa® By )z2
+ (—abiBifo + ad® B} + 2aa”Bof1 + boBo — aBifr — boPif2 )yz
+a?3ihy?
+ (aafBifo + aboBife — a*Bobr + a’biBif2 )z
+ ( =B3bif2 + ac®B3B1 + bofB] )y
+ afBg fo + bo f235.

Thus we can deform the sum A + B as

A+ B= ( —a?B1 — afy )ay22
+ ( —2a%Byby — aaQﬁf — aﬁg )yZZ
+ ( —aa®BoB1 + 2dabi f> — abi Bi fo )y=z
+ (a®boBoBr — 2ab1 35 fo + & B3by )y
+ ( —2a0®B5 — o' Boby + b1 B f2 )z
+ (=Bgbifo + ac®B3B1 + a*boB )y
+ aBgB1f2 + b5 f
= ( —04251 —afo )94
+ (a®Br+afy ) (bifoz+ (aBr +bo)y*z)
+ ( 7204250171 — aaQBf — aﬁg )yzz

T + (—ac®BoB1 + 2dabs fo — abi B f2 )yz
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+ ((a®boBoBr — 2ab1 55 fo + 2 B3by1 )y
+ ( —2a0”B5 — a*Boby + b1 f2 )z
+ (—B3bif2 + ad® B B1 + a®boB )y
+ aBi B2 + b f2
=(—a®B1—afy )ga
+ (—aa®BoB1 + abi B fa )yz
+ (20%boBoB1 — 200181 f2 ) y°
+ ( —2aa?B§ — a*Bobr + 202b1 B1 fo + aBobif2 )z
+ (=B3bifo + ac®B3B1 + a’boB )y
+ aBiB1f2 + b5 f2
= (aB3Bif2 +boB5 f2)
+ (=b1B3 fo + ac®B3B1 + b ) -y
—(®Bi+aby) g
+9(0, @®bofoBr — boBi fa,  —aa’Bofr + abifBifa)
+ g(ac®Bf — a'boB1 — b1 B f2 + afoby fo,
— ac®BoB; — abi B f2 + &®boBoBr + boBi f2,  0).

We obtain (ug + o?Boug + dauy + Biug) - ® € M.
Using

Us — b1u2 - f4U12 = f4(aﬁg7 ﬁgbla 07 07 07 Oa O)
+ f3(a2a ablv 0; 07 07 07 O)a

we can show us - ® € M.
Note that

ug — auz — by fourg — fau1z — by fouss
= fi(a?, apy, 0, 0, 0, 0, 0)
+ fa(aa®Bo, aafBoBi, 0, 0, 0, 0, 0)
+ fo(—aaboBy, —aboBi, 0, 0, 0, 0, 0)
+(0, 0, b3fa+bifafs, —abofo, 0, 0, 0).

Since fi = az + b1y? — aBry — boy, we have

(07 07 b(2)f2 + b1f2f4, _ab0f27 07 07 0) -
= (b3.f2 + b1 f2f4) 5 — abo 26
= —2b2 fayz + 26381 foy?

T + aby foyz® + b1 f2y®z — abi B1 f2y*z — boby foyPz
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— ab1 By foyPz — b Brfay” + abi B3 fay® + bobi B foy®
— abo f22” + 2aboB1 f2yz.
Since aby foy? = b1 fao - ayz® = b1 fa - (ga — b1 foz — (af1 + bo)y?2), y* = fa + @y
and boby foy%2 = by fa - (93 — boB1y? + 2boyz — 2a2?), we have
(0, 0, byfo+bifofs, —abofe, 0, 0, 0)-&
= =205 fayz — by B 2y + b1 faga
+ boby foy®z
+a®b fayz — bi B fy — @*b1Pi fay?
+ ( aby 3% fao + bob1 1 fo )(fz + o?y)
— abo f22” + 2abo By foyz
= =205 fayz — by B f2y” + b1 faga
+bof2 (g3 — boBry® + 2boyz — 2a2?)
+a’b fayz — b1 B fy — 0*b1Pi fay?
+ ( aby 3% fao + bob1 1 fo )(fz + a?y)
— abo f22” + 2abo By foyz
= b1 f2g4 + bo fags — b1 B f3y
+ (ab1 5t fo+ bob1Bifa ) (fo + @y)
+ (BB f2 — &PV B f2 )y
+ (@®bi fo + 2abo S fo )yz
= ((abiB7 f3 + bob1 1 f3 )
+ ((a0®b1 B f2 + a®bob1 B1 f2 — bIB1f5 ) -y
+bof2- g3
+bif2- ga
+9(0, 0351 f2, 2abof: f2)
+9(0, —afobi f2, b} fa).
Thus we have uy - ® € M.

Since uz = —boug + fiu14 and u; = fiug, we can show uz - ®,up - & € M.
This completes the proof of assertion (4) of Thoerem 5.

7. Proof of Theorem 1

In this section, we prove Theorem 1 stated in the Introduction.
We first prove assertion (1) of Theorem 1. Assume that 7 has the form
@. Let o : k[z,y,2] — k[z,y,2] be the triangular automorphism defined by

N

o(f) == 7(f) for all f € k[x,y,z]. Thus o has the form (I) and 8 = 0 (see_
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Subsection 1.2). So, we can use both assertion (1) of Lemma 4 and assertion (1)
of Theorem 5. Then Ker(D?2) = k[z,y, z]. Let y(x,y,2) € klx,y, 2] be the poly-
nomial appearing in @. So, y(z,y,2) € Ker(D?). Using assertion (1) of Lemma
2, we have E, ,(z.4..) € US?(klz,y,z,w]). Since 7 = E, ,(4..), We conclude
3= idg[z,y,2,w)- Similarly, we can prove = idg[z,y,2,w) for 7 having any one of
the forms @, @, @.

We next prove assertion (2) of Theorem 1. Since 7 € U (k[z,y, z, w]), we
can define a k-algebra homomorphism o : k[z,y, z] — klz,y, 2] as o(f) := 7(f)
for all f € k[z,y,2]. Let ¢ := 7(w) —w € k[z,y, z]. By assertion (2) of Lemma
2, we have 0 € U (k[z,y,2]), § € Ker(D2) and 7 = E, s. There exists an
automorphism 1 of k[x,y, 2] such that y=! o & 0 ¢ has one of the forms (I) and
(IT) (see Subsection 1.2). Then one of the following cases (1), (2), (3) and (4) can

occur:
1) 9~ oo o1 has the form (I) and 3 = 0.
2 ) and S # 0.

(
™1 oo 0 has the form (I
(

3) ¢ ~!oo ot has the form (II) and B;(s,t) = 0.

(1)
(2)
(3)
(4) ¥ ~'oo o has the form (II) and B (s, t) # 0.

Corresponding to any one of the above four cases, we already know in Theorem
5 a generating set of Ker(Di,loow). Let U : k[z,y, z,w] — k[z,y, z,w] be the k-
algebra automorphism defined by ¥(z) := ¢(x), U(y) := ¥(y), ¥(z) = ¥(2)

and ¥U(w) := w. By Lemma 3, we have V"1 o7 0¥ = Ey y-1(5 and
Pp=1(0) € Ker(Di,looow). Hence U~! o7 0¥ has one of the forms @, @, ®, @,
as desired.
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