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Abstract

We classify symplectically normal endomorphisms of 4-dimensional complex
symplectic vector spaces with respect to symplectic similarity.

1. Introduction

Let (V,w) be a finite dimensional symplectic vector space over the field C of
complex numbers. It is an interesting problem to classify endomorphisms of sym-
plectic vector spaces with respect to symplectic similarity. Several classification
results of endomorphisms are known for the following cases:

o the self-adjoint endomorphisms: [3], [8],
o the anti-self-adjoint endomorphisms: [1], [6],
e endomorphisms preserving the symplectic form w: [7], [4].

Such endomorphisms are symplectically normal, that is, an endomorphism M
and the symplectic adjoint M*¥ of M are commutative.

In this paper, we investigate the classification of symplectic similarity classes
of symplectically normal endomorphisms of (V,w). We have introduced in [5],
the symplectic characteristic polynomial ¢%,(s,t) of an endomorphism M of V,
whose square is the characteristic polynomial of (M —sE)(M*¥ —sE). We remark
that ¢%,(s,0) is the characteristic polynomial s (s) of M.

Let M be a symplectically normal endomorphism of (V,w). We showed (5,
Proposition 5.1]) that ©%,(s,t) has the form

k
Pr(s,t) = [[{ = 9) (i —s) = t}™, Nm €C

i=1

so that (A; — s)(us —s) # (Aj — s)(p; — s) for ¢ # j. Moreover, we got ([5,
Lemma 5.2]) the symplectically orthogonal direct sum decomposition:
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k k

V=PV, M=FPMm

i=1 i=1

vio ViCVH i

and (V;,w

v,) is a symplectic vector space of dimension 2m;. Here
Vi = (Var(As) N Ve (1)) + (Var (1) 0 Vages (X))

and Vs (\) is the generalized eigenspace of M with an eigenvalue \. Therefore,
to accomplish the classification of symplectically normal endomorphisms, it is
enough to consider the problem on each direct sum component, that is, the case
where

(1.1) Prr(s ) ={(A—s)(p—s) - }"

(see Section 3 for details).

We thus assume that a symplectically normal endomorphism M satisfies the
condition (1.1). If A # p, then Theorem 4.3 shows that the symplectic similarity
class of M is determined by the simultaneous similarity class of two matrices
which are associated with M. In the 4-dimensional case, this allows us to obtain
the classification of such endomorphisms (see Proposition 6.3).

If A\ = p, then ¢p(s) = ¢%,(s,0) = (A — 5)?". This means that M — \E
is nilpotent. Hence, the classification of this case reduces to the classification
of nilpotent endomorphisms. It is easy to classify the case where dimV = 2.
Indeed, if M — \FE is nilpotent, there exists a symplectic basis (e1, f1) such that

M is represented by
Al
0 M)

The 4-dimensional case is given as follows.

Theorem 1.1. Let M, M’ be symplectically normal endomorphisms of V' of
dimension 4. Suppose that N = M — AE, N' = M’ — \E are nilpotent.

(1) There exists a symplectic basis (e1, ea, f1, f2) such that M is represented by

A1 0 b

0 A 0 1 . »

00 o if NN* +£ 0,

00 -1 A

A1 o0 1

0 A 0 0 . o )
00 A o if NN* =0, N? # 0,
00 -1 A
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A0 by by

0 A b3 b4 . *w 2
00 X\ 0 if NN* =0, N“=0
0 0 0 A

where the matriz

_ [ b1 be
b= ( by b )
is one of the following:

0 0 1 0 10 1 1
(00)Coo)lor)lan)
Moreover, the value b, which is denoted by I,(M), in the first 4 X 4 matrix
is independent of the choice of symplectic basis such that M is represented
by the first matriz. For the third 4 x 4 matriz, the congruence class I..(M)
of By is independent of the choice of symplectic basis such that M is rep-
resented by the third matriz.
(2) e Suppose that NN*¥ #£ O and that N'N™* £ O. Then M is symplec-
tically similar to M' if and only if I,(M) = I,(M’).
o Suppose that NN** = O, N2> = O and that N'N"** = O, N'? = O.
Then M is symplectically similar to M’ if and only if I..(M) =
ICC(M/)‘

We remark that the condition NN** = O is symplectic invariant. The con-
dition N? = O is also symplectic invariant.

The paper is organized as follows. In Section 2, we recall the fundamental
facts on symplectic linear algebra and the notion of the symplectic characteristic
polynomial.

In Section 3, we show the decomposition theorem of symplectically normal
endomorphisms and introduce the symplectic invariant in order to proceed the
classification process.

In Section 4, we investigate the case A # p, assuming (1.1).

In Section 5, we investigate the case A = u, assuming (1.1).

In Section 6, we give the classification of symplectically normal endomor-
phisms in dimension 4.

2. Preliminaries

In this section, we recall the fundamental facts on symplectic linear algebra.

Definition 2.1. Let V be a finite dimensional vector space over C. A bilinear
form w of V is said to be symplectic if
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e w is alternating, that is, w(v,v) =0 for all v € V and
e w is non-degenerate, that is, the linear map

WiV SV v w(,)
is an isomorphism.

The set of automorphisms of V' which preserve w is denoted by Sp(V,w).

A symplectic vector space is a vector space equipped with a symplectic form.
Let (V,w) be a symplectic vector space and let dim¢ V' = 2n. By abuse of nota-
tion, we use the same letter V for (V,w).

Definition 2.2. Let W be a subspace of V. We define the symplectically orthog-
onal subspace W by

W ={weV]|wl,w) =0 Ywe W}

The properties of symplectically orthogonal subspaces are showed in [5].
Definition 2.3. Let M be an endomorphism of V. The symplectic adjoint en-
domorphism M*“ of M is the endomorphism of V' defined by

M* = (wb)flM*wb
where M* is the dual map of M.

It is clear that P € Sp(V,w) if and only if P* = P~1.

Definition 2.4.

(1) An endomorphism M of V is said to be symplectically normal if MM*¥ =
M* M.

(2) An endomorphism M of V is symplectically similar to an endomorphism
M’ of V if there exists P € Sp(V,w) such that P~ MP = M’.

Definition 2.5. A basis B = (e1,...,€n, f1,..., fn) of V is said to be symplectic
if

w(eivej) = Oa w(fiafj) = 07 w(ei,fj) = 6ij7 7’;.7 € {17 . .,TL}.

In what follows, we use the notation below. Let M be an endomorphism of
V and B = (v1,...,v2,) be a basis of V.

e The symbol E denotes the identity map and F,, denotes the identity matrix
of size n.

o The symbol AT denotes the transpose matrix of a matrix A.

e The symbol [M]p denotes the matrix representing the endomorphism M with
respect to the basis B.
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e Let P be an automorphism of V. We use the symbol PB for (Puvy, ..., Pva,).
We remark that [P~ MP]g = [M]pp.

It is easy to show the following.
Proposition 2.6.

(1) Let B be a symplectic basis of V and let P be an automorphism of V. Then
PB is a symplectic basis of V' if and only if P € Sp(V,w).

(2) An endomorphism M of V is symplectically similar to an endomorphism
M’ of V if and only if there exist symplectic bases B, B’ such that
[M]p = [M']5.

Let M be an endomorphism of V' and B be a symplectic basis of V. If

= (& b))

where A,,, B,, C,, and D,, are n X n matrices, then

T _ pT
B L N (A R

—CT AT

Here
O E,
Oy = ( A )

A 2n x 2n matrix Py, is said to be symplectic if Q5 PE Qo, = Py 1. The set
of 2n x 2n symplectic matrices is denoted by Sp(2n,C). A matrix Ma, is said
to be symplectically similar to a matrix M}, if there exists Py, € Sp(2n,C) such
that Py, Moy, Py, = Mj,,.

Let B be a symplectic basis of V. It is clear that Sp(V,w) 2 P — [P]g €
Sp(2n,C) is bijective. It is easy to show that an endomorphism M is symplecti-
cally similar to an endomorphism M’ if and only if [M]z is symplectically similar
to [MI]B~

We close this section to recall the notion of the symplectic characteristic
polynomial, which is introduced in [5, Definition 3.3].

Definition 2.7. The symplectic characteristic polynomial ¢%,(s,t) of an en-
domorphism M of V is a polynomial in two variables s,t¢ which satisfies the
following:

e The square ¢%,(s,t)? is equal to det((M — sE)(M** — sE) — tE).
e The coefficient of t" is equal to (—1)™ where dim¢ V' = 2n.

The symplectic characteristic polynomial has the following properties.
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Proposition 2.8. Let M, M’ be endomorphisms of V.

o The polynomial ¢%;(s,0) is the characteristic polynomial par(s) of M.
o If M is symplectically similar to M', then %,(s,t) = % (s,t).

The Proposition 5.1 in [5] shows that
Proposition 2.9. If M is a symplectically normal endomorphism of V', then the
symplectic characteristic polynomial ¢%,(s,t) has the form

n

(s, t) = [T{Ow =) —9) =1}, A, e C.
=1

3. Decomposition theorem

We state the decomposition theorem for symplectically normal endomor-
phisms. Let M be a symplectically normal endomorphism of V' and let the
symplectic characteristic polynomial ¢4, (s,t) be of the form

k
eiu(s,t) = A = 9) (i —s) = 3™, NiypieC

i=1
so that (A; — s)(u; — s) # (A\j — s)(p; — s) for i # j. Then from [5, Lemma 5.2],

we get the symplectically orthogonal direct sum decomposition:

k k

v=@Ppv. M=Pwm

i=1 i=1

Vis V;C‘/jlw lfl#]

and (V;,wly,) is a symplectic space of dimension 2m,. Here
Vi = (VarO\s) 0 Vagreo (1)) + (Var () 0 Vageo (X))
Hence if B; = (ei, ..., efni, i f}n) is a symplectic basis of V;, then
@lel?i = (e%,...7e,1n1,...,e’f,...,efnk,fll,...,f}m,...,ff,... fq‘%)

is a symplectic basis of V. It is clear that the symplectic similarity class [M|y; ]z,
of [M|v,]s, is independent of the choice of symplectic basis of V;. Let I,,(M)

denote a tuple ({Av, i, [M]v, 15,5

Theorem 3.1. Let M and M’ be symplectically normal endomorphisms of V.
Then M is symplectically similar to M' if and only if I,(M) = L, (M').

Proof. Let (V;,B;); and (V/,B}); represent I, (M) and I,,(M’) respectively.
Suppose that there exists P € Sp(V,w) such that M’ = P~ MP. Then V; = PV/
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and PB; is a symplectic basis of V;. Let Pa,, be the 2m; x 2m; matrix which
transforms B; to PB;. Then

M1, = [M

v.lps, = Py [M

Vi]BiP;ﬂ%i'

Hence, we get I, (M) = L,,(M’).
Conversely, we suppose that I, (M) = IL,,(M’). Then there exist 2m; x 2m;
symplectic matrices Pa,,, such that

mi it 2my”

(M1, = Py, [M]v,]5, Py

Let P, B; be the basis of V; transformed B; by Pap,. Then B = @F_ | Po,,, B;
is a symplectic basis of V. We define P € Sp(V,w) by &% B = PB. Then
M' = P~ MP. O

The symplectic characteristic polynomial of M|y, is {(A; — s)(u; — ) — t}™.

Hence, to achieve the classification of symplectic similarity classes of endomor-
phisms, it is enough to consider the case where ¢%,(s,t) = {(A —s)(1 — s) — t}".

4. The case where \ # u

Let M be a symplectically normal endomorphism of V' which satisfies (1.1).
We study the symplectic similarity class of M under the condition A # p.

Lemma 4.1. Let M be a symplectically normal endomorphism of V. Suppose
that

Phr(st) ={A=s)(p—s) - t}", A#Fp

Then we have the following.

(1) Var(A) = Ve (1), Var () = Varee (A).

(2) There exists a symplectic basis B = (e1,...,en, f1,---, fn) of V such that
(e1,...ren) (resp. (fi,..., fn)) is a basis of Var(\) (resp. Var(p)). In
particular,

_( A O T _ pT

Mg = < 0 D, ), An,D, =D, A,.

(3) The simultaneous similarity class (An, DE) of two commutative matrices
A, DT is independent of the choice of symplectic basis which satisfies the
condition in (2).

Proof. It follows from Lemmas 5.2, 2.4 and 2.6 in [5] that there exists a sym-
plectic basis B = (e1,...,en, f1,..., fn) such that (eq,...,e,) (resp. (f1,..., fn))

is a basis of Vas(A) N Vagew () (resp. Var(p) N Vi (A)). From the fact that
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dime Vas(\) = dime Vi () = dime Vagew (A) = dimge Vageo (1) = n,

we get (1) and (2). Since M is symplectically normal, we get A, DI = DL A,,.
Take another symplectic basis B' = (e},...,e, fi,..., f;) such that
(el,...,el) (vesp. (f1,-..,[f})) is a basis of Vas () (vesp. Vas(u)). Let

(% 8)

We define P € Sp(V,w) by B’ = PB. Then [M|g = [P]z"'[M]s[P]s. Since (A, —
AE,)" = (Al — AE,)"™ = O, we have

P (0 o,y )= (0 0, amy ) 1P

This implies that

Qu(D!, — AE,)" = (D,, — A\E,)"R,, = O

L)

Since (D,, — AE,)"™, (D), — AE,)™ are invertible matrices, we get @, = R, = O.
From the fact that [P]s is a symplectic matrix, we obtain S,, = (P;1)7. Hence,
we conclude that (A,, DTI) = (A, D!T). O

where

The simultaneous similarity class (A,, D) is determined by the ordered pair

(A, ). Let Igse(M, (A, 1)) denote (A, DI).
Remark 4.2.

olf (e1...,en, f1,..., fn) is a symplectic basis, then (—f1,...,—fn,€1,...,€n)

is also a symplectic basis. Therefore, if Iss.(M, (N, 1)) = (A, DT), then
Lsse(M, (p, A)) = (DnvAg)-
e Let (A, D,) a pair of two n X n matrices which represents the simultaneous

similarity class Igsc(M, (A, p)). Then there exists a symplectic basis B such

that
A, O
= (5 5y )

Theorem 4.3. Let M and M’ be symplectically normal endomorphisms of V.
Suppose that

Pir(s,t) = @i (s, ) ={(A=s)(u =) =1}", A # p.
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Then M is symplectically similar to M' if and only if
Lose(M, (N, 1)) = Lsse(M', (X, 1))

Proof. Since [P~ MP]g=[M]pp for P€Sp(V,w), we get Iss.(P~1MP, (X, pn)))=

ISSC(M, ()‘aﬂ))~
We assume that Isso(M, (A pn)) = Lgse(M', (A, 1)), Let Igse(M, (A p)) =

(A, DT) and Ieo(M', (N, 1)) = (A’n, D'T). Then there exists an n x n invertible
matrix P, such that P, 1A, P, = A/, P,'DI P, = D!T. Suppose that symplectic
bases B, B’ satisfy that

ms= (g o ) we=(5 5 ).

Define P € Sp(V,w) by

Then M’ = P~1MP. O

5. The case where A\ = p

Let M be a symplectically normal endomorphism of V' satisfying (1.1) as in
Section 4. We assume that A = . Then

pr(s) = @ir(s,0) = (A — 5)™",

which implies that NV = M — AF is nilpotent. We study the symplectic similarity
class of N. The 2-dimensional case is given as follows.

Lemma 5.1. Let dimc V' = 2 and let N be a nilpotent endomorphism of V. If
N # O, then there exists a symplectic basis (e1, f1) such that N is represented by

0 1
0 0/
Proof. There exists a symplectic basis (e1, f1) such that Ne; = 0. Since N is

nilpotent and N # 0, we get N f; = be; and b # 0. Then (\/l;el,\/l;_lfl) is a
symplectic basis which is desired. O

Next we study the 4-dimensional case.

Lemma 5.2. Let dimc V =4 and let N be a symplectically normal and nilpotent
endomorphism of V.. Then there exists a symplectic basis B such that
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0 a9 bl b2

[ 0 0 b3 by
Ns=149 0 0o o
0 0 —a9 0

Proof. Since N is symplectically normal, there exists a vector v such that
Nv = 0, N*“v = 0. Let B = (e1,ea, f1, f2) be a symplectic basis such that
e1 = v. Then

0 a9 b1 b2

. 0 aq b3 b4
Ne=119 o o o
0 Cq d3 d4

This implies that the characteristic polynomial of N is t?{(ay —t)(dy —t) — c4dy}.
Since N is nilpotent, the matrix

a4 b4

Cy d4

is nilpotent. Hence, it follows from Lemma 5.1 that there exists a symplectic
matrix (p;;) such that

(pij) ™" ( Cclz Zi )(pij) = ( 8 % )

We define the endomorphism P by

1 0 0 O

_ 0 pi1 0 pio

Pls=14¢9 0 1 o

0 pa1 0 poo

Then P € Sp(V,w) and

0 ag b1 bg 0 as bl b2
_ 1 _ —1 0 a4 b3 b4 _ 0 0 b3 bél
0 Cq4 d3 d4 0 0 d3 0

Since N is symplectically normal, we get (as+ds)b) = 0. Suppose that as+ds # 0.
We define @ € Sp(V,w) by

1 0 0 O

10 @ 0 gt
Qls=| 4, o 1 o
0 —g» 0 0
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where
g1 =ba—b3, q2=ay+ds.
Then
0 ay by be 0 —ay b b
QP NPQs = | 0 0 % 0 as=] 0 0 B0
0 0 d3 O 0 0 a4, O
where
ah = asbs + bads, by =as(az +ds), by = —ds(az +ds).
Hence, PQB is a symplectic basis which is desired. O

Lemma 5.3. Let dimc V =4 and let N be a symplectically normal and nilpotent
endomorphism of V.

(1) There exists a symplectic basis B such that

[Nl =

o O O O
o O O
o O O
SO = o

if and only if NN*“ # O.
Moreover, we get N + N** + bNN* = O. In particular, the value b is
independent of the choice of symplectic basis such that N is represented by
the matriz above.

(2) There exists a symplectic basis B such that

01 0 1

00 0 O

Wis=1060 0 o

0 0 -1 0

if and only if NN** = O and N? # O.
(3) There exists a symplectic basis B such that

0 0 b by

| 0 0 b3 by

Nis=1060 0 o

00 0 O

if and only if NN** = O, N? = O.
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Proof. The only if parts of three cases are clear. We prove the case (3) in the
next lemma.

From Lemma 5.2, we can assume that there exists a symplectic basis B such
that

0 a9 bl b2
|1 0 o0 bs by
V=149 0 0o o
0 0 —ay O
An easy calculation shows that
0 0 0 —CL2b4 0 0 ag(bg—bg) a2b4
*w _ 0 0 a2b4 0 2 _ 0 0 —azb4 0
NN =1 o o 0 s =g 0 0
0 0 0 0 0 0 0 0

Hence, in both cases (1) and (2), we get ag # 0. We define P € Sp(V,w) by

aa 0 0 O
0O 1 0 O
Plg = _
7] 0 0 a;' 0
0O 0 0 1
Then
0 1 a2_2b1 a;le
1 _ 0 0 a2 1b3 b4
PENPls =1 o 7y 0
00 -1 0
We define @ € Sp(V,w) by
10 0 —ay %
. 0 1 —0Qy 2b1 —Cl2_1b3
Qls=| o o 1 A
0 0 0 1
Then
0 1 0 a;l(bg - bg)
. oo o by
(PR NPQIs=1| o | 0
0 0 —1 0
For r € C — {0}, we define R(r) € Sp(V,w) by
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=10 0 0
0 1 00
BOls=1 o o 4+ o
0 0 0 r
Then
0 1 0 a5 (by—b3)r?
1 oo o byr?
(PQR(r)) " NPQR(r)ls=| o | 0
00 -1 0

(1). We assume that NN*“ % O. Then by # 0. Hence

01 0 b
(5.1) [(PQR(r)) "' NPQR(r)]5 = 88 8 (1)
0 0 -1 0

where r = /b " and b= a5 *(ba — b3)b; *. From this representation, we get
N+ N* 4+ DNN* = 0.

The condition NN*¥ £ O implies that the value b is independent of the choice
of symplectic basis such that N is represented by the matrix in (5.1).
(2). If NN** = O and N2 # O, then by = 0 and aa(by — bs) # 0. Hence,

01 0 1
. oo o0 o
(PQR() " NPQRIYs= | o 0 U
00 -1 0
where r = \/az(by — b3) "L O

Lemma 5.4. Let dim¢V = 2n and let M be an endomorphism of V. Set
W =Ker M NKer M**. Then the following are equivalent.

(1) M2 =0, MM* =0, M**M = O.
(2) Wte cw.
(3) There exists a symplectic basis B such that

[M]B<g BOn)

Here B,, is an n X n matrix such that



14 K. Ichizuka

(5.2) B, = < g g > , Ker D NnKer DI = {0}
k

where Dy, is a k x k matriz and k = dime W+
Proof. (1) = (2). The condition (1) implies that
ImM cCc Ker M, ImM*™ Cc Ker M*, ImM C Ker M**, TIm M** C Ker M.

Hence, we get
Im M* +TIm M C Ker M N Ker M™**.

Therefore, we conclude that

(Ker M N Ker M**)* = (Ker M) 4 (Ker M**)1*
=ImM* +Im M
C Ker M N Ker M™**.

(2) = (3). Since Wt* <C W, there exists a symplectic basis
(e1y...y€ny f1,-.., fn) such that (e1,...,en, f1..., fa—r) is a basis of W. This
means that (3) holds.

It is clear that (3) implies (1). O

Theorem 5.5. Let dimc V' = 2n and let N, N’ be endomorphisms of V.. Suppose
that there exist symplectic bases B, B’ such that

(8 ). o= (5 %)

where B,,, B;, are n x n matrices and Dy, D;, satisfy the condition (5.2). Then
the following are equivalent.

(1) Dy is congruent to Dj..
(2) B, is congruent to B},.
(3) N is symplectically similar to N'.

Proof. 1t is clear that (1) implies (2).
(2) = (3). We assume that there exists an n x n invertible matrix P,, such
that PI'B,, P, = Bl,. We define P € Sp(V,w) by

[P}B=<(P@1 5 )

Then N’ = P"INP.
(3) = (1). We assume that there exists P € Sp(V,w) such that N/ =
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P~ INP. Then
Qon[N']5 = Qan[P]5[N]5[Pls = [P]5Q2n[N]5[P]s,

which means that Qs,[N]g is congruent to Qs,[N’]z. Since

O 0] O 0]
anmg:(o o ) an[N’}Bz(O o )

there exists a k£ x k£ matrix P, such that D; = P,;*FDkPk. From the fact that
Ker Dj, N Ker D} = {0}, we conclude that det Py # 0. O

Remark 5.6. The classification of congruence classes is already known (see [2]
and reference therein).

6. Classification of symplectically normal endomorphisms

By using the results mentioned in the previous sections, we classify sym-
plectically normal endomorphisms of V' when dim¢ V' < 4. We first state the
2-dimensional case.

Proposition 6.1. Let dimcV = 2 and let M be an endomorphism of V. Then
there exists a symplectic basis such that M is represented by

A0 or Al
0 n 0 X )
Proof. If X\ # p, then it follows from Lemma 4.1. If A = y, then it follows from

Lemma 5.1. O

The 4-dimensional case is given as follows.

Theorem 6.2. Let dim¢cV =4 and let M be a symplectically normal endomor-
phism of V.. Suppose that the symplectic characteristic polynomial ¢%;(s,t) has
the form

Par(s: ) = {( =) (1 —s) = tH{{(ha = s)(p2 — s) — t}.

(1) If (M — 8)(1 — s) # (A2 — 5)(u2 — ), then there exists a symplectic basts
such that M is represented by one of the following matrices:

M 0O 0 0 M 0O 1 0
0 A 0 O 0 A 0 O
0 0 m O |’ 0 0 XN 0|
0 0 0 p 0 0 0 u
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M 0 0 0 A0 1 0
0 A 0 1 0 X 0 1
0 0 m O 'l 0 0 X 0
0 0 0 X 0 0 0 X

(2) If (M —s)(u1—5) = (Aa—38) (2 —8), A1 # p1, then there exists a symplectic
basis B such that

M 0O 0 0
0 A 0 0 | ... .

Ma=| o o | dm Va0 =2 dim Vi) =2
0 0 0
M 1 0 0
0 A 0 0 | ... .

[M]p = 0 01 b 0 if dim V(A1) =1, dim Vas(pr) =2,
0 0 w
M 0O 0 0
0 A 0 0 | ... .

[M]g = 0 01 0 if dim Vas(A) = 2, dim Vs (u1) = 1,
0 0 1 M1
M1 0 0
0 A 0 0 | ... .

Ms=| o o u o | #AmVsO) =1 dimVag(e) = 1.
0 0 d3 m

Moreover, the value ds in the fourth matriz is independent of the choice of
symplectic basis such that M is represented by the fourth matriz.
(3) If A1 = Ao = p1 = pa, then there exists a symplectic basis B such that

A1 0 0
_ 0 )\1 O 1 . *W
Ms=| o 0 s o | #NNE#O,
0o 0 -1 X\
A 10 1
o x 0 o0 ‘ o 5
[M]B_ 0 0 )\1 0 ZfNN _O:N #O;
0 0 -1 X
M0 b b
- 0 )\1 b3 b4 - *W 2 _
Ms=1 o 0 x o if NN** =0, N>=0
0 0 0 M\
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where N = M — M E and the matriz

(b1 b
B2_<53 b4>

is one of the following:

)

¢

0
0

1 0
0 0

)0

)

1 1
0 by )~
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Moreover, the value b in the first matriz is independent of the choice of

symplectic basis such that M is represented by the first matriz. For the

third matriz, the congruence class of Bs is independent of the choice of

symplectic basis such that M is represented by the third matriz.

Proof.

orthogonal direct sum decomposition:

V=V&V,,

M:M|VI@M|V2.

(1). If (A1 —s)(1 — 8) # (A2 — 8)(p2 — ), then we get the symplectically

Hence, from Proposition 6.1, there exist symplectic basis (e1, f1), (e2, f2) of Vi,

V5 such that

[M]y,]

[Mv,]

o
o

A0
0 m
Ao 0
0 p2

or )\1

0 A
or )\2

0 A

)
).

Therefore, (e1, ea, f1, f2) is a symplectic basis which is desired.

(2). Let Iyso(M

s (A ) =

(A27 g)

have A, DI = DT A,. Hence, the simultaneous similarity class (As, D

((5
((%
((%
((%

(3). The case where NN*“ # O and the case where NN** = O, N? # O are
follow from Lemma 5.3. By Lemma 5.4, there exists a symplectic basis B such

) (
)
)
)

M1
0

M1
0

H1
0

M1
0

M1

)
)
)
)

) if dim Vi (Ay) =

> if dim V(A1) =
> if dimVy(\1) =

> if dimVy (A1) =

2, dim Vs (p1) =
, dim Vs (pg) =
dim VM(,Ul) =

dim VM(ul) =

2,

2,

L,

1.

Since M is symplectically normal, we
T is repre-
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that
N0 b by
I U Y !
Mls=| ¢ N0
0 0 0 N\

From [9, Corollary 2], the distinct congruence classes of 2 X 2 matrices are repre-

Co0)Coo)(ov) (o)

Hence, by theorem 5.5 and the item (2) in Proposition 2.6, we get the conclu-
sion. U

sented by

Proposition 6.3. Let dim¢cV = 4 and let M, M’ be symplectically normal en-
domorphisms of V.

(1) If there exist symplectic bases B, B’ such that

A 10 0 A 10 O
0 M 0 0 , 0 M O 0
Mg = Mg =
[M]s 0 0 m 0 | [M']5 0 0 m 0 |
0 0 d3 H1 0 0 dé M1

and Ay # i, then M is symplectically similar to M’ if and only if d3 = dj.
(2) If there exist symplectic bases B, B’ such that

N o100 b N o100

0 N 0 1 P VB VRN B
Mls=| ¢ 7 N0 (Ms = o N0 ]

0 0 —1 N\ 0 0 -1 X\

then M is symplectically similar to M’ if and only if b=1V'.
(3) If there exist symplectic bases B, B’ such that

MO0 b by MO0 b
0 A b3 by , 0 M A A

M = M ;=

(M]3 0 0 N o0 |’ [M'] o 0 x o0 |’
0 0 0 M 0 0 0 M\

then M is symplectically similar to M’ if and only if

b by b, b,
by by )’ b, b,

are congruent.



CLASSIFICATION OF SYMPLECTICALLY NORMAL ENDOMORPHISMS OF 4-DIMENSIONAL SYMPLECTIC VECTOR SPACES 19

Proof. The cases (1), (2) follow from the item (1) in Proposition 2.6. The case
(3) follows from Theorem 5.5. O
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