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Abstract

We describe explicitly the second term in the asymptotic expansion of the point-

wise trace of the heat kernel associated with the Kohn-Rossi Laplacian on a contact

Riemannian manifold.

0 Introduction

Let M be a compact manifold of dimension 2n+1 equipped with a contact Rieman-

nian structure (θ, ξ, g, J) consisting of a contact 1-form θ, the associated Reeb vector

field ξ (i.e., θ(ξ) = 1, Lξθ = 0), a Riemannian metric g and a (1, 1)-tensor field J called

an almost complex structure which satisfy g(ξ,X) = θ(X), g(X, JY ) = −dθ(X,Y ) and

J2X = −X + θ(X)ξ for any vector fields X, Y . In this paper we adopt such a notation

as dθ(X,Y ) = X(θ(Y )) − Y (θ(X)) − θ([X,Y ]). To express tensor fields and differ-

ential forms locally, we will use a local unitary frame ξ• := (ξ0, ξ1, . . . , ξn, ξ1̄, . . . , ξn̄)

(ξ0 = ξ, Jξα = iξα, ξᾱ = ξα, g(ξα, ξβ̄) = δαβ , 1 ≤ α, β ≤ n) and its dual frame

θ• := (θ0, θ1, . . . , θn, θ1̄, . . . , θn̄) (θ0 = θ). The subbundle spanned by ξ1, . . . , ξn will be

denoted by H1,0M . On the contact Riemannian manifold M = (M, θ, ξ, g, J), let us

consider the Kohn-Rossi Laplacian

□H = ∂̄∗
H ∂̄H + ∂̄H ∂̄∗

H

acting on (p, q)-forms. The differential forms φ which are described locally as
∑

θIK̄ ·φIK̄

(I = (0 < i1 < i2 < · · · < ip), etc., θ
IK̄ := θi1 ∧ · · · ∧ θip ∧ θk̄1 ∧ · · · ∧ θk̄q) are called

(p, q)-forms, which gather together into the space Ωp,qM . For a (p, q)-form φ, ∂̄Hφ is
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defined to be the (p, q+1)-component of the exterior derivative dφ. The formal adjoint

of ∂̄H is denoted by ∂̄∗
H .

Let us assume 0 < q < n, under which □H is hypoelliptic ([4, Remark 2.2(1)]). Then,

according to [4, Theorem 2.1], the initial value problem( ∂

∂t
+□H

)
ϕ = 0, lim

t→0
ϕ(t) = φ (φ ∈ Ωp,qM)(0.1)

has a unique fundamental solution or heat kernel e−t□H (P, P ′). This is a smooth double

form on M ×M parameterized smoothly by t ∈ (0,∞), described locally as

e−t□H (P, P ′) =
∑

θIK̄(P )⊠ θĪ
′K′

(P ′) ·
(
e−t□H

)(IK̄)(I′K̄′)
(P, P ′),(0.2)

and the (p, q)-form∫
M

e−t□H (P, P ′) ∧ ⋆gφ(P
′)

=
∑

θIK̄(P ) ·
∫
M

dVg(P
′)
(
e−t□H

)(IK̄)(I′K̄′)
(P, P ′)φI′K̄′

(P ′)

is a solution of (0.1), where we set dVg = θ ∧ (dθ)n/n!. Furthermore, [4, Theorem 2.3

and (5.12)] (see also (1.9), (1.10)) says that the pointwise trace tr e−t□H (P 0, P 0) :=∑
I,K

(
e−t□H

)(IK̄)(I′K̄′)
(P 0, P 0) is asymptotically expanded as

tr e−t□H (P 0, P 0) ∼
∞∑
k=0

t−(n+1)+kak(P
0)

when t → 0, and, in particular,

a0(P
0) =

(
n

q

)(
n

p

)∫ ∞

−∞
dsΦn−2q(s), Φn−2q(s) :=

e−(n−2q)s

(2π)n+1

( s

sinh s

)n
.

Note that Φn−2q(s) is rapidly decreasing.

These assertions were first ascertained by Folland-Stein [2], Stanton-Tartakoff [6] in

the case where J is integrable (i.e., [Γ(H1,0M),Γ(H1,0M)] ⊂ Γ(H1,0M)), that is, M is a

strictly pseudoconvex CR manifold. In [4], the second author of this paper showed that

their results still hold even if the integrability condition is ignored. In fact, his research

was mainly focused on presenting a new method of describing the coefficients ak(P
0)

(and its every differential) explicitly. Indeed, by using only a basic knowledge of calculus

added to the formula [4, Theorem 5.3], the coefficients can be described explicitly up to

an arbitrarily high order. As an example, he offered the concrete description of a1(P
0)

in the case J is integrable ([4, Corollary of Theorem 5.3]). The amount of calculation is

rather considerable. With the aid of Mathematica, we wish to present here its concrete

description with no restriction on J .
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We consider the smooth function S(t, s) = tanh ts
2s on (0, 1)× R (∋ (t, s)) and set

Φ1(s) =

∫ 1

0
dt

s S(1− t, s)S(t, s)

S(1− t, s) + S(t, s)
=

s

sinh s

s cosh s− sinh s

4s2
,

Φ2(s) =

∫ 1

0
dt

( s S(1− t, s)S(t, s)

S(1− t, s) + S(t, s)

)2
=

( s

sinh s

)2 2s cosh 2s− 3 sinh 2s+ 4s

64s3
.

Note that the functions Φj(s) (j = 1, 2) and s−2Φ2(s) are smooth and bounded on R,
and the functions Φn−2q(s)Φj(s), Φ

n−2q(s)s−2Φ2(s) are rapidly decreasing.

Theorem 0.1 We have

a1(P
0) =

n∑
α,β=1

Rᾱαβ̄β(P
0) ·

{(n− 1

q − 1

)(
n− 1

p

)
(0.3)

+
((n− 1

p− 1

)
−

(
n− 1

q − 1

))(1
2
+

∫ ∞

−∞
dsΦn−2q(s)Φ1(s)

)
+

(
n

q

)(
n

p

)∫ ∞

−∞
dsΦn−2q(s)

(4Φ2(s)

3
− 1

12

)}
+

n∑
α,β,γ=1

∣∣Nαβγ(P
0)
∣∣2

×
(
n

q

)(
n

p

)∫ ∞

−∞
ds

Φn−2q(s)

16

(Φ1(s)− Φ2(s)

12
+

3Φ2(s)

16s2
− 5

48

)
,

where RABCD denotes the curvature coefficient of the hermitian Tanno connection ∇
(refer to §.1) and NABC denotes the Nijenhuis coefficient associated with J . Namely, we

set RABCD = g(F (∇)(ξC , ξD)ξB, ξA) (F (∇)(X,Y ) := [∇X ,∇Y ]−∇[X,Y ]) and NABC =

g([J, J ](ξB, ξC), ξA) ([J, J ](X,Y ) := [JX, JY ]− [X,Y ]− J [JX, Y ]− J [X, JY ]). We put(
n−1
p−1

)
= 0 when p = 0.

The almost complex structure J is integrable if and only if Nαβγ(P
0) vanishes for all

α, β, γ ∈ {1, . . . , n} and all P 0 ∈ M , and the hermitian Tanno connection ∇ coincides

with the Tanaka-Webster connection ([1, §.1.2]) when J is integrable. Hence, the above

result is certainly consistent with [4, Corollary of Theorem 5.3].

In §.1 we recall the method of describing a1(P
0) and, in §.2 we will draw the de-

scription (0.3). From now on, to simplify the description, we assume that the Greek

indices α, β, . . . always vary from 1 to n, the block Latin indices A, B, . . . vary in

{0, 1, . . . , n, 1̄, . . . , n̄} and the symbol
∑

may be omitted (in an unusual manner).

1 The formula for the asymptotic coefficients

In [4], on the basis of adiabatic expansion theory ([3]) he developed the method of

describing the asymptotic coefficients explicitly, which will be reviewed briefly in this

section.
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The connection ∗∇ introduced by Tanno ([7]), which is defined by

∗∇XY = ∇g
XY − 1

2
θ(X)JY − θ(Y )∇g

Xξ + (∇g
Xθ)(Y )ξ,

will be widely used in studying the contact Riemannian structure. Its hermitian part

∇XY =


∗∇X(fξ) : Y = fξ,

1

2
(∗∇XY − J ∗∇XJY ) : Y ∈ Γ(ker θ),

called the hermitian Tanno connection, was adopted in [4], however. (Note that the

two connections and the Tanaka-Webster connection coincide with each other when

J is integrable.) Certainly we have ∇J = 0 and the Kohn-Rossi Laplacian has the

Weitzenböck-type formula ([4, Proposition 1.3])

□H = −
∑(

∇ξα∇ξᾱ −∇∇ξαξᾱ

)
−

√
−1 q∇ξ(1.1)

−
∑

F (∇)CD(ξᾱ, ξβ) · θᾱ∧ θβ̄ ∨ θC̄∧ θD̄ ∨ (acting on Ωp,qM),

where we set F (∇)(ξᾱ, ξβ)ξD = ξC · F (∇)CD(ξᾱ, ξβ) and θᾱ∧, θᾱ ∨ (= ιξᾱ = ξᾱ⌟) denote
their exterior, interior products, respectively. We may assume that the pair of indices

(C,D) above runs only over the set of pairs (γ, δ), (γ̄, δ̄) (1 ≤ γ, δ ≤ n).

We want to introduce another merit of adopting ∇ ([4, Proposition 2.4]). Let z =

(z0, z1, . . . , zn) or z• = (z0, z1, . . . , zn, z1̄, . . . , zn̄) (zᾱ := zα) be the ∇-normal coordinates

centered at P 0 defined by exp∇(ξ•(P
0) · z•(P )) = P , which, we assume, are related to

the real ∇-normal coordinates x = (x0, x1, · · · , x2n) as z0 = x0, zα = (xα + ixn+α)/
√
2.

Further, let the unitary frames ξ•, θ
• be ∇-parallel along the ∇-geodesics sz (s ≥ 0)

from P 0. Then, as to the connection forms given by ∇ξβ = ξα · ωα
β , we have the formal

series expansion

ωα
β (∂/∂zA) = −

∞∑
ℓ=1

ℓ

(ℓ+ 1)!

∑
zA1 · · · zAℓ

∂ℓ−1F (∇)αβ(∂/∂zA, ∂/∂zA1)

∂zA2 · · · ∂zAℓ

(0),(1.2)

where we put ∂/∂z0 = ∂/∂x0 and ∂/∂zα = (∂/∂xα − i∂/∂xn+α) /
√
2. Moreover, let us

set

ξA =
∑

VBA ∂/∂zB, θA =
∑

V BA dzB, hence V• =
t(V •)−1.(1.3)

Then, we have the formal series expansion

V BA(z) = δBA +

∞∑
ℓ=1

ℓ

(ℓ+ 1)!

∑
zA1 · · · zAℓ

∂ℓ−1T (∇)AA1
(∂/∂zB)

∂zA2 · · · ∂zAℓ

(0)(1.4)

+

∞∑
ℓ=2

ℓ− 1

(ℓ+ 1)!

∑
zA1 · · · zAℓ

∂ℓ−2F (∇)AA1
(∂/∂zA2 , ∂/∂zB)

∂zA3 · · · ∂zAℓ

(0),
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where we set T (∇)(ξC , ∂/∂zB) = ξA · T (∇)AC(∂/∂zB).

From now on, the unitary frames ξ•, θ
• are always assumed to be ∇-parallel and the

coordinates z are ∇-normal centered at P 0. So are the frames in the expression (0.2) of

e−t□H (P, P ′) = e−t□H (z, z′) (z := z(P ), z′ := z(P ′)). Next, let us introduce the notion

of adiabatic expansion of □H at P 0 ([4, Proposition 5.2]).

We will transform a neighborhood of P 0 by the diffeomorphism ιε : z 7→ ιε(z) :=

(εz0, ε
1/2z1, . . . , ε

1/2zn) (ε > 0), which induces a new contact Riemannian structure

(θ•(ε), ξ
(ε)
• , g(ε), J (ε)) := (ι∗εθ

•
ε , ι

∗
εξ

ε
•, ι

∗
εg

ε, ι∗εJ
ε) with θAε := ε−|A|H/2θA, ξεA := ε|A|H/2ξA,

gε :=
∑

θAε ⊗ θĀε , J
εξεα := iξεα, where we set |A|H = 2 if A = 0 and |A|H = 1 if A ̸= 0.

Obviously (1.3) produces

ξ
(ε)
• = (∂/∂z•) · V (ε)

• , V
(ε)
BA(z) = ε(|A|H−|B|H)/2VBA(ιε(z)),

θ•(ε) = (dz•) · V •
(ε), V BA

(ε) (z) = ε(|B|H−|A|H)/2V BA(ιε(z)).
(1.5)

To the structure (θ•ε , ξ
ε
•, g

ε, Jε) the Kohn-Rossi Laplacian □ε
H := ε□H and the hermitian

Tanno connection ∇ε := ∇ are attached. These for the structure (θ•(ε), ξ
(ε)
• , g(ε), J (ε)) are

□(ε)
H := ι∗ε□ε

H , ∇(ε) := ι∗ε∇ε. The coordinates z are the ∇(ε)-normal coordinates centered

at 0 with (∂/∂z•)0 = ξ
(ε)
• (0) and ξ

(ε)
• , θ•(ε) are ∇

(ε)-parallel along the ∇(ε)-geodesics from

P 0.

A neighborhood of P 0 equipped with these tools is roughly approximated by a neigh-

borhood of the origin in the Heisenberg group Hn = (R × Cn, z) which is a typical

contact Riemannian manifold. We will describe Hn briefly to adjust the notation. This

is a Lie group with the group action zz′ = (z0 + z′0 + Im
∑

zαz
′
ᾱ, z1 + z′1, . . .), and

has a contact 1-form θH = dz0 + dzβ · zβ̄ −i
2 + dzβ̄ · zβ i

2 and the Reeb vector field

ξH = ∂/∂z0. We set ξHβ = ∂/∂zβ + ∂/∂z0 · zβ̄ i
2 , which satisfy θH(ξHβ ) = 0 and canon-

ically provide an almost complex structure JH . Note that the dual frame of ξH• is

θ•H = (θH , dz1, . . . , dz1̄, . . .). These equipments, together with the metric gH defined by

gH(X,Y ) = θH(X)θH(Y ) + dθH(X, JHY ), provide a contact Riemannian structure to

Hn, which, compared the results in Lemma 2.2, certainly approximates the structure

of M near P 0 roughly. Note that JH is integrable and the Kohn-Rossi Laplacian is

simplified down to

L = −
∑

ξHα ξHᾱ −
√
−1 q ξH (acting on Ωp,qHn).

Further, by [5] (also refer to [4, Lemma 2.6]), if −n < n− 2q < n, i.e., 0 < q < n, then

the initial value problem (0.1) on Hn (φ ∈ Ωp,q
0 Hn) has a unique fundamental solution

rH(t, z, z′) =
∑

θIK̄H (z)⊠ θĪKH (z′) · rn−2q
t (z′−1z),
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where, putting z = (z0, z▲), we set

rn−2q
t (z) =

∫ ∞

−∞
ds e−is·(2z0/t)Φn−2q

t (s, z▲)

:=
1

(2πt)n+1

∫ ∞

−∞
ds

( s

sinh s

)n
exp

(
− is

2z0
t

− |z▲|2s
t tanh s

− (n− 2q)s
)
.

Note that Φn−2q
1 (s, 0) = Φn−2q(s).

We consider then the transformation from a neighborhood of the origin to a neigh-

borhood of P 0

Iε : Ω
p,qHn

∼= Ωp,q(M, θ(ε)),
∑

θIK̄H (z) · φIK̄(z) 7→
∑

θIK̄(ε) (z) · φ
IK̄(z),

which induces the differential operator □(ε) = I∗ε□
(ε)
H (:= I−1

ε ◦ □(ε)
H ◦ Iε) called the

adiabatic Kohn-Rossi Laplacian at P 0. By setting ∇(H,ε) = I∗ε∇(ε), ξ
(ε)
• = I∗ε ξ

(ε)
• , etc.,

(1.1) provides the formula

□(ε) = −
∑(

∇(H,ε)

ξ
(ε)
α

∇(H,ε)

ξ
(ε)
ᾱ

−∇(H,ε)

∇(ε)

ξ
(ε)
α

ξ
(ε)
ᾱ

)
−

√
−1 q∇(H,ε)

ξ(ε)

−
∑

F (∇(ε))CD(ξ
(ε)
ᾱ , ξ

(ε)
β ) · θᾱH∧ θβ̄H ∨ θC̄H∧ θD̄H ∨ (acting on Ωp,qHn),

where

∇(H,ε)

ξ
(ε)
A

= ξ
(ε)
A +

∑
ε|A|H/2ωB̄

C̄ (ξA)(ιε(z)) · θ
B
H ∧ θCH ∨ ,

∇(ε)

ξ
(ε)
α

ξ
(ε)
ᾱ =

∑
ξ
(ε)

β̄
· ε1/2ωβ̄

ᾱ(ξα)(ιε(z)),

F (∇(ε))CD(ξ
(ε)
ᾱ , ξ

(ε)
β )(z) = ε2/2F (∇)CD(ξᾱ, ξβ)(ιε(z)).

Recalling (1.2), (1.4) and (1.5), we know that □(ε) can be extended smoothly up to

ε1/2 = 0 and has the formal series expansion

□(ε) =
∞∑

m=0

εm/2□m/2, □0/2 = L

called the adiabatic expansion of □H at P 0, whose coefficients are described as

□m/2 =

|B|=0,1,2∑
2+|C|H=|B|H+m

□m/2(B,C) · zC(∂/∂z)B,(1.6)

where, for C = (C1, . . . , C|C|), etc., we set |C|H =
∑

|Cj |H , zC = zC1 · · · zC|C| and

(∂/∂z)B = ∂/∂zB1 · · · ∂/∂zB|B| . Each □m/2(B,C) is a finite sum of operators which are

the composites of such operators as θαH ∧ θβH ∨ , θγ̄H ∧ θδ̄H ∨ multiplied by constants. If

we express its action as

□m/2(B,C) θI
′K̄′

H =

|K|H=|K′|H∑
|I|H=|I′|H

□(IK̄)(I′K̄′)
m/2 (B;C) · θIK̄H ,(1.7)
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then the coefficients □(IK̄)(I′K̄′)
m/2 (B;C) are all expressed as polynomials made of

RA1A2A3A4A5···Aℓ
=

∂ℓ−4g(F (∇)((∂/∂zA3 , ∂/∂zA4)∂/∂zA2 , ∂/∂zA1)

∂zA5 · · · ∂zAℓ

(P 0),

TA1A2A3A4···Aℓ
=

∂ℓ−3g(T (∇)(∂/∂zA2 , ∂/∂zA3), ∂/∂zA1)

∂zA4 · · · ∂zAℓ

(P 0)

(1.8)

and one can describe the polynomials explicitly up to an arbitrarily high order.

We regard the adiabatic series □0/2, □1/2, . . . naturally as differential operators

defined on the whole space Hn. (Note that □(ε) is well-defined as long as the point ιε(z)

stays near the origin.) Now, on [0, ε
1/2
0 ] × (0,∞) ×Hn ×Hn, let us construct a formal

power series

p(ε)(t, z, z
′) =

∞∑
m=0

εm/2 pm/2(t, z, z
′)

so as to satisfy
(
∂
∂t +□(ε)

)
p(ε) = 0. Namely, we define it inductively by

p0/2(t, z, z
′) = rH(t, z, z′),

pm/2(t, z, z
′) = −

(
p0/2#

m1>0∑
m1+m2=m

□m1/2pm2/2

)
(t, z, z′) (m > 0),

where, in general, for double forms hi(t, z, z
′) (i = 1, 2) on Hn×Hn, we define the convo-

lution (h1#h2)(t, z, z
′) by (h1#h2)(t, z, z

′) =
∫ t
0 ds

∫
Hn

h1(t− s, z, z′′) ∧ ⋆gHh2(s, z
′′, z′).

Then, (by [4, Lemma 6.3]) the double forms pm/2(t, z, z
′) =

∑
θIK̄H (z) ⊠ θĪ

′K′
H (z′) ·

p
(IK̄)(I′K̄′)
m/2 (t, z, z′) are well-defined and smooth on (0,∞) × Hn × Hn, and [4, (5.10)]

asserts

ak(P
0) =

∑
I,K

p
(IK̄)(IK̄)
2k/2 (1, 0, 0).(1.9)

(The value p
(IK̄)(IK̄)
m/2 (1, 0, 0) is equal to 0 if m is odd. Refer to [4, Theorem 5.3] for the

generalized formula.) In addition, the adiabatic expansion of □H readily implies

Proposition 1.1 (cf. [4, (5.12), (5.13)]) Putting rH = rH(t, z, z′) = rn−2q
t (z′−1z),

we have

p
(IK̄)(IK̄)
0/2 (1, 0, 0) = rH(1, 0, 0) =

∫ ∞

−∞
dsΦn−2q(s),(1.10)

p
(IK̄)(IK̄)
2/2 (1, 0, 0) = −

∑
□(IK̄)(IK̄)

2/2 (C;B) · r(C;B)(1.11)

+
∑

□(IK̄)(I′K̄′)
1/2 (H;G)□(I′K̄′)(IK̄)

1/2 (F;E) · r(H;G : F;E),

where we set

r(C;B) =
(
rH#zC(∂/∂z)BrH

)
(1, 0, 0),
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r(H;G : F;E) =
(
rH#zH(∂/∂z)GrH#zF(∂/∂z)ErH

)
(1, 0, 0).

(For example, the index (C,B) runs over the set of indices (C,B) appearing in (1.6) and

(1.7) with m/2 = 2/2 and (IK̄) = (I ′K̄ ′).)

2 Proof of Theorem 0.1

The asymptotic coefficient ak(P
0) =

∑
p
(IK̄)(IK̄)
2k/2 (1, 0, 0) has a universal polynomial

expression made of (1.8), or the four types of components, RA1A2A3A4···Aℓ
, TA1A2···Aℓ

:=

TA10A2···Aℓ
,

NA1A2A3···Aℓ
=

1

4

∂ℓ−3g([J, J ](∂/∂zA2 , ∂/∂zA3), ∂/∂zA1)

∂zA4 · · · ∂zAℓ

(P 0),

QA1A2A3···Aℓ
=

∂ℓ−4g((∇∂/∂zA4
Q)(∂/∂zA2 , ∂/∂zA3), ∂/∂zA1)

∂zA5 · · · ∂zAℓ

(P 0),

where Q is the Tanno tensor field, i.e., Q(X,Y ) = (∗∇Y J)(X) (refer to [7], [4, Lemma

1.2], which say that we could omit one of the last two types from the list). Note that

Nαβγ = QA1A2A3···Aℓ
= 0 if J is integrable.

Proposition 2.1 (cf. [4, Proposition 7.1]) We have

p
(IK̄)(IK̄)
2/2 (1, 0, 0) =

β ̸∈I∑
α∈K

Rᾱαβ̄β

+
{∑
α∈I

Rᾱαβ̄β −
∑
α∈K

Rᾱαβ̄β

}{1

2
+

∫ ∞

−∞
dsΦn−2q(s)Φ1(s)

}
+ Rᾱαβ̄β

∫ ∞

−∞
dsΦn−2q(s)

{
− 1

12
+

4

3
Φ2(s)

}
+ Nαβγ Nᾱβ̄γ̄

∫ ∞

−∞
dsΦn−2q(s)

{Φ1(s)− Φ2(s)

12
+

3Φ2(s)

16s2
− 5

48

}
.

If this is valid, then

a1(P
0) =

∑
p
(IK̄)(IK̄)
2/2 (1, 0, 0) =

(
n− 1

q − 1

)(
n− 1

p

)
Rᾱαβ̄β

+
{(n− 1

p− 1

)
Rᾱαβ̄β −

(
n− 1

q − 1

)
Rᾱαβ̄β

}{1

2
+

∫ ∞

−∞
dsΦn−2q(s)Φ1(s)

}
+

(
n

q

)(
n

p

)
Rᾱαβ̄β

∫ ∞

−∞
dsΦn−2q(s)

{
− 1

12
+

4

3
Φ2(s)

}
+ Nαβγ Nᾱβ̄γ̄

∫ ∞

−∞
dsΦn−2q(s)

{Φ1(s)− Φ2(s)

12
+

3Φ2(s)

16s2
− 5

48

}
.

Thus we obtain (0.3). The purpose in the following is, hence, to prove Proposition 2.1.
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Lemma 2.2 (cf. [4, Lemma 7.2]) Computing (1.4), etc., we have

θ = dz0 ·
{
1 + zαzγ

−iTαγ

6
+ zᾱzγ̄

iTγ̄ᾱ

6
+O

(
|z|3

)}
+dzβ ·

{
zβ̄

−i

2
+ z0zα

iTαβ

6
+ zβ̄zαzγ

−Tαγ

24
+ zᾱzγ̄zβ̄

Tᾱγ̄

24
+ z20zᾱ

−iTᾱγ̄Tγβ

24

+zAzᾱzγ
−iRᾱγAβ

12
+ z0zAzα

iTαβA

12
+ z0zγzα

iNαµβTµ̄γ̄

24
+ zαzγ

iNαγβ

6

+z0zᾱzγ̄
−iNᾱγ̄λ̄Tλβ

24
+ z0zᾱzλ

−iNγλβTᾱγ̄

24
+ zᾱzγ̄zµ

−iNᾱγ̄λ̄Nλµβ

24

+zAzαzγ
iNαγβA

12
+ zγ̄zαzγ

−Tαβ

48
+ zβ̄zαzγ

Tαγ

48
+O

(
|z|4

)}
+dzβ̄ ·

{
zβ

i

2
+ z0zᾱ

−iTᾱβ̄

6
+ zαzγzβ

Tαγ

24
+ zᾱzγ̄zβ

−Tᾱγ̄

24
+ z20zα

iTγ̄β̄Tαγ

24

+zAzᾱzγ
iRᾱγβ̄A

12
+ z0zᾱzA

−iTᾱβ̄A

12
+ z0zᾱzλ̄

−iNᾱµ̄β̄Tµλ

24
+ zᾱzγ̄

−iNᾱγ̄β̄

6

+z0zαzγ
iNαγλTλ̄β̄

24
+ z0zλ̄zα

iNγ̄λ̄β̄Tαγ

24
+ zµ̄zαzγ

iNλ̄µ̄β̄Nαγλ

24

+zᾱzγ̄zA
−iNᾱγ̄β̄A

12
+ zᾱzγ̄zγ

−Tᾱβ̄)

48
+ zᾱzγ̄zβ

Tᾱγ̄

48
+O

(
|z|4

)}
,

θα = dz0 ·
{
zγ̄

−Tᾱγ̄

2
+ z0zλ

−Tᾱγ̄Tγλ

6
+ zγ̄zA

−Tᾱγ̄A

3
+ zγ̄zλ̄

−Nᾱβ̄γ̄Tβλ

6

+zγzA
RᾱγA0

6
+ zγ̄zµ

−Nᾱγ̄λ̄Tλµ

6

}
+dzβ ·

{
δαβ + zγ̄zβ̄

iTᾱγ̄

6
+ z20

Tᾱγ̄Tγβ

6
+ zAzγ

RᾱγAβ

6

+z0zλ
NγλβTᾱγ̄

6
+ z0zγ̄

Nᾱγ̄λ̄Tλβ

6
+ zγ̄zµ

Nᾱγ̄λ̄Nλµβ

6

}
+dzβ̄ ·

{
z0

Tᾱβ̄

2
+ zγ̄zβ

−iTᾱγ̄

6
+ z0zA

Tᾱβ̄A

3
+ z0zγ̄

Nᾱλ̄β̄Tλγ

6
+ zAzγ

−Rᾱγβ̄A

6

+zγ̄
Nᾱγ̄β̄

2
+ zγ̄zA

Nᾱγ̄β̄A

3
+ zγ̄zγ

−iTᾱβ̄

12
+ zγ̄zβ

iTᾱγ̄

12

}
+O

(
|z|3

)
and

ξ = ∂/∂z0 ·
{
1 + zαzγ

−iTαγ

12
+ zᾱzγ̄

iTᾱγ̄

12

}
+∂/∂zβ ·

{
zᾱ

Tβ̄ᾱ

2
+ z0zγ

−Tβ̄ᾱTαγ

12
+ zᾱzA

Tβ̄ᾱA

3
+ zᾱzγ̄

Nβ̄λ̄ᾱTλγ

6

+zαzA
−Rβ̄αA0

6
+ zλ̄zγ

−Nβ̄λ̄ᾱTαγ

12

}
+∂/∂zβ̄ ·

{
zα

Tβα

2
+ z0zγ̄

−Tᾱγ̄Tβα

12
+ zAzα

TβαA

3
+ zλzα

NβγαTγ̄λ̄

6

+zᾱzA
RᾱβA0

6
+ zγ̄zλ

−NβλαTᾱγ̄

12

}
+O

(
|z|3

)
,

ξβ = ∂/∂z0 ·
{
zβ̄

i

2
+ z0zγ

iTγβ

12
+ z0zAzγ

iTγβA

12
+ z0zµzγ

iNγλβTλ̄µ̄

24

+zAzλ̄zγ
−iRλ̄γAβ

12
+ zγzλ

iNγλβ

12
+ zAzγzλ

iNγλβA

12

9



+zλ̄zγzλ
−Tγβ

48
+ zβ̄zγzλ

Tγλ

48
+O

(
|z|4

)}
+∂/∂zα ·

{
δβα + zβ̄zγ̄

iTᾱγ̄

12
+ z20

TγβTᾱγ̄

12
+ zAzγ

−RᾱγAβ

6

+z0zλ̄
Nᾱλ̄γ̄Tγβ

12
+ z0zλ

NγλβTᾱγ̄

12
+ zγ̄zµ

NλµβNᾱγ̄λ̄

12
+O

(
|z|3

)}
+∂/∂zᾱ ·

{
z0

−Tαβ

2
+ zβ̄zγ

iTαγ

12
+ z0zA

−TαβA

3
+ z0zλ

−NαγβTγ̄λ̄

6

+zAzγ̄
Rγ̄αAβ

6
+ zγ

−Nαγβ

2
+ zAzγ

−NαγβA

3

+zγ̄zγ
−iTαβ

12
+ zβ̄zγ

iTαγ

12
+O

(
|z|3

)}
.

In addition, we have

Rᾱβγ̄λ̄ = −iTᾱγ̄δλβ + iTᾱλ̄δγβ +
−iQγ̄λ̄ᾱβ

2
.

Proposition 2.3 (cf. [4, Corollary 7.3]) We have

□1/2 =
{
zγ̄

Nβ̄γ̄ᾱ

2

}
∂/∂zα∂/∂zβ +

{
zγ

Nβγα

2

}
∂/∂zᾱ∂/∂zβ̄(2.1)

+
{
zβ̄zγ̄

iNβ̄γ̄ᾱ

12

}
∂/∂z0∂/∂zα +

{
zβzγ

−iNβγα

12

}
∂/∂z0∂/∂zᾱ,

□2/2 =
{
z0

Tβ̄ᾱ

2
+ zγ̄zγ

iTβ̄ᾱ

6
+ zγ̄zα

−iTβ̄γ̄

12
+ zγzλ

−Rβ̄γᾱλ

6
(2.2)

+zγ̄zb
Nβ̄γ̄ᾱb

3
+ zγ̄zγ

−iTβ̄ᾱ

12
+ zγ̄zα

iTβ̄γ̄

12
+ zλ̄zγ

iQᾱλ̄β̄γ

12

}
∂/∂zα∂/∂zβ

+
{
z0

Tαβ

2
+ zγ̄zγ

−iTαβ

6
+ zβ̄zγ

iTαγ

12
+ zγ̄zλ̄

−Rγ̄αλ̄β

6

+zbzγ
Nαγβb

3
+ zγ̄zγ

iTαβ

12
+ zβ̄zγ

−iTαγ

12
+ zγ̄zλ

iQλβαγ̄

12

}
∂/∂zᾱ∂/∂zβ̄

+
{
zᾱzγ̄

−iTβ̄γ̄

4
+ zβzγ

iTαγ

4
+ δαβ · zλzγ

−iTλγ

6
+ δαβ · zλ̄zγ̄

iTλ̄γ̄

6

+zλ̄zγ
Rβ̄γλ̄α

3
+ zγ̄zµ

−Nβ̄γ̄λ̄Nλµα

12
+ zγ̄zµ

−Nλ̄β̄γ̄Nαλµ

12
+ zγ̄zµ

Nβ̄γ̄λ̄Nαλµ

4

+zγzλ
−iQλαγβ̄

12
+ zγ̄zλ̄

−iQβ̄λ̄γ̄α

12

}
∂/∂zᾱ∂/∂zβ

+
{
z0zβ̄

iTᾱβ̄

3
+ zβ̄zγ̄zβ

−Tγ̄ᾱ

6
+ zβ̄zγ̄zα

Tβ̄γ̄

12
+ zγ̄zβzλ

−iRγ̄βᾱλ

4

+zβ̄zγ̄zb
iNβ̄γ̄ᾱb

12
+ zβ̄zγ̄zγ

Tβ̄ᾱ

48
+ zβ̄zγ̄zα

−Tβ̄γ̄

48
+ zλ̄zβzγ

iNᾱλ̄µ̄Nβγµ

24

+zβzγzλ
−Qγλβᾱ

24
+ zγ̄zλ̄zβ

−Qλ̄γ̄ᾱβ

24
+ zγ̄zλ̄zβ

−Qᾱλ̄γ̄β

24

}
∂/∂z0∂/∂zα

+
{
z0zβ

−iTβα

3
+ zβ̄zβzγ

−Tγα

6
+ zᾱzβzγ

Tβγ

12
+ zγ̄zλ̄zβ

iRγ̄βλ̄α

4

+zbzβzγ
−iNβγαb

12
+ zγ̄zβzγ

Tβα

48
+ zᾱzβzγ

−Tβγ

48
+ zγ̄zλ̄zβ

−iNγ̄λ̄µ̄Nαβµ

24
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+zβ̄zγzλ
Qγλαβ̄

24
+ zβ̄zγzλ

Qλαγβ̄

24
+ zβ̄zγ̄zλ̄

Qλ̄γ̄β̄α

24

}
∂/∂z0∂/∂zᾱ

+
{
z0zαzβ

−Tαβ

24
+ z0zᾱzβ̄

−Tᾱβ̄

24
+ zβ̄zγ̄zαzλ

Rβ̄αγ̄λ

12
+ zγ̄zλ̄zαzβ

−Nγ̄λ̄µ̄Nαβµ

144

+zᾱzβzγzλ
−iQγλβᾱ

48
+ zβ̄zγ̄zλ̄zα

−iQλ̄γ̄β̄α

48

}
∂/∂z0∂/∂z0

+
{
zν̄

i(5− n− 6q)Tᾱν̄

12
+ zν

−Rᾱνµ̄µ

3
+ zν̄

Nᾱν̄µ̄µ

3
+ zµ̄

−iTᾱµ̄

12
+ zν̄

inTᾱν̄

12

+zµ
−Nᾱν̄β̄Nνµβ

4
+ zµ̄

iQν̄µ̄ᾱν

12

+
(
zµ̄

−iTν̄ᾱ

2
+ δαµ · zβ̄

iTν̄β̄

2
+ zβ

Rν̄µᾱβ

2
+ zβ̄

−iQᾱβ̄ν̄µ

4

)
θν̄H ∧ θµ̄H ∨

+
(
zν̄

iTµ̄ᾱ

2
+ δαν · zβ̄

−iTµ̄β̄

2
+ zβ

−Rµ̄νᾱβ

2
+ zβ̄

iQᾱβ̄µ̄ν

4

)
θνH ∧ θµH ∨

}
∂/∂zα

+
{
zν

i(−5 + 7n− 6q)Tαν

12
+ zν̄

−Rν̄αµ̄µ

3
+ zµ̄

−Nν̄µ̄β̄Nαβν

12
+ zµ

−iQνµαν̄

4

+
(
zν

−iTµα

2
+ δαν · zβ

iTµβ

2
+ zβ̄

−Rν̄µβ̄α

2
+ zβ

−iQαβµν̄

4

)
θν̄H ∧ θµ̄H ∨

+
(
zµ

iTνα

2
+ δαµ · zβ

−iTνβ

2
+ zβ̄

Rµ̄νβ̄α

2
+ zβ

iQαβνµ̄

4

)
θνH ∧ θµH ∨

}
∂/∂zᾱ

+
{
zνzµ

(−2 + 2n− q)Tνµ

12
+ zν̄zµ̄

(−2 + n+ q)Tν̄µ̄

12

+zν̄zµ̄
iNν̄µ̄ᾱα

12
+ zν̄zᾱ

Tν̄ᾱ

48
+ zν̄zµ̄

−nTν̄µ̄

48

+zᾱzµ
−iNν̄ᾱβ̄Nβνµ

24
+ zᾱzµ

iNᾱβ̄ν̄Nνµβ

24
+ zᾱzµ

−iNν̄ᾱβ̄Nνµβ

24

+zµzα
−Qανµν̄

24
+ zµzα

−Qνµαν̄

8
+ zµ̄zᾱ

−Qν̄ᾱµ̄ν

24

+
(
zβ̄zα

iRν̄µβ̄α

2
+ zᾱzβ̄

Qβ̄ᾱν̄µ

8
+ zαzβ

−Qαβµν̄

8

)
θν̄H ∧ θµ̄H ∨

+
(
zβ̄zα

−iRµ̄νβ̄α

2
+ zᾱzβ̄

−Qβ̄ᾱµ̄ν

8
+ zαzβ

Qαβνµ̄

8

)
θνH ∧ θµH ∨

}
∂/∂z0

+
{Rᾱβν̄ν

2
θᾱH ∧ θβ̄H ∨ +

−Rβ̄αν̄ν

2
θαH ∧ θβH ∨

−Rν̄µᾱβθ
ᾱ
H ∧ θβ̄H ∨ θν̄H ∧ θµ̄H ∨ +Rµ̄νᾱβθ

ᾱ
H ∧ θβ̄H ∨ θνH ∧ θµH ∨

}
,

where the small Latin index b varies only in {1, . . . , n, 1̄, . . . , n̄}.

All of the above results are obtained with the help of Mathematica: on an Intel Core

i7 3.40GHz processor the computations took about 15 seconds in total. Since the four

types of components bear various intrinsic relations to each other ([4, Lemma 1.2]),

the universal expressions are not uniquely determined. Some difficulty in designing the

program lies in the fact.

Lemma 2.4 (cf. [4, (7.6)]) We have

a
(IK̄)(IK̄)
2/2 (P 0) = −

∑
□(IK̄)(IK̄)

2/2 (C;B) · r(C;B)(2.3)
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= Rᾱαᾱα

{−r(1̄1̄11; 00)

12
+

r(1̄2̄12; 00)

6

}
+Rᾱαβ̄β

{r(1; 1)

3
+

−r(1̄2̄12; 00)

6

}
+

{∑
α∈I

Rᾱαβ̄β −
∑
α∈K

Rᾱαβ̄β

} ir(1̄1; 0)

2
+

1

2

{∑
α∈I

Rᾱαβ̄β −
∑
α∈K

Rᾱαβ̄β

}

+

β ̸∈I∑
α∈K

Rᾱαβ̄β +Nααβ Nᾱᾱβ̄

{r(1̄1; 1̄1)

4
+

−r(1̄1; 2̄2)

4
+

−r(1̄2; 1̄2)

4

+
r(1̄1̄11; 00)

144
+

−r(1̄2̄12; 00)

72

}
+ Nαβγ Nᾱβ̄γ̄

{r(1; 1)

12
+

ir(1̄1; 0)

24
+

r(1̄1; 2̄2)

3
+

r(1̄2; 1̄2)

24
+

r(1̄2̄12; 00)

96

}
,

where, for example, r(1̄1̄11; 00) denotes r(C;B) with C = (1̄, 1̄, 1, 1) and B = (0, 0).

Proof. We have □1/2p0/2(t, z, 0) = 0 because of (2.1) and the formula Nαβγ+Nβγα+

Nγαβ = 0. Indeed, for example, {zγ
Nβγα

2 }∂/∂zᾱ∂/∂zβ̄ rH(t, z, 0) is equal to

Nβγα

2
∂/∂zᾱ∂/∂zβ̄∂/∂zγ̄

∫ ∞

−∞
ds e−is·(2z0/t)

(
− t tanh s

s

)
Φn−2q
t (s, z▲) = 0.

Hence the second term in the right hand side of (1.11) vanishes, so that we obtain the

first equality at (2.3). The second equality can be shown by using (2.2) in the same way

as the proof of [4, (7.6)].

Proof of Proposition 2.1. It suffices to calculate r(1̄1̄11; 00), etc., appearing in

(2.3). Some of them have already been calculated in the proof of [4, Proposition 7.1].

The remaining terms can be calculated similarly.
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