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Abstract

We show that one can construct a Cartan connection on the Cartan principal bundle
over a contact Riemannian manifold by using Cartan-Chern-Moser-Le’s construction
and it is normal in the sense of Tanaka if and only if the manifold is integrable. This
has been known to hold true in the case the dimension of the manifold is three.

1 Introduction

Let (M, θ) be a (2n+ 1)-dimensional contact manifold with a contact form θ. There
is a unique vector field ξ such that ξ⌋θ = 1 and ξ⌋dθ = 0. Equipping M with a Rie-
mannian metric g and a (1, 1)-tensor field J which satisfy g(ξ,X) = θ(X), g(X, JY ) =
−dθ(X,Y ) := −X(θ(Y )) + Y (θ(X)) + θ([X,Y ]) and J2X = −X + θ(X)ξ for any vec-
tor fields X, Y , we have a contact Riemannian manifold M = (M, θ, ξ : g, J). We set
ker± θ = {X ∈ C ⊗ ker θ | JX = ±iX}, ker± θ = {η ∈ T ∗M ⊗ C | X⌋η = 0 (X ∈
Cξ ∪ ker∓ θ)}.

Let ωE
α (1 ≤ α ≤ n) be local 1-forms on E :=M × (R+, u) which are linear combina-

tions of the pullbacks to E of θ and local cross-sections of ker+ θ and satisfy

dωE = i
∑

ωE
α ∧ ωE

α + ω ∧ ϕE (ωE := uθ, ϕE is real).

Gathering all of the families (ωE , ωE
α , ω

E
α , ϕ

E) at each point, then we have the Chern-
Moser principal bundle π1 : Y → E of the positive definite case (cf. [5, (4.14)]). In the
case where J is integrable (i.e., [Γ(ker+ θ),Γ(ker+ θ)] ⊂ Γ(ker+ θ)), Chern-Moser ([5])
found out a system of everywhere linearly independent local 1-forms on Y completely
determined by intrinsic conditions, whose total number equals the dimension of Y , and
accordingly constructed a Cartan connection on π1 : Y → E. This is a generalization of
Cartan’s construction in the case n = 1 (cf. [4], [6], [3]).

In the case n = 1, from the connection Le ([8]) constructed a Cartan connection
(cf. (4.10)) on the Cartan principal bundle π := p ◦ π1 : Y → M (p : E → M is
the canonical projection), which we want to call the Chern-Moser connection (unlike
in [8]), and showed that it is normal in the sense of Tanaka ([12]). His paper [8] is a
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good guide for understanding the Chern-Moser connection and led the author to the
simple questions: Can one construct the Chern-Moser connection following Cartan-
Chern-Moser-Le’s construction in the case n ≥ 1 and J may not be integrable ? If
possible, is it normal ? This paper is a report on the questions and the answers are: In
the genreal case there exists certainly such a system of local 1-forms on Y and one may
construct the Chern-Moser connection (Theorems 2.2 and 4.3). It is then normal if and
only if J is integrable (Theorem 4.4). Quoting Jacobowitz’s remark ([6]), Le ([8, p.246])
indicates that in the case J is integrable the Chern-Moser connection is presumably
normal but there has been no rigorous proof, and in [8, §5] he gives a rigorous one in
the case n = 1. We want to emphasize that a part of the proof of Theorem 4.4 in §5 is
a rigorous one in the case of general n.

While our interest is centered upon Cartan-Chern-Moser’s construction, there is an-
other profound work by Tanaka ([12]) on Cartan connection. Both of them aim at
generalizing Cartan’s work, that is, solving the pseudo-conformal equivalence problem
for non-degenerate real analytic hypersurfaces in Cn+1. In particular, Tanaka clarified
a one-to-one correspondence between CR-manifolds and normal Cartan connections (on
the Cartan principal bundles) and it seems that the study upon his theory is a ma-
jor trend nowadays. There is no precise correspondence along Cartan-Chern-Moser’s
construction, but fortunately now we know that, for integrable contact Riemannian
manifolds, certainly one can construct normal Cartan connections by using Cartan-
Chern-Moser-Le’s construction (cf. the comment by Le [8, p.246]). The outcomes theirs
yields are so concrete that we hope it to be employed extensively in the study of CR-
manifold. The author has an interest particularly in a field of study with key words such
as Fefferman spin space for general J , Dirac operator, twistor operator or holonomy of
Cartan connection (cf. [10], [2]), and in the near future he is going to apply the results
in this paper to the study of such a field.

It is a pleasure to thank Hajime Sato for many valuable suggestions. We rely on his
deep knowledge of Cartan connection.

2 The structure equations: the first main theorem

The structure group G1 of the principal bundle π1 : Y → E consists of matrices

Λ((uβα), (vα), s) :=


1 vα vα s
0 uβα 0 i uβαvα
0 0 uβα −i uβα vα
0 0 0 1

 ∈ GL(2n+ 2,C)

((uβα) ∈ U(n), (vα) = (v1, . . . , vn) ∈ Cn, s ∈ R) .

(As for the matrix, let us assign the numbers 0, 1, . . ., n, 1̄, . . ., n̄, 2n+2 to the columns
(and rows) consecutively. Then the (0, 0)-entry, the (0, 1)-entry, . . . are 1, v1, . . ., and
the (β, 2n+ 2)-entry i uβαvα means i

∑
α uβαvα actually. The matrix corresponds to [5,

(4.12)]. We follow the notation in [8, p.252], however.) We have dimE = 2(n + 1),
dimG1 = dimU(n)+2n+1 and dimY = (n+2)2−1, and, as local (complex) coordinates
of Y , we may take some local coordinates of E together with uβα, vα, vβ and s.

In this paper, a local frame θ• = (θ, θ1, . . . , θn) of Cθ ⊕ ker+ θ on Uθ• is always
assumed to be unitary, i.e., g = θ⊗ θ+

∑
1≤α≤n (θ

α ⊗ θα + θα ⊗ θα). Then (even if J is
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not integrable) we have

dθ = i
∑

θα ∧ θα, dθα =
∑

θβ ∧ Ω(∇)αβ +
∑

θβ ∧ Ω(∇)αβ̄ + θ ∧ τα,(2.1)

where ∇ is a generalized Tanaka-Webster connection on TM introduced by Tanno ([13]),
defined by

∇XY = ∇g
XY − 1

2
θ(X)JY − θ(Y )∇g

Xξ + (∇g
Xθ)(Y )ξ

(∇g is the Levi-Civita connection of g). Note that the generalized one coincides with
the Tanaka-Webster connection if J is integrable. Let us collect some properties of the
connection and explain the symbols used above. Refer to [13], [1], [9], [11], etc., for
more detailed explanation: We have ∇θ = 0, ∇g = 0, T (∇)(Z,W ) = 0, T (∇)(Z,W ) =
ig(Z,W )ξ, (Z,W ∈ Γ(ker+ θ)). Here T (∇) is the torsion tensor and, if we set τX =
T (∇)(ξ,X), then τ ◦ J + J ◦ τ = 0. In general ∇ does not commute with the action of
the almost complex structure J . In fact, Tanno indicated

(∇XJ)Y = Q(Y,X) := (∇g
XJ)Y + (∇g

Xθ)(JY ) ξ + θ(Y )J∇g
Xξ

and showed that J is integrable if and only if the Tanno tensor Q vanishes. Let us
denote by (ξ, ξ1, . . . , ξn, ξ1, . . . , ξn) the dual frame of (θ, θ1, . . . , θn, θ1, . . . , θn). Then we
have

τ =
∑

ταγ̄ ξα ⊗ θγ +
∑

τ ᾱγ ξα ⊗ θγ (τ ᾱγ = τ γ̄α),

Q =
∑

Qα
β̄γ̄ ξα ⊗ θβ ⊗ θγ +

∑
Qᾱ

βγ ξα ⊗ θβ ⊗ θγ (Qᾱ
βγ = −Qβ̄

αγ = −Qβ̄
γα −Qγ̄

αβ)

(hence, τα =
∑
ταγ̄ θ

γ), and ∇ξβ =
∑

Ω(∇)αβ ξα +
∑

Ω(∇)ᾱβ ξα, etc. In particular, we
have

Ω(∇)ᾱβ = − i

2

∑
Qᾱ

βγ θ
γ , Ω(∇)αβ̄ =

i

2

∑
Qα

β̄γ̄ θ
γ .

On Uθ• × (R+, u) (⊂ E), let us set

(ωE , ωE
α , ω

E
α , ϕ

E) = (uθ,
√
u θα,

√
u θα,−du

u
).(2.2)

Then, (2.1) implies

dωE = i
∑

ωE
α ∧ ωE

α + ωE ∧ ϕE ,

dωE
α =

∑
ωE
β ∧ ϕEβα +

∑
ωE
β ∧ ϕEβ̄α + ωE ∧ ϕEα ,

ϕEβα + ϕEαβ = δβα ϕ
E , ϕEβ̄α + ϕEᾱβ = 0,

where

ϕEβα = Ω(∇)αβ +
1

2
δβαϕ

E , ϕEβ̄α = Ω(∇)αβ̄ =
∑ iQα

β̄γ̄

2
√
u
ωE
γ ,

ϕEα =
1√
u
τα =

∑ τα
β̄

u
ωE
β .
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On π−1
1 (Uθ• × R+), we consider the family of 1-forms

(ω, ωα, ωα, ϕ) := (ωE , ωE
α , ω

E
α , ϕ

E)(x, u) · Λ((uβα), (vα), s)(2.3)

= (ωE , vα ω
E +

∑
uβα ω

E
β , vα ω

E +
∑

uβα ω
E
β ,

s ωE + i
∑

uβγ vγ ω
E
β − i

∑
uβγ vγ ω

E
β + ϕE).

Lemma 2.1 We have

dω = i
∑

ωα ∧ ωα + ω ∧ ϕ,(2.4)

dωα =
∑

ωβ ∧ ϕYβα +
∑

ωβ ∧ ϕYβ̄α + ω ∧ ϕYα(2.5)

with

ϕYβα :=
∑

uµβ {
∑

uνα ϕ
E
µν + i vα ωE

µ − duµα}(2.6)

=
∑

{
∑

uµβ uνα uλγ
Ω(∇)νµ(ξλ)√

u
− i

1

2
δβα vγ}ωγ

+
∑

{
∑

uµβ uνα uλγ
Ω(∇)νµ(ξλ)√

u
+ i

1

2
δβα vγ + i δγβ vα}ωγ

+ {
∑

uµβ uνα
Ω(∇)νµ(ξ)

u
−

∑
vγ uµβ uνα uλγ

Ω(∇)νµ(ξλ)√
u

−
∑

vγ uµβ uνα uλγ
Ω(∇)νµ(ξλ)√

u
− δβα

s

2
− i vα vβ}ω

+
1

2
δβαϕ−

∑
uµβ duµα,

ϕYβ̄α :=
∑

uµβ uνα ϕ
E
µ̄ν(2.7)

=
∑

{
∑

uµβ uνα uλγ
iQν

µ̄λ̄

2
√
u
}ωγ +

∑
{ −

∑
vγ uµβ uνα uλγ

iQν
µ̄λ̄

2
√
u
}ω,

ϕYα := vα ϕ
E +

∑
uγα ϕ

E
γ − dvα −

∑
vβ ϕ

Y
βα −

∑
vβ ϕ

Y
β̄α(2.8)

=
∑

{ − i vα vγ}ωγ +
∑

{i vα vγ +
∑

uµα uβγ
τµ
β̄

u
}ωγ

+ { − s vα −
∑

vγ uµα uβγ
τµ
β̄

u
}ω −

∑
vβ ϕ

Y
βα −

∑
vβ ϕ

Y
β̄α + vα ϕ− dvα.

Proof. This is shown by straightforward calculations. Note that

ωE
β = −

∑
vµ uβµ ω +

∑
uβµ ωµ, ϕE = −s ω − i

∑
vβ ωβ + i

∑
vβ ωβ + ϕ.(2.9)

Starting with adding some suitable ω-, ωρ- or ωρ-terms to ϕYβα, ϕ
Y
β̄α

, ϕYα , we will

obtain the first main theorem, which is a generalization of Chern-Moser’s theorem [5,
the first part of Theorem 4.6] (in the positive definite case) to the case of general J .
Refer to the concise review of their result in [5, Appendix (by Webster), p.269]. We are
interested only in the families (2.3) induced from unitary frames so that our result is
described rather clearly. (Note that ωα (or ωᾱ), ω

ᾱ (or ωα), ϕβ
α (or ϕβᾱ), ϕβ̄

ᾱ (or ϕβ̄α),

gαβ̄, etc., in [5] correspond to ωα, ωα, ϕβα, ϕβα, δαβ , etc., in this paper.)
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Theorem 2.2 On π−1
1 (Uθ• ×R+), for the family (ω, ωα, ωα, ϕ) given at (2.3) there

exists a unique family of 1-forms

ϕβα, ϕβ̄α, ϕα, ψ (= ψ)

which satisfies

dω = i
∑

ωα ∧ ωα + ω ∧ ϕ,(2.10)

dωα =
∑

ωβ ∧ ϕβα +
∑

ωβ ∧ ϕβ̄α + ω ∧ ϕα,(2.11)

ϕβα + ϕαβ = δβαϕ,(2.12)

ϕβ̄α + ϕᾱβ = 0,(2.13)

dϕ = i
∑

ωβ ∧ ϕβ + i
∑

ϕβ ∧ ωβ + ω ∧ ψ,(2.14)

dϕβα =
∑

ϕβγ ∧ ϕγα +
∑

ϕβ̄γ ∧ ϕγ̄α + i ωβ ∧ ϕα − i ϕβ ∧ ωα(2.15)

− i δβα
∑

ϕγ ∧ ωγ −
1

2
δβαψ ∧ ω +Φβα,

dϕβ̄α =
∑

ϕβ̄γ ∧ ϕγα +
∑

ϕβγ ∧ ϕγ̄α +Φβ̄α,(2.16)

dϕα = ϕ ∧ ϕα +
∑

ϕβ ∧ ϕβα +
∑

ϕβ ∧ ϕβ̄α − 1

2
ψ ∧ ωα +Φα,(2.17)

dψ = ϕ ∧ ψ + 2i
∑

ϕβ ∧ ϕβ +Ψ(2.18)

with

Φβα =
∑

Sβµαν̄ ωµ ∧ ων +
∑

Sβµαν ωµ ∧ ων(2.19)

+
∑

Sβµ̄αν̄ ωµ ∧ ων +
∑

(Vβαµ ωµ − Vαβµ ωµ) ∧ ω,

Φβ̄α =
∑

Sβ̄µαν̄ ωµ ∧ ων +
∑

Sβ̄µαν ωµ ∧ ων(2.20)

+
∑

Sβ̄µ̄αν̄ ωµ ∧ ων + λβ̄α ∧ ω,

Φα =
∑

(Vβαµ ωµ − Vαβµ ωµ) ∧ ωβ +
∑

λβ̄α ∧ ωβ + ηα ∧ ω,(2.21)

Ψ = −i
∑

ωβ ∧ ηβ − i
∑

ηβ ∧ ωβ + ϱ ∧ ω,(2.22)

ηα =
∑

ηαµ ωµ +
∑

ηαµ̄ ωµ + ηα(0) ϕ+
∑

ηα(µν) ϕµν(2.23)

+
∑

ηα(µ) ϕµ +
∑

ηα(µ̄) ϕµ + ηα(∗) ψ,∑
β

Sβµβν̄ =
∑
α

Vβαα =
∑
µ

η̃µµ = 0 (η̃αµ := ηαµ + ηµα).(2.24)

Let the forms λβ̄α, to which one may add ω-terms, have no ω-terms. Then we have:
(1) The 1-forms

ω, ωα, ωβ, ϕ, ϕβα, ϕα, ϕβ, ψ,

whose total number equals the dimension of Y , are everywhere linearly independent.
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(2) The coefficients Sβ··· and Sβ̄··· have the following relations:

Sβµαν̄ − Sανβµ̄ = 0, Sβµαν + Sαµ̄βν̄ = 0,

Sβµαν̄ = Sµβαν̄ + 2Sν̄µαβ = Sβµνᾱ + 2Sµ̄νβα,

Sβµαν =
1

2
(Sν̄αβµ̄ − Sµ̄αβν̄), Sβµαν + Sµναβ + Sνβαµ = 0.

(2.25)

(3) Setting bβ̄αγ̄ =
∑
uµβ uνα uλγ

iQν
µ̄λ̄

2
√
u
(cf. (3.3)), we have the following more explicit

expressions:

ϕβ̄α =
∑

bβ̄αµ̄ ωµ,(2.26)

λβ̄α =
∑

λβ̄αµ̄ ωµ −
∑

bβ̄αµ̄ ϕµ (λβ̄αµ̄ + λᾱµβ̄ + λµ̄βᾱ = 0),(2.27)

ηα =
∑

ηαµ ωµ +
∑

ηαµ̄ ωµ(2.28)

− 2i

2n+ 1

∑
(bκ̄ρᾱ bκ̄ρµ̄ − bκ̄αρ̄ bµ̄ρκ̄)ϕµ − 2i

2n+ 1

∑
(dbκ̄αµ̄)κ ϕµ,

ϱ =
∑

ϱµ ωµ +
∑

ϱµ ωµ +
1

n

∑
{(dηκ(µ))κ + (dηκ(µ̄))κ +

∑
bκ̄µρ̄ ηκ(ρ̄)}ϕµ(2.29)

+
1

n

∑
{(dηκ(µ))κ + (dηκ(µ̄))κ +

∑
bκ̄µρ̄ ηκ(ρ̄)}ϕµ +

1

2n

∑
(ηκ(κ) + ηκ(κ))ψ,

where we put dbκ̄αµ̄ =
∑

(dbκ̄αµ̄)0 ω +
∑

(dbκ̄αµ̄)β ωβ + · · ·, etc.
(4) There are the additional formulas:

i(2n+ 1)
∑

Vββα =
∑

(dSβαβµ − dSβµβα)µ̄ +
∑

bᾱµρ̄ (Sβρ̄βµ̄ − Sβµ̄βρ̄)(2.30)

+
∑

bρ̄βµ̄ (Sβ̄ᾱρµ̄ − Sβ̄µ̄ρᾱ) +
∑

bρ̄βµ̄ Sβ̄αρµ̄ −
∑

bρ̄βᾱ Sβ̄µρµ̄,

i(n+ 2) (Vµνγ − Vγνµ) = iδγν
∑

Vββµ − iδµν
∑

Vββγ(2.31)

+
∑

(dSβγβµ − dSβµβγ)ν̄ +
∑

bγ̄µρ̄ (Sβρ̄βν̄ − Sβν̄βρ̄)

+
∑

bρ̄βν̄ (Sβ̄γ̄ρµ̄ − Sβ̄µ̄ργ̄) +
∑

bρ̄βµ̄ Sβ̄γρν̄ −
∑

bρ̄βγ̄ Sβ̄µρν̄ ,

i(n+ 2)

2
(ηνµ̄ − ηµν̄) =

∑
(dVββν)µ −

∑
(dVββµ)ν(2.32)

+
∑

(dSβµβν − dSβνβµ)0 +
∑

bν̄µρ̄ Vββρ,

i(n+ 2)

2
(ηνµ − ηµν) =

∑
(dVββµ)ν̄ +

∑
(dVββν)µ̄(2.33)

+
∑

bγ̄βν̄ λβ̄γµ̄ +
∑

bγ̄βµ̄ λβ̄γν̄ .

Remark 2.3 If J is integrable (i.e., Q = 0), then all the forms ϕβ̄α vanish, and
consequently the theorem is reduced to that of Chern-Moser and, moreover, the formulas
(2.30)–(2.33) are reduced to the additional ones

∑
β Vββα = 0, Vµνγ = Vγνµ, ηνµ̄ = ηµν̄ ,

ηνµ = ηµν appearing in [5,Appendix (p.271)]. Indeed, if the forms ϕβ̄α vanish, then
obviously we find successively Φβ̄α = 0 (hence, Sβ̄··· = 0, λβ̄α = 0), Sβµαν = Sβµ̄αν̄ = 0
(cf. (2.25)), and also the other reductions.



On the Chern-Moser connection in almost CR-geometry 7

3 The proof of Theorem 2.2

Referring to the argument in [5, §4], we will prove Theorem 2.2. The equality (2.10)
has been shown in (2.4). For a family (ϕβα, ϕβ̄α, ϕα) satisfying (2.11), we have

0 = ddω = i
∑

{ − ϕαβ − ϕβα + δαβϕ} ∧ ωα ∧ ωβ(3.1)

− i
∑

ϕβ̄α ∧ ωα ∧ ωβ − i
∑

ϕᾱβ ∧ ωα ∧ ωβ

+ { − dϕ+ i
∑

ϕβ ∧ ωβ + i
∑

ωβ ∧ ϕβ} ∧ ω,

0 = ddωα =
∑

{ − dϕβα +
∑

ϕβγ ∧ ϕγα +
∑

ϕβ̄γ ∧ ϕγ̄α + i ωβ ∧ ϕα} ∧ ωβ(3.2)

+
∑

{ − dϕβ̄α +
∑

ϕβ̄γ ∧ ϕγα +
∑

ϕβγ ∧ ϕγ̄α} ∧ ωβ

+ { − dϕα + ϕ ∧ ϕα +
∑

ϕβ ∧ ϕβα +
∑

ϕβ ∧ ϕβ̄α} ∧ ω

(cf. [5, (4.19), (4.20)]). The following argument is divided into four steps.

The first step: First we wish to find out a family (ϕβα, ϕβ̄α, ϕα) satisfying (2.11),

(2.12) and (2.13) by adding some suitable terms to (ϕYβα, ϕ
Y
β̄α
, ϕYα ) given at (2.6), (2.7)

and (2.8). By (2.5), the latter certainly satisfies the formula (3.1). Hence we know

−ϕYβα − ϕYαβ + δβαϕ =
∑

Aβαγ ωγ +
∑

Bβαγ̄ ωγ + Cβα ω,

ϕYβ̄α =
∑

aβ̄αγ ωγ +
∑

bβ̄αγ̄ ωγ + cβ̄α ω

with

Aβαγ = Aγαβ, Bβαγ̄ = Bβγᾱ, Aβαγ = Bαβγ̄ , Cβα = Cαβ ,

aβ̄αγ = 0, bβ̄αγ̄ = −bᾱβγ̄ = −bᾱγβ̄ − bγ̄βᾱ, cβ̄α = −cᾱβ ,
Aβαγ = i(δαγ vβ + δβα vγ), Bβαγ̄ = −i(δβγ vα + δβα vγ), Cβα = δβαs,

bβ̄αγ̄ =
∑

uµβ uνα uλγ
iQν

µ̄λ̄

2
√
u
, cβ̄α = −

∑
vγ bβ̄αγ̄

(3.3)

(cf. [5, (4.22)–(4.24)]), which obviously imply the following.

Proposition 3.1 (cf. [5, (4.25)]) The family (ϕβα, ϕβ̄α, ϕα) defined by

ϕβα = ϕYβα +
∑

Aβαγ ωγ +
Cβα

2
ω, ϕβ̄α = ϕYβ̄α − cβ̄α ω =

∑
bβ̄αγ̄ ωγ ,

ϕα = ϕYα −
∑

cβ̄α ωβ +
∑ Cβα

2
ωβ

satisfies (2.11), (2.12) and (2.13).

For the (ϕβα, ϕβ̄α, ϕα) given above, the first two lines in the third side of (3.1) vanish.
Indeed, the first line vanishes because of (2.12) and so does the second line because∑

ϕβ̄α ∧ ωα ∧ ωβ =
∑

bβ̄αγ̄ ωγ ∧ ωα ∧ ωβ = 0.

Consequently, we have

{ − dϕ+ i
∑

ϕβ ∧ ωβ + i
∑

ωβ ∧ ϕβ} ∧ ω = 0,

so that we may take a form ψ (∈ R) satisfying (2.14).
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Proposition 3.2 (cf. [5, (4.35), (4.36)]) Let (ϕβα, ϕβ̄α, ϕα, ψ) be the family given
above. Then, another family (ϕ′βα, ϕ

′
β̄α
, ϕ′α, ψ

′) satisfies (2.11), (2.12), (2.13) and (2.14)

if and only if there exist relations

ϕβα = ϕ′βα +Dβα ω, ϕβ̄α = ϕ′β̄α, ϕα = ϕ′α +
∑

Dβα ωβ + Eα ω,

ψ = ψ′ +Gω + i
∑

(Eα ωα − Eα ωα), Dβα +Dαβ = 0, G ∈ R.
(3.4)

The second step: Let (ϕβα, ϕβ̄α, ϕα, ψ) satisfy (2.11), (2.12), (2.13), (2.14). Refer-
ring to the terms

∑
{· · ·} ∧ ωβ and

∑
{· · ·} ∧ ωβ of (3.2), we consider the forms

Ψβ̄α := dϕβ̄α −
∑

ϕβ̄γ ∧ ϕγα −
∑

ϕβγ ∧ ϕγ̄α,(3.5)

Ψβα := dϕβα −
∑

ϕβγ ∧ ϕγα −
∑

ϕβ̄γ ∧ ϕγ̄α − i ωβ ∧ ϕα(3.6)

+ i ϕβ ∧ ωα + i δβα
∑

ϕγ ∧ ωγ

(cf. [5, (4.31), (4.34)]).

Lemma 3.3 (cf. [5, Lemma 4.2]) As for Ψβ̄α, we have

Ψβ̄α ≡
∑

Sβ̄µαν̄ ωµ ∧ ων +
∑

Sβ̄µαν ωµ ∧ ων +
∑

Sβ̄µ̄αν̄ ωµ ∧ ων (mod ω),

Sβ̄µαν̄ + Sᾱµβν̄ = 0, Sβ̄µαν + Sᾱµβν = 0, Sβ̄µ̄αν̄ + Sᾱµ̄βν̄ = 0,
(3.7)

and the coefficients Sβ̄··· are uniquely determined (independently of the choice of the
family). As for Ψβα, we have

Ψβα ≡
∑

Sβµαν̄ ωµ ∧ ων +
∑

Sβµαν ωµ ∧ ων +
∑

Sβµ̄αν̄ ωµ ∧ ων (mod ω),

Sβµαν̄ − Sανβµ̄ = 0, Sβµαν + Sαµ̄βν̄ = 0, Sβµ̄αν̄ + Sαµβν = 0,
(3.8)

and there are relations

Sβµαν̄ = Sµβαν̄ + 2Sν̄µαβ = Sβµνᾱ + 2Sµ̄νβα,

Sβµαν =
1

2
(Sν̄αβµ̄ − Sµ̄αβν̄), Sβµαν + Sµναβ + Sνβαµ = 0.

(3.9)

Remark: One may calculate the coefficients Sβ̄··· concretely from the family given
in the first step, and knows that they do not vanish in general.

Proof. As for Ψβ̄α: The equations (2.12) and (2.13) imply Ψβ̄α + Ψᾱβ = 0, which
yields (3.7). If (ϕβα, ϕβ̄α, ϕα, ψ : Ψβ̄α) is changed into (ϕ′βα, ϕ

′
β̄α
, ϕ′α, ψ

′ : Ψ′
β̄α

) by the

transformation (3.4), then

Ψ′
β̄α = dϕβ̄α −

∑
ϕβ̄γ ∧ (ϕγα −Dγα ω)−

∑
(ϕβγ −Dβγ ω) ∧ ϕ′γ̄α

= Ψβ̄α +
∑

Dγα ϕβ̄γ ∧ ω −
∑

Dβγ ϕγ̄α ∧ ω.

Hence, the coefficients Sβ̄··· are uniquely determined. As for Ψβα: Obviously we have

Ψβα +Ψαβ = δαβ ω ∧ ψ,(3.10) ∑
Ψβα ∧ ωβ +

∑
Ψβ̄α ∧ ωβ(3.11)

= { − dϕα + ϕ ∧ ϕα +
∑

ϕβ ∧ ϕβα +
∑

ϕβ ∧ ϕβ̄α} ∧ ω,
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which imply (3.8), (3.9).

Let us study the functions Dβα appearing in (3.4). We apply the transformation
(3.4) to (3.5), (3.6) to get

Ψβ̄α = Ψ′
β̄α +

∑
{Dβγ ϕ

′
γ̄α −Dγα ϕ

′
β̄γ} ∧ ω,

Ψβα = Ψ′
βα + i

∑
{Dβα δµν +Dµα δνβ −Dνβ δµα −Dνµ δβα}ωµ ∧ ων

+ {dDβα −
∑

Dγα ϕ
′
βγ +

∑
Dβγ ϕ

′
γα

− i Eα ωβ − i Eβ ωα − i δβα
∑

Eν ων} ∧ ω.

The second formula says

Sβµαν̄ = S′
βµαν̄ + i(Dβα δµν +Dµα δνβ −Dνβ δµα − δβαDνµ),

which coincides with [5, (4.39)]. Accordingly, referring to the argument around [5,
(4.43)], we know that

∑
α S

′
αµαν̄ vanishes if and only if

(n+ 2)Dβα = −i
∑

Sρβρᾱ + i
δβα

2(n+ 1)

∑
Sργργ̄

holds. Hence, we obtain the following.

Proposition 3.4 (cf. [5, Lemma 4.3]) In Proposition 3.2, if the family (ϕ′βα, ϕ
′
β̄α
,

ϕ′α, ψ
′) satisfies also

dϕβα =
∑

ϕβγ ∧ ϕγα +
∑

ϕβ̄γ ∧ ϕγ̄α + i ωβ ∧ ϕα(3.12)

− i ϕβ ∧ ωα − i δβα
∑

ϕν ∧ ων +
∑

Sβµαν̄ ωµ ∧ ων

+
∑

Sβµαν ωµ ∧ ων +
∑

Sβµ̄αν̄ ωµ ∧ ων + λβα ∧ ω,

dϕβ̄α =
∑

ϕβ̄γ ∧ ϕγα +
∑

ϕβγ ∧ ϕγ̄α +
∑

Sβ̄µαν̄ ωµ ∧ ων(3.13)

+
∑

Sβ̄µαν ωµ ∧ ων +
∑

Sβ̄µ̄αν̄ ωµ ∧ ων + λβ̄α ∧ ω,

dϕα = ϕ ∧ ϕα +
∑

ϕβ ∧ ϕβα +
∑

ϕβ ∧ ϕβ̄α(3.14)

+
∑

λβα ∧ ωβ +
∑

λβ̄α ∧ ωβ + ϵα ∧ ω,∑
α

Sαµαν̄ = 0,(3.15)

then the Dβα are uniquely determined. Further, such a family exists.

Proof. Let us prove that such a family exists certainly. We take a family (ϕβα, ϕβ̄α,
ϕα, ψ) which satisfies (2.11), (2.12), (2.13) and (2.14). It suffices to show that it has the
formulas (3.12)–(3.14). First, Lemma 3.3 says it has (3.12), (3.13). Then, since (3.11)
yields the equality

{ −
∑

λβα ∧ ωβ −
∑

λβ̄α ∧ ωβ

+ dϕα − ϕ ∧ ϕα −
∑

ϕβ ∧ ϕβα −
∑

ϕβ ∧ ϕβ̄α} ∧ ω = 0,
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(3.14) holds inevitably.

Next, let us study the functions λβα appearing in Proposition 3.4. Together with
(3.8) and (3.10), the formula (3.12) implies (λβα + λαβ) ∧ ω = Ψβα +Ψαβ = δβα ω ∧ ψ.
Thus, we have

λβα + λαβ + δβαψ ≡ 0 (mod ω)

(cf. [5, (4.46)]). Further, we have

δβα
∑

λγγ + λβα − (n+ 1)λαβ ≡ 0 (mod ω, ωρ, ωρ)

(cf. [5, (4.50)]), which is shown by investigating the terms
∑

{· · ·} ∧ ωµ ∧ ων appearing
in

∑
ddϕββ (= 0). Hence, λβα can be expressed as

λβα ≡
∑

Vβαµ ωµ −
∑

Vαβµ ωµ − 1

2
δβαψ (mod ω)

(cf. [5, (4.51), (4.52)]). Consequently we obtain the corollary:

Corollary 3.5 (cf. [5, Lemma 4.3, (4.53), (4.54)]) In Proposition 3.2, if the
family (ϕ′βα, ϕ

′
β̄α
, ϕ′α, ψ

′) satisfies also (2.15) with (2.19), (2.16) with (2.20), (2.17) with

(2.21) and (3.15), then the Dβα are uniquely determined. Further, such a family exists.

Proposition 3.2 is then reduced to the proposition:

Proposition 3.6 Let (ϕβα, ϕβ̄α, ϕα, ψ) satisfy (2.11), (2.12), (2.13), (2.14), (2.15)
with (2.19), (2.16) with (2.20), (2.17) with (2.21), and (3.15). Then, another family
(ϕ′βα, ϕ

′
β̄α
, ϕ′α, ψ

′) satisfies those equations if and only if there exist relations

ϕβα = ϕ′βα, ϕβ̄α = ϕ′β̄α, ϕα = ϕ′α + Eα ω,

ψ = ψ′ +Gω + i
∑

(Eα ωα − Eα ωα), G ∈ R.
(3.16)

The third step: First, we want to investigate the functions Eα appearing in the
transformation (3.16). Let (ϕβα, ϕβ̄α, ϕα, ψ) be such a family as in Proposition 3.6. Then

we change (2.15) (with (2.19)) by (3.16) to get Vβαµ = V ′
βαµ − i(δµαEβ + 1

2 δβαEµ) and∑
α

Vβαα =
∑
α

V ′
βαα − i (n+

1

2
)Eβ

(cf. [5, (4.57)]). (Since there are some extra terms in our case, the computations are much
complicated more than those for [5, (4.56), (4.57)].) Hence, we have the proposition:

Proposition 3.7 (cf. [5, Lemma 4.4, (4.66)])
(1) In Proposition 3.6, the family (ϕ′βα, ϕ

′
β̄α
, ϕ′α, ψ

′) satisfies also∑
α

Vβαα = 0,(3.17)

then the Eα are uniquely determined. Further, such a family exists.
(2) Let (ϕβα, ϕβ̄α, ϕα, ψ) satisfy (2.11), (2.12), (2.13), (2.14), (2.15) with (2.19),

(2.16) with (2.20), (2.17) with (2.21), (3.15) and (3.17). Then, another family (ϕ′βα, ϕ
′
β̄α
,

ϕ′α, ψ
′) satisfies those equations if and only if there exist relations

ϕβα = ϕ′βα, ϕβ̄α = ϕ′β̄α, ϕα = ϕ′α, ψ = ψ′ +Gω (G ∈ R).(3.18)
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Next, we will investigate the function G appearing in the transformation (3.18). Let
(ϕβα, ϕβ̄α, ϕα, ψ) be such a family as in Proposition 3.7(2). We differentiate (2.14) to
get

0 = ω ∧ { − dψ + ϕ ∧ ψ + 2i
∑

ϕβ ∧ ϕβ − i
∑

ωβ ∧ ηβ − i
∑

ηβ ∧ ωβ}(3.19)

+ 2i
∑

ϕα ∧ ωβ ∧ ϕᾱβ + 2i
∑

ϕα ∧ ϕᾱβ ∧ ωβ

− i
∑

ωβ ∧ λγ̄β ∧ ωγ + i
∑

λγ̄β ∧ ωγ ∧ ωβ.

We have thus the formulas (2.18) and (2.22). Substituting (2.23) into (2.18) and then
applying the transformation (3.18) to it, we have

dψ′ = ϕ ∧ ψ′ + 2i
∑

ϕβ ∧ ϕβ − i
∑

(δµν G+ η̃νµ)ωµ ∧ ων

− i
∑

ηµν̄ ωµ ∧ ων − i
∑

ηνµ̄ ωµ ∧ ων − i
∑

ηβ(0) ωβ ∧ ϕ

− i
∑

ηβ(0) ϕ ∧ ωβ − i
∑

ηβ(µν) ωβ ∧ ϕµν − i
∑

ηβ(µν) ϕµν ∧ ωβ

− i
∑

ηβ(µ) ωβ ∧ ϕµ − i
∑

ηβ(µ) ϕµ ∧ ωβ − i
∑

ηβ(µ̄) ωβ ∧ ϕµ

− i
∑

ηβ(µ̄) ϕµ ∧ ωβ − i
∑

ηβ(∗) ωβ ∧ ψ′ − i
∑

ηβ(∗) ψ
′ ∧ ωβ

+ (ϱ− dG+ 2Gϕ− i
∑

Gηβ(∗) ωβ + i
∑

Gηβ(∗) ωβ) ∧ ω.

Hence, we get η̃′νµ = δµν G+ η̃νµ, that is,∑
η̃′µµ = nG+

∑
η̃µµ

(cf. [5, (4.69)] around). This means: In Proposition 3.7(2), if the family (ϕ′βα, ϕ
′
β̄α
, ϕ′α, ψ

′)

satisfies also ∑
η̃µµ = 0,

then the G is uniquely determined (cf. [5, Lemma 4.5]). Further, such a family exists
certainly. Namely, the part of unique existence in Theorem 2.2 was proved.

The fourth step: Here we will prove the remaining assertions. Some of them are
already obvious and the others are proved by straightforward computations.

On Theorem 2.2(1): Referring to Proposition 3.1, (2.6), (2.8) and (2.9), we have,
modulo ω, ωρ, ωρ,

ϕβα ≡ −
∑

uµβ duµα +
1

2
δβαϕ,

ϕα ≡ −dvα +
∑

vβ uµβ duµα +
1

2
vα ϕ,

ψ ≡ −ds+ i
∑

vα vβ uµβ duµα − i
∑

vβ vα uµβ duµα

− i
∑

vα dvα + i
∑

vα dvα − sϕ,

which imply Theorem 2.2(1).
On Theorem 2.2(2): It has been proved in Lemma 3.3.
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On the formula (2.26) for ϕβ̄α: Proposition 3.2 implies that the ϕβ̄α satisfying
the conditions in Theorem 2.2 are identifed as the ones given in Proposition 3.1.

On the formula (2.27) for λβ̄α: Refer to (3.19). We notice that the right hand
side with the term ω ∧ {· · ·} removed vanishes, that is,

2
∑

ϕα ∧ ωβ ∧ ϕᾱβ + 2
∑

ϕα ∧ ϕᾱβ ∧ ωβ

−
∑

ωβ ∧ λγ̄β ∧ ωγ +
∑

λγ̄β ∧ ωγ ∧ ωβ = 0.

The left hand side is equal to∑
(λγ̄β +

∑
bγ̄βᾱ ϕα) ∧ ωβ ∧ ωγ −

∑
(λγ̄β +

∑
bγ̄βᾱ ϕα) ∧ ωβ ∧ ωγ .

Hence, we obtain the formula.
On the formula (2.28) for ηα (cf. [5, (4.61) and (4.62)]): We differentiate the

left hand side of (2.17) and focus only on the sum
∑

{· · ·} ∧ ωµ ∧ ων (= 0). By ignoring
the difference of ω-, ωρ- and ωρ-terms in the {· · ·}, it is equal to∑

{ − i

2
δµαην − i δµνηα + Λαµν̄ + dVαµν +

∑
Vγµν ϕγα − Vαµν ϕ(3.20)

−
∑

Vαµγ ϕνγ −
∑

Vαγν ϕµγ −
∑

Sγµαν̄ ϕγ −
∑

Sγ̄µαν̄ ϕγ} ∧ ωµ ∧ ων ,

where we put

Λαµν̄ =
∑

(bν̄ρᾱ bµ̄ρβ̄ − bν̄αρ̄ bβ̄ρµ̄)ϕβ + (dbν̄αβ̄)µ ϕβ.

Setting µ = ν in the terms {· · ·} of (3.20) and summing them up, we have

i
2n+ 1

2
ηα ≡

∑
Λαµµ̄ (mod ω, ωρ, ωρ),

which gives the formula (2.28).
On the formula (2.29) for ϱ (cf. [5, (4.64) and (4.72)]): Let us differentiate

the left hand side of (2.18) and focus only on the sum
∑

{· · ·} ∧ ωµ ∧ ων (= 0). Then,
in a way similar to the above, modulo ω, ωρ, ωρ, we have

i δµνϱ ≡ 2i
∑

Vβµν ϕβ + 2i
∑

Vβνµ ϕβ − i dηνµ − i dηµν

+
i

2
ην(µ) ψ +

i

2
ηµ(ν) ψ + i

∑
bµ̄ρβ̄ ην(ρ̄) ϕβ + i

∑
bν̄ρβ̄ ηµ(ρ̄) ϕβ

+ i
∑

ηνβ ϕµβ + i
∑

ηµβ ϕνβ

− i
∑

bβ̄ρµ̄ ην(ρ̄) ϕβ − i
∑

bβ̄ρν̄ ηµ(ρ̄) ϕβ

+ i ηνµ ϕ+ i ηµν ϕ+ i
∑

ηβµ ϕνβ + i
∑

ηβν ϕµβ

+ i
∑

(dην(β))µ ϕβ + i
∑

(dηµ(β̄))ν ϕβ

+ i
∑

(dην(β̄))µ ϕβ + i
∑

(dηµ(β))ν ϕβ.

The sum of the right hand side with µ = ν is equal to

i

2

∑
(ηµ(µ) + ηµ(µ))ψ + i

∑
{(dηµ(β))µ + (dηµ(β̄))µ +

∑
bµ̄βρ̄ ηµ(ρ̄)}ϕβ

+ i
∑

{(dηµ(β))µ + (dηµ(β̄))µ +
∑

bµ̄βρ̄ ηµ(ρ̄)}ϕβ.
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Thus, we obtain (2.29).
On Theorem 2.2(4) (cf. [5, Appendix: Bianchi identities]): In a way similar

to the computations for [5, (A.4′′)], we find

0 = dΦβα +
∑

Φβγ ∧ ϕγα −
∑

ϕβγ ∧ Φγα − i ωβ ∧ Φα − iΦβ ∧ ωα

− i

2
δβα{

∑
Φγ ∧ ωγ +

∑
Φγ ∧ ωγ}

+
∑

{Φβ̄γ − i ωβ ∧ ϕγ + i ϕβ ∧ ωγ} ∧ ϕγ̄α

−
∑

ϕβ̄γ ∧ {Φγ̄α − i ωγ ∧ ϕα + i ϕγ ∧ ωα}

− δβα{
i

2

∑
λρ̄γ ∧ ωρ ∧ ωγ −

i

2

∑
λρ̄γ ∧ ωρ ∧ ωγ}

+ i δβα
∑

ϕγ̄ρ ∧ ϕρ ∧ ωγ − i δβα
∑

ϕγ̄ρ ∧ ωρ ∧ ϕγ .

Let us substitute (2.19)–(2.21) to it and sort out the terms. Then, referring to the
sum

∑
{· · ·}ωγ ∧ ωµ ∧ ων , we obtain (2.30) and (2.31). Similarly, referring to the sums∑

{· · ·}ωµ ∧ ων ∧ ω and
∑

{· · ·}ωµ ∧ ων ∧ ω, we obtain (2.32) and (2.33) respectively.

4 The Chern-Moser connection

With reference to the arguments in [5, §5] and [8, §4], in this section we will construct
a Cartan connection on the Cartan principal bundle π : Y →M for general J .

First, let us set

Ωθ• =

− 1
n+2(

∑
ϕγγ + ϕ) −1

2ϕα −1
4ψ

−2i ωβ −ϕβα +
δβα
n+2(

∑
ϕγγ + ϕ) −i ϕβ

2ω ωα
1

n+2(
∑
ϕγγ + ϕ)

(4.1)

∈ Γ(su(n+ 1, 1)⊗ T ∗(π−1
1 (Uθ• × R+)))

(cf. [5, (5.30)], [8, (4.9)]). Then, Theorem 2.2 implies

F (Ωθ•) := dΩθ• +Ωθ• ∧ Ωθ•(4.2)

=

− 1
n+2

∑
Φµµ −1

2 Φα −1
4Ψ

0 −Φβα +
δβα
n+2

∑
Φµµ −iΦβ

0 0 1
n+2

∑
Φµµ



+

− 1
n+2 ϕµ̄γ ∧ ϕγ̄µ −1

2 ϕγ ∧ ϕγ̄α 0

−2i ωγ ∧ ϕγ̄β −ϕβ̄γ ∧ ϕγ̄α +
δβα
n+2 ϕµ̄γ ∧ ϕγ̄µ −i ϕγ ∧ ϕγ̄β

0 ωγ ∧ ϕγ̄α 1
n+2 ϕµ̄γ ∧ ϕγ̄µ


(cf. [5, (5.33)–(5.35)], [8, (4.10)]), where the summation symbols

∑
γ ,

∑
γ,µ are omitted

in the matrix of the last line.
Now, we will take another unitary frame θ′• defined by

θ′• = (θ,
∑

UM
γ1 θ

γ , . . . ,
∑

UM
γn θ

γ), UM ∈ C∞(Uθ• ∩ Uθ′• , U(n)).

We want to clarify the relations between Ωθ′• , F (Ωθ′•) and the ones given above. The two
families (ωE , ωE

α , ω
E
α , ϕ

E) and (ω′E , ω′E
α , ω

′E
α , ϕ

′E) (i.e., (2.2) for θ′•) have the transition
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function Λ(UM , 0, 0) ∈ C∞(Uθ• ∩ Uθ′• , G1), which cannot be the one between Ωθ• and
Ωθ′• obviously but provides it as follows: We will refer mainly to the argument by Le
([8], in the case n = 1), which is well-prepared for our discussion. Let us consider the
grading of the Lie algebra su = su(n+ 1, 1)

su =
∑
p∈Z

sup, sup := {A ∈ su | [E,A] = pA}, [sup, suq] ⊂ sup+q,

where E is the matrix with E00 = −En+1,n+1 = 1 and Eij = 0 (otherwise). Notice

that sup = {0} if |p| > 2. The Lie subgroup H̃ corresponding to the Lie subalgebra

H̃ :=
∑

p≥0 sup consists of matrices

{t, (Uβα), (τα), r} :=

 t t τβ Uβα t(r + i
∑

|τα|2)
0 Uβα 2i τβ
0 0 1/t


(
t ∈ C∗, (τα) ∈ Cn, r ∈ R, (Uβα) ∈ U(n), det(Uβα) = t/t

)
,

and its subgroup H̃1 := {{t, (Uβα), (τα), r} | |t| = 1} has a surjective homomorphism

ζ : H̃1 → G1, {t, (Uβα), (τα), r} 7→ Λ(t(Uβα), (2t
∑

τβ Uβα), 4r),

ker ζ = {{ε, εEn, 0, 0} ∈ H̃ | εn+2 = 1, ε ∈ C} = {{ε, εEn, 0, 0} ∈ H̃1}.

Via the identification

ζ : H1 := H̃1/ ker ζ ∼= G1,

let us regard π1 : Y → E as a principalH1-bundle. Accordingly, the function Λ(UM , 0, 0)
∈ C∞(Uθ• ∩ Uθ′• , G1) induces

λ(θ•θ′•) := {1, UM , 0, 0} ∈ C∞(Uθ• ∩ Uθ′• ,H1).

Here we specify it by a representative. Note that the following result does not change
even if we adopt another representative.

Proposition 4.1 (cf. [8, (4.17)], [5, (5.40)]) On π−1
1 (Uθ• ∩ Uθ′• × R+), we have

Ωθ′• = λ−1
(θ•θ′•)Ωθ•λ(θ•θ′•) + λ−1

(θ•θ′•)dλ(θ•θ′•), F (Ωθ′•) = λ−1
(θ•θ′•)F (Ωθ•)λ(θ•θ′•),(4.3)

where we regard λ(θ•θ′•) as a function on the neighborhood naturally.

Proof. The family (ω′, ω′
α, ω

′
α, ϕ

′) (i.e., (2.3) for θ′•) is certainly written as

ω′ = ω, ω′
α =

∑
UM
κα ωκ, ϕ′ = ϕ.(4.4)

The corresponding family (ϕ′βα, ϕ
′
β̄α
, ϕ′α, ψ

′) is then given by

ϕ′βα =
∑

UM
ρβ U

M
κα ϕρκ −

∑
UM
ρβ dU

M
ρα,

ϕ′β̄α =
∑

UM
ρβ U

M
κα ϕρ̄κ, ϕ′α =

∑
UM
κα ϕκ, ψ′ = ψ,

Φ′
βα =

∑
UM
ρβ U

M
καΦρκ, Φ′

β̄α =
∑

UM
ρβ U

M
καΦρ̄κ,

Φ′
α =

∑
UM
καΦκ, Ψ′ = Ψ, η′α =

∑
UM
κα ηκ, ϱ′ = ϱ.

(4.5)
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In order to show it, because of the uniqueness it suffices to ascertain that they satisfy
the conditions in Theorem 2.2. We will omit the calculations: In checking the condition∑

µ η̃
′
µµ = 0 (cf. (2.24)), recall that the form ηα has no ϕµν-term (cf. (2.28)). The

relations (4.4) and (4.5) imply certainly the formulas (4.3).

Notice that H1 = H̃1/ ker ζ is a subgroup of G := SU(n + 1, 1)/ ker ζ and consider
the bigger subgroup H := H̃/ ker ζ. Via the identifications (cf. [8, p.251])

R+ × H̃1
∼= H̃, R+ ×H1

∼= H, (u, {t, U, τ, r}) 7→ {
√
u t, U, τ, r},

let us regard the bundle π : Y →M as a principal H-bundle with the trivializations

π−1(Uθ•) = π−1
1 (Uθ• × R+) ∼= Uθ• × R+ ×H1

∼= Uθ• ×H(4.6)

(cf. [8, Theorem 4.1]). We have the cross-sections (via the trivializations)

σθ• : Uθ• → Uθ• ×H ∼= π−1(Uθ•), x 7→ (x, e) ↔ (ωE , ωE
α , ω

E
α , ϕ

E)(x, 1) · e

(e is the unit element of H or G1) with the transition functions

λ(σθ•σθ′• )
:= λ(θ•θ′•) ∈ C∞(Uθ• ∩ Uθ′• ,H).

Let us consider the (sub-) algebras G := su =
∑

sup, H := H̃ =
∑

p≥0 sup corresponding
to G, H, and decompose G into

G = H+M, M :=
∑
p<0

sup =

{ 0 0 0
−2i cβ 0 0
s cα 0

∣∣∣∣∣ (cα) ∈ Cn,
s ∈ R

}
.

Proposition 4.2 (cf. [8, (2.3)]) The family ΩM := {Ωσθ• := σ∗θ•Ωθ• ∈ Γ(G ⊗
T ∗Uθ•)}θ• satisfies

Ωσθ• = Ad(λ−1
(σθ•σθ′• )

)Ωσθ• + λ∗(σθ•σθ′• )
ΩH (on Uθ• ∩ Uθ′•),(4.7)

proj ◦ Ωσθ• : TxM ∼= G/H,(4.8)

where ΩH is the Maurer-Cartan form of H.

Proof. The first equality of (4.3) implies (4.7). As for (4.8): For a vector X ∈ TxM ,
(proj ◦ Ωσθ• )(X) is equal to 0 0 0

−2i ωβ(σθ•∗X) 0 0
2ω(σθ•∗X) ωα(σθ•∗X) 0


as an element of M (cf. (4.1)). The map proj ◦ Ωσθ• is thus certainly isomorphic.

Hence, by a standard argument (e.g. [8, Proposition 2.1], [7, II.1]), we have the
theorem:
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Theorem 4.3 (cf. [8, Theorem 4.2]) The principal bundle connection ΩY ∈ Γ(G⊗
TY ) on the Cartan principal bundle π : Y →M induced from ΩM , i.e.,

ΩY (X,Vh) = Ad(h−1)Ωσθ• (X) + ΩH(Vh)(4.9)

= Ad(h−1)Ωθ•(ι∗X) + ΩH(Vh) (ι := σθ•)(
Tι(x)·hY = TxM ⊕ ThH ∋ (X,Vh) (via (4.6))

)
,

is a Cartan connection of type G/H. Namely, it satisfies

ΩY (A
∗) = A (A ∈ H), R∗

hΩY = Ad(h−1)ΩY (h ∈ H),

ΩY : TyY ∼= G (y ∈ Y ).
(4.10)

Further, we have the following.

Theorem 4.4 The Chern-Moser connection ΩY is normal in the sense of Tanaka
([12]) if and only if J is integrable.

The Maurer-Cartan connection ΩH is flat and the curvature F (ΩY ) is expressed as

F (ΩY )((X,Vh), (X
′, V ′

h)) = Ad(h−1)F (Ωσθ• )(X,X
′)(4.11)

= Ad(h−1)F (Ωθ•)(ι∗X, ι∗X
′).

If the curvature satisfies the condition (5.1), we say that the connection is normal.

5 The proof of Theorem 4.4

With regard to the proof of Theorem 4.4, we refer to [8, §5] constantly. The sub-
spaces su2; su−2; su1; su−1; su0 of su =

∑
−2≤p≤2 sup have bases e12; e

1
−2; e

1
1, . . . , e

2n
1 ;

e1−1, . . . , e
2n
−1; e

0
0, e

(11)
0 , . . . , e

(nn)
0 , e

(βα:R)
0 , e

(βα:I)
0 (β > α) given by

e12 =
1

2(n+ 2)


0 0 · · · 0 1

0
...
0

O
0
...
0

0 0 · · · 0 0

 , e1−2 =


0 0 · · · 0 0

0
...
0

O
0
...
0

1 0 · · · 0 0

 ,

e11 =
1

8(n+ 2)


0 i 0 · · · 0 0

0
0
...
0

O
2
0
...
0

0 0 0 · · · 0 0

 , e21 =
−1

8(n+ 2)


0 1 0 · · · 0 0

0
0
...
0

O
2i
0
...
0

0 0 0 · · · 0 0

 , . . . ,

e1−1 =


0 0 0 · · · 0 0

−2i
0
...
0

O
0
0
...
0

0 1 0 · · · 0 0

 , e2−1 =


0 0 0 · · · 0 0

−2
0
...
0

O
0
0
...
0

0 i 0 · · · 0 0

 , . . . ,
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e00 =


1 0 · · · 0 0

0...
0

O
0...
0

0 0 · · · 0 −1

 , e
(ββ)
0 =


−i 0 · · · 0 0

0...
0

E
(ββ)
0

0...
0

0 0 · · · 0 −i

 ,

e
(βα:R)
0
(β ̸=α)

=


0 0 · · · 0 0

0...
0

E
(βα:R)
0

0...
0

0 0 · · · 0 0

 , e
(βα:I)
0
(β ̸=α)

=


0 0 · · · 0 0

0...
0

E
(βα:I)
0

0...
0

0 0 · · · 0 0

 ,

where E
(ββ)
0 , etc., are the n× n-matrices defined by (E

(ββ)
0 )µν = 2i (if (µ, ν) = (β, β)),

= 0 (otherwise); (E
(βα:R)
0 )µν = 1 (if (µ, ν) = (β, α)), = −1 (if (µ, ν) = (α, β)), = 0

(otherwise); (E
(βα:I)
0 )µν = i (if (µ, ν) = (β, α) or (α, β)), = 0 (otherwise). Gathering

them all, we obtain a basis {ejp} of G = su which satisfies B(ei−p, e
j
p) = δij , where B is

the Killing form.
We say the Chern-Moser connection ΩY is normal ([12, §4.4]) if

[e12, Ω
−1
Y (e1−2)⌋F (ΩY )] +

∑
[ej1, Ω

−1
Y (ej−1)⌋F (ΩY )] = 0.(5.1)

Since the normality of the connection does not depend on the choice of such a basis of
G, it suffices to check the condition at each point of ι(Uθ•). Let us argue at a point of
ι(Uθ•). Thus, we have

ΩY (X,V ) = Ωθ•(ι∗X) + ΩH(V ) =

 ∗ ∗ ∗
−2i ωβ ∗ ∗
2ω ωα ∗

(X,V )

=:

 Ω0
i

8(n+2)Ω
α
1

1
2(n+2)Ω2

−2iΩβ
−1 Ωβα

0
1

4(n+2) Ω
β
1

Ω−2 Ωα
−1 −Ω0

(X,V ),

F (ΩY )((X,V ), (X ′, V ′)) = F (Ωθ•)(ι∗X, ι∗X
′)(5.2) (

Tι(x)Y = TxM ⊕ TeH ∋ (X,V ), (X ′, V ′)
)

(cf. (4.9), (4.11)). Denoting by {ηjp} the dual frame of {Ω−1
Y (ejp)}, we have

ΩY =
∑

ejp ⊗ ηjp(
Ωα
1 = η2α−1

1 + iη2α1 , Ωα
−1 = η2α−1

−1 + iη2α−1, Ω2 = η12, Ω−2 = η1−2

)
,

F (ΩY ) =
∑

Ak η
k
−1 ∧ η1−2 +

∑
Bkℓ η

k
−1 ∧ ηℓ−1 + · · · (Ak, Bkℓ = −Bℓk ∈ su).(5.3)

By definition, we have the following.

Lemma 5.1 If ΩY is normal, then∑
[ek1, Ak] = 0, [e12, Aℓ]− 2

∑
[ek1, Bkℓ] = 0(5.4)

for all ℓ. Moreover, if there is no extra part + · · · in the expansion (5.3), then the
converse is also true.
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We set

Ak =
∑
p

Ak:p =
∑
p

∑
j

ajk:p e
j
p, Bkℓ =

∑
p

Bkℓ:p =
∑
p

∑
j

bjkℓ:p e
j
p,(5.5)

where, in the case p = 0, we assume that the superscript j runs all over in the set

{0, (11), . . . , (nn), (βα : R), (βα : I)} and a
(βα:R)
k:0 = −a(αβ:R)

k:0 , a
(βα:I)
k:0 = a

(αβ:I)
k:0 , a

(ββ:R)
k:0 =

a
(ββ:I)
k:0 = 0, etc., (and e

(ββ:R)
0 = e

(ββ:I)
0 = 0). Then we have the following.

Proposition 5.2 If ΩY is normal, then we have

a1k:−2 = b1kℓ:−2 = 0,(5.6) ∑
a2β2β:−1 = −

∑
a2β−1
2β−1:−1, a2β2α:−1 = −a2β−1

2α−1:−1 (β ̸= α),

a2β2α−1:−1 = a2β−1
2α:−1,

(5.7)

∑
b2β2β,ℓ:−1 = −

∑
b2β−1
2β−1,ℓ:−1, b2β2α,ℓ:−1 = −b2β−1

2α−1,ℓ:−1 (β ̸= α),

b2β2α−1,ℓ:−1 = b2β−1
2α,ℓ:−1,

(5.8)

a02α−1:0 + 2 a
(αα)
2α:0 +

∑
a
(ββ)
2α:0 − 2

∑
a
(βα:R)
2β−1:0 + 2

∑
a
(βα:I)
2β:0 = 0,

a02α:0 − 2 a
(αα)
2α−1:0 −

∑
a
(ββ)
2α−1:0 − 2

∑
a
(βα:R)
2β:0 − 2

∑
a
(βα:I)
2β−1:0 = 0,

2 a2αℓ:−1 = −b02α−1,ℓ:0 − 2 b
(αα)
2α,ℓ:0 −

∑
b
(ββ)
2α,ℓ:0 + 2

∑
b
(βα:R)
2β−1,ℓ:0 − 2

∑
b
(βα:I)
2β,ℓ:0 ,

2 a2α−1
ℓ:−1 = b02α,ℓ:0 − 2 b

(αα)
2α−1,ℓ:0 −

∑
b
(ββ)
2α−1,ℓ:0 − 2

∑
b
(βα:R)
2β,ℓ:0 − 2

∑
b
(βα:I)
2β−1,ℓ:0,∑

a2β2β−1:1 =
∑

a2β−1
2β:1 ,

a0ℓ:0 =
−1

8(n+ 2)

∑
(b2β2β−1,ℓ:1 − b2β−1

2β,ℓ:1).

Moreover, if there is no extra part + · · · in the expansion (5.3), then the converse is also
true.

Proof. Checking the su−1-component of (5.4), we obtain (5.6). Indeed, it comes
from ∑

[ek1, Ak:−2] =
∑

a12γ−1:−2 [e
2γ−1
1 , e1−2] +

∑
a12γ:−2 [e

2γ
1 , e

1
−2]

=
∑

a12γ−1:−2

−1

8(n+ 2)
e2γ−1 +

∑
a12γ:−2

1

8(n+ 2)
e2γ−1
−1 ,

[e12, Aℓ:−3]− 2
∑

[ek1, Bkℓ:−2] = −2
∑

[ek1, Bkℓ:−2]

=
∑

b12γ−1,ℓ:−2

1

4(n+ 2)
e2γ−1 +

∑
b12γ,ℓ:−2

−1

4(n+ 2)
e2γ−1
−1 .

By checking the su0-component, . . . successively, the proposition is proved.

Now, let us begin proving Theorem 4.4.

The first half of the proof of Theorem 4.4. We assume that J is non-integrable.
We want to show ΩY is not normal. By (5.2), (4.2), we have

∑
Ak:−1η

k
−1 ∧ η1−2 +

∑
Bkℓ:−1 η

k
−1 ∧ ηℓ−1 =

 0 0 0
−2i cβ 0 0

0 cα 0

 ,(5.9)
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cα =
∑

ωγ ∧ ϕγ̄α =
∑ i

4
Qρ

γ̄ᾱΩ
γ
−1 ∧ Ωρ

−1,(5.10)

and (5.9) says

4cα = 4
∑

(a2α−1
k:−1 + i a2αk:−1) η

k
−1 ∧ η1−2 + 4

∑
(b2α−1

kℓ:−1 + i b2αkℓ:−1) η
k
−1 ∧ ηℓ−1

= 2
∑

(a2α−1
2γ−1:−1 + i a2α2γ−1:−1) (Ω

γ
−1 +Ωγ

−1) ∧ Ω−2

+ 2
∑

(a2α−1
2γ:−1 + i a2α2γ:−1) (Ω

γ
−1 − Ωγ

−1) ∧ Ω−2

+
∑

{(b2α−1
2γ−1,2ρ−1:−1 + i b2α2γ−1,2ρ−1:−1) + (b2α−1

2γ−1,2ρ:−1 + i b2α2γ−1,2ρ:−1)

+ (b2α−1
2γ,2ρ:−1 + i b2α2γ,2ρ:−1) + (b2α−1

2γ,2ρ−1:−1 + i b2α2γ,2ρ−1:−1)}Ω
γ
−1 ∧ Ωρ

−1

+
∑

{(b2α−1
2γ−1,2ρ−1:−1 + i b2α2γ−1,2ρ−1:−1)− (b2α−1

2γ−1,2ρ:−1 + i b2α2γ−1,2ρ:−1)

+ (b2α−1
2γ,2ρ:−1 + i b2α2γ,2ρ:−1)− (b2α−1

2γ,2ρ−1:−1 + i b2α2γ,2ρ−1:−1)}Ω
γ
−1 ∧ Ωρ

−1

+ 2
∑

{(b2α−1
2γ−1,2ρ−1:−1 + i b2α2γ−1,2ρ−1:−1)− (b2α−1

2γ−1,2ρ:−1 + i b2α2γ−1,2ρ:−1)

− (b2α−1
2γ,2ρ:−1 + i b2α2γ,2ρ:−1) + (b2α−1

2γ,2ρ−1:−1 + i b2α2γ,2ρ−1:−1)}Ω
γ
−1 ∧ Ωρ

−1.

Comparing this with (5.10), we find ((5.7) holds and)

bj2γ,2ρ:−1 = bj2γ−1,2ρ:−1 = bj2γ,2ρ−1:−1 = bj2γ−1,2ρ−1:−1,(5.11)

4(b2α−1
2γ,2ρ:−1 + i b2α2γ,2ρ:−1) = iQρ

γ̄ᾱ.(5.12)

Let us assume that (5.8) holds. Then, together with (5.11), etc., it implies b2α−1
2γ,2ρ:−1 =

b2α2γ,2ρ:−1 = 0. Hence, by (5.12), the tensor Q vanishes. This contradicts the assumption
that J is non-integrable. Thus we find (5.8) does not hold, that is, ΩY is not normal.

Let J be integrable from now on. The purpose is to show that ΩY is normal. It
follows from Theorem 2.2 that the matrix in the last line of (4.2) vanishes and the
expansion (5.3) has no extra part + · · ·. In order to check the conditions of Proposition
5.2, let us calculate the coefficients of (5.5).

Proposition 5.3 We have

a1k:−2 = b1kℓ:−2 = ajk:−1 = bjkℓ:−1 = 0

and

a0k:0 = b0kℓ:0 = 0,

a
(ββ)
2µ−1:0 = −1

2
Im(Vββµ −

∑
γ Vγγµ

n+ 2
), a

(ββ)
2µ:0 = −1

2
Re(Vββµ −

∑
γ Vγγµ

n+ 2
),

a
(βα:R)
2µ−1:0 = −1

4
Re(Vβαµ − Vαβµ), a

(βα:R)
2µ:0 =

1

4
Im(Vβαµ − Vαβµ) (β ̸= α),

a
(βα:I)
2µ−1:0 = −1

4
Im(Vβαµ + Vαβµ), a

(βα:I)
2µ:0 = −1

4
Re(Vβαµ + Vαβµ) (β ̸= α),

b
(ββ)
2µ−1,2ν−1:0 = b

(ββ)
2µ,2ν:0 = −1

2
Im(Sβµβν̄), b

(ββ)
2µ−1,2ν:0 =

1

2
Re(Sβµβν̄),

b
(βα:R)
2µ−1,2ν−1:0 = b

(βα:R)
2µ,2ν:0 =

1

4
Re(Sβναµ̄ − Sανβµ̄) (β ̸= α),
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b
(βα:R)
2µ−1,2ν:0 = −1

4
Im(Sβναµ̄ − Sανβµ̄) (β ̸= α),

b
(βα:I)
2µ−1,2ν−1:0 = b

(βα:I)
2µ,2ν:0 =

1

4
Im(Sβναµ̄ + Sανβµ̄) (β ̸= α),

b
(βα:I)
2µ−1,2ν:0 =

1

4
Re(Sβναµ̄ + Sανβµ̄) (β ̸= α)

and

a2α−1
2µ−1:1 = −2(n+ 2) Im(ηαµ + ηαµ̄), a2α−1

2µ:1 = −2(n+ 2)Re(ηαµ − ηαµ̄),

a2α2µ−1:1 = 2(n+ 2)Re(ηαµ + ηαµ̄), a2α2µ:1 = −2(n+ 2) Im(ηαµ − ηαµ̄),

b2α2µ−1,2ν−1:1 = 2(n+ 2)Re(Vαµν − Vανµ + Vναµ − Vµαν),

b2α−1
2µ−1,2ν−1:1 = 2(n+ 2) Im(Vαµν − Vανµ − Vναµ + Vµαν),

b2α2µ,2ν:1 = 2(n+ 2)Re(Vαµν − Vανµ − Vναµ + Vµαν),

b2α−1
2µ,2ν:1 = 2(n+ 2) Im(Vαµν − Vανµ + Vναµ − Vµαν),

b2α2µ−1,2ν:1 = −2(n+ 2) Im(Vαµν + Vανµ + Vναµ − Vµαν),

b2α−1
2µ−1,2ν:1 = 2(n+ 2)Re(Vαµν + Vανµ − Vναµ + Vµαν).

Remark: One may delete the term
∑

γ Vγγµ (cf. Remark 2.3) and could find further
symmetry relations on the coefficients.

Proof. We have∑
Ak:p η

k
−1 ∧ η1−2 +

∑
Bkℓ:p η

k
−1 ∧ ηℓ−1 = 0 (p < 0),∑

Ak:0 η
k
−1 ∧ η1−2 +

∑
Bkℓ:0 η

k
−1 ∧ ηℓ−1

=

− 1
n+2

∑
Φµµ 0 0

0 −Φβα +
δβα
n+2

∑
Φµµ 0

0 0 1
n+2

∑
Φµµ

 ,

∑
Ak:1 η

k
−1 ∧ η1−2 +

∑
Bkℓ:1 η

k
−1 ∧ ηℓ−1 =

 0 −1
2 Φα 0

0 0 −iΦβ

0 0 0

 ,

∑
Ak:2 η

k
−1 ∧ η1−2 +

∑
Bkℓ:2 η

k
−1 ∧ ηℓ−1 =

 0 0 −1
4Ψ

0 0 0
0 0 0

 .

In a way similar to the computation for (5.9) with (5.10), we carry out computations to
get the proposition.

We finish preparations and prove the rest.

The second half of the proof of Theorem 4.4. We want to show that, if J is
integrable, then ΩY is normal. It suffices to ascertain that the conditions in Proposition
5.2 hold. By referring to Proposition 5.3 and the conditions in Theorem 2.2 (in the case
J is integrable), it is checked by straightforward computations.
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