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Abstract
We investigate contact type of a regular surface in Euclidean 3-space R3
with right circular cylinders. We present the conditions for existence of cylin-
ders with Ay, As, Az, Ay, As, Dy, and D5 contacts with given surface. We
also investigate the kernel field of A>3-contact cylinders on the surface. This
is defined by a cubic binary differential equation and we classify singularity
types of its flow in generic context.
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1 Introduction

In his celebrated book [19, page 96], R. Thom pointed out the similarities of the geo-
metric features of D, singularities and umbilic of regular surface in R*. Inspired this
observation, I. Porteous (|16, I7]) showed that many differential geometric concepts
are rediscovered by looking the singularities of distance-squared functions. He found
new notion called by ridge which corresponds to As-singularities. After J. Montaldi
([T5]) defines the notion of contact between two submanifolds and established the
relation to KC-equivalence, introduced by J. Mather ([I4, §2]), in singularity theory,
this is justified as an investigation of contact of a surface with spheres. The con-
tact with plane is also recognized fundamental and the second fundamental form
plays crucial rule. See [3], for example, for several relations of singularities of height
function and differential geometric concepts,

A homogeneous surface in Euclidean 3-space R3 is an orbit of a certain subgroup
of Euclidean motion group O(3) x R3. They are planes, spheres or cylinders ([I]).

Investigating contacts of a surface with planes and spheres has produced a rich
field connecting differential geometry with singularity theory and this has been done
by many authors (see [9, 0] for typical research articles, [?] for a standard textbook,
@, 8] for surveys, and their references). In this paper, we will investigate the contact
of a surface with cylinders, which has not been investigated in detail yet.

Our computation is based on Monge normal form and this is given in §# with
definitions of several concepts. In §8, we define the notion of contact due to J. Mon-
taldi and quickly recall the conditions that a surface has a sphere or plane with
degenerate contact in generic context. Then we state our main theorem in §AI.
The proof of main theorem will be given in §&=2.

On a surface in R3, there are many articles discussing direction fields defined
by quadratic differential equations (see e.g. [4] and its references), like principal
directions, asymptotic directions and characteristic directions. As far as we know,
there are no literatures concerning a natural direction fields on a surface in R? defined
by a cubic differential equation in a geometric context. The kernel field of As-
contact with spheres defines principal directions when the point is not umbilic. The
kernel field of A -contact with planes defines asymptotic directions in the hyperbolic
region. So it is natural to investigate kernel fields of As-contact with cylinders. We
call them by cylindrical fields, and we show that they are defined by a cubic
differential equation.

The last section is dedicated to analysis of the singularities of integral curves of



cylindrical fields in generic context. We show that singularities of flows of cylindrical
fields are on the discriminant of Monge cubic or parabolic lines. To do this, we
present a formula for Monge normal form at a non-umbilical point in a surface given
by Monge normal form in §61. We discuss several explicit method of determination
of singularity types of the flow.

2 Monge normal form

Let (, ) denote Euclidean inner product. For any regular surface S in Euclidean
3-space R? and for any point p on S, we can find an isometric coordinate change
T : (R3 p) — (R3,0) so that T'(S) is expressed by the image of the map

2 (R2,0) > (R%,0), (u,0) = (u,v, f(u,v)), (2.1)
at least locally, where f(u,v) = L (kju?+kov?)+ 3" s +o(k), ¢ = Digjms U
The expression (1) is called by Monge normal form and the coefficients ky, ko, a;
are differential-geometric invariants of S at p, at least when one assume that k; < ko.
Remark that k; and ks are principal curvatures at (0,0). We set v1 = 9, and vy = 0,
These are principal vectors at (0,0) with respect to k; and ks respectively.

For a regular surface S in R? defined by (21), the second fundamental form of
this surface at (0,0) is the bilinear form defined by

('w, ’UJ/> — II(’(U, 'w’) = klwlw’l + k‘gwgwé

where w = w0, + w10, w' = w0, +w50,. We say w is asymptotic if II(w, w) = 0.

We say (0,0) is ridge with respect to vy (resp.vs), if azg = 0 (resp. ag3 = 0).
This condition is equivalent that vik; = 0 (resp. vaky = 0) at (0,0) where k; =
ri(u,v) is the principal curvature with x;(0,0) = k;. We say the ridge is of the first
order if v;x;(0,0) = 0, v?k;(0,0) # 0, More generally, we say that (0,0) is the k-th
order ridge with respect to v; if v/;(0,0) = 0 if j < k and v**'x;(0,0) # 0.

We say (0,0) is subparabolic with respect to v, if v;x;(0,0) = 0 ({7,j5} =
{1,2}). This is equivalent that a;; = 0.

When we assume that kjks # 0, we can define the conjugate direction. The
conjugate direction of the direction generated by a vector w is the direction
generated by a non-zero vector w with II(w,w) = 0. So if w = w9, + w20, then
the conjugate direction is generated by kowy0, — kiw10,.

We often refer 6¢3 as Monge cubic of S at (0,0). We call é3(w) = 6¢3(w) the
conjugate Monge cubic at (0,0), and the root(s) of this cubic ¢ cylindrical
direction(s) (or, generatrix direction(s)).

For a function ¢(u,v), we set V(u,v) = @, (u, v)0y + @y (u, v)0,.



3 Contact

3.1 Definition of contact type

According to [[5], we define the notion of contact type. Given two pairs of subman-
ifold germs at the origin in R", the pairs have the same contact type if there is a
diffeomorphism-germ of (R",0) taking one pair to the other.

Theorem 3.1 ([I5]). Fori = 1,2, let g; : (X;,x;) — (R™,0) be immersion-germs
and f; : (R™,0) — (RP,0) be submersion-germs with Y; = f;'(0). Then the pairs

(X1,Y1) and (Xo,Ys) have the same contact type if and only if fiog1 and faogs are
KC-equivalent.

Here we say that two map-germs f, ¢ : (R",0) — (RP,0) are K-equivalent if
there are a diffecomorphism ¢ : (R",0) — (R™,0) and a smooth map A : (R",0) —
GL(R") so that g(¢(x)) = A(x)f(x). In this paper, we consider the following contact
types corresponding to K-equivalence classes of (R? 0) — (R, 0) represented by

Ay, (or A) :a? £yt Dy (or D) : z(y? £ 2572), (k > 4).

We show below the zero set of these singularities. Remark that A, singularities
define kernel field of Hessian when &k > 2.

3.2 Contact with spheres

Since spheres in FEuclidean 3-space are determines by their centers and radii the
moduli space of spheres is of four dimensional. So we expect that there are Ay, As,
As, Ay, Dy-contact spheres for a generic surface.

In [I6, I7], I. Porteous had investigated the singularities of distance squared
functions on the surface and these functions measure the contact with sphere. We
quickly recall some of his results here.

Let S, denote the sphere centred at (a,b, ¢) with radius va? + b2 + ¢2. For a
regular surface S in R? defined by (E71), we have the following.

1. The sphere Sy, is Asj-contact with S at (0,0,0) when (a,b,c) is on the
normal line.

2. The sphere S, is Aso-contact with S at (0,0,0) when (a, b, ) is on the focal
set of S on the normal line, (i.e., the distance between (a, b, c) and (0,0,0) is
1/k;). This sphere is often referred as a curvature sphere with respect to k;.

3. If (0,0) is ridge with respect to v; (i.e., v;k;(0,0) = 0), the surface S is A>3-
contact with the curvature sphere S, ;. with respect to k; at (0,0, 0).
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4. If (0,0) is at least second order ridge with respect to v; (i.e., v;k;(0,0) =
v?£;(0,0) = 0), the surface S is Ass-contact with the curvature sphere S, .
with respect to k; at (0,0,0).

5. If (0,0) is an umbilic, the curvature sphere S, ;. has Ds4-contact with S at
0,0,0).

Remark that the kennel field of A-s-contact with sphere is defined except umbilics
and it defines principal fields. Classification of singularity types of the curvature
curves at generic umbilics are known as Darboux classification ([5, Note VII]).

=y

star monstar lemon

3.3 Contact with planes

Since planes in Euclidean 3-space are defined by az + by + cz = d, the moduli space
of planes is of three dimensional. So we expect that there are A;, Ay, As-contact
planes for a generic surface.

To investigate height functions on the surface, we measure contact with planes.
We also recall it quickly. Let m,;. denote the plane defined by azx + by + cz = 0
with a®? + 0>+ = 1.

For a regular surface S in R? defined by (EX0), we have the following.

1. The plane 7, . is A>j-contact with S at (0, 0,0) when (a, b, ¢) is on the normal
line.

2. The plane 7,4, is Asg-contact with S at (0,0,0) when (0,0,0) is parabolic.

3. If (0, 0) is parabolic (i.e., k; = 0) and ridge with respect to v; (i.e., v;%;(0,0) =
0), the surface S is Ass-contact with the plane 7, at (0,0,0).

Remark that the kernel field of A]-contact with plane is defined in hyperbolic region
and it defines asymptotic directions.
Classification of singularity types of asymptotic curves are given by [ as follows.

N =

folded saddle  folded node folded focus

4 Contact with cylinders

Now we consider the contact type of a regular surface with cylinders. Since cylinders
in Fuclidean 3-space are determines by their central axes and radii, and central axes
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are elements of Grassmannian, the moduli space of cylinders is of five dimensional.
So we expect that there are Ay, Ay, As, A4, As, D4, Ds-contact cylinders for a
generic surface.

It is clear that a regular surface S and a cylinder C' meet transversely at a point
P if they do not have the common normal line at P. So we consider the contact of
S and C with common normal line at P € SN C.

4.1 Main results

For a unit vector w = w,09, + ws0,, we consider the orthogonal projection
Py : (R?,0) — (R2,0), (u,v) = (wou — wiv, f(u,v)).

When (0, 0) is ridge with respect to a principal vector w = v;. The critical locus of
P,, has a local branch whose tangent is the line generated by w. Let D), denote its
image by P,.

The main results are stated as follows.

Theorem 4.1. Let S be a regular surface defined by (2). Let Cy . denote the
cylinder which contains (0,0,0) and whose central azis is parallel to a unit vector
w, and contains a point (0,0,\), XA # 0.

1. The cylinder Cy\ has Aj-contact with S at (0,0,0) if and only if kiko\ #
Kn(w) where k,(w) = I(w, w).
2. The cylinder Cy x has As-contact with S at (0,0,0) if and only if one of the
following conditions hold.
(Aza) (0,0) is not parabolic (i.e., kiks # 0), w is not cylindrical, and 1/X is
the cylindrical curvature with respect to w (i.e., A = kp(w)/(k1ks), see
the definition at the beginning of subsection [-2-1).

(A2b) (0,0) is parabolic but not umbilic (i.e., k; =0, k; # 0, i # j), w; =0,
A # 1/k;, and (0,0) is not ridge with respect to v;.

(Azc) (0,0) is a flat umbilic (i.e., ky = ko =0), and c3(w) # 0.

3. The cylinder Cy x has As-contact with S at (0,0,0) if and only if one of the
following conditions hold.

(Asa) (0,0) is not parabolic (i.e., kika # 0), w is cylindrical, 1/X is cylindrical
curvature with respect to w, and the critical value set of the orthogonal
projection with respect to w is nonsingular and is the first order vertex
(there is a circle with 4-point contact).

(Asb) (0,0) is parabolic but not umbilic (i.e., k; = 0, k; # 0, i # j), w is
parallel to the principal vector v; (i.e., w; = 0), 1/X is not a principal
curvature (i.e., 1/X # k;), (0,0) is ridge with respect to v;, and

e the line generated by w has 4-point contact with S, and 1/\ is not
the limit of curvature D, at (0,0), or
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e the line generated by w has at least 5-point contact with S, and (0,0)
is not vj-subparabolic.
(Asc) (0,0) is a flat umbilic (i.e., k1 = ko = 0), cs(w) = 0, and 2¢c4(w) +
MJw, Ves(w))? # 0 where Jw = w0, — w10,

Remark 4.2. [t is worth to point out that there are no flat umbilics for general
surfaces. This means that flat umbilics disappear under small perturbation. In other
words, being a flat umbilics is not a generic conditions.

Theorem 4.3. The cylinder Cy, » has Dy-contact with S at (0,0,0) if and only if
(0,0) is parabolic but not umbilic (i.e., k; = 0, k; # 0, i # j), w is parallel to
the principal vector v; (i.e., w; = 0), 1/X is the other principal curvature (i.e.,
1/X =k;), and c3 does not have multiple roots.

Theorem 4.4. The cylinder Cy \ has Ds-contact with S at (0,0,0) if (0,0) is
parabolic but not umbilic (i.e., k; =0, k; # 0, i # j), w is parallel to the principal
vector v; (i.e., w; =0), 1/X is the other principal curvature (i.e., 1/\ =k;), c5 has
a double root (po, qo), and 8cy(po, qo) # Kips + k3qg-

Theorem 4.5. The cylinder Cy, \ has Ay4-contact with S at (0,0,0) if and only if
one of the following conditions hold.

(Aga) (0,0) is not parabolic (i.e., kiks # 0), w is cylindrical, 1/X is cylindrical
curvature with respect to w, the critical value set of the orthogonal projection
with respect to w is nonsingular and the second order vertex (there is a circle
with 5-point contact) there.

(A4b) (0,0) is parabolic but not umbilic (i.e., k; =0, k; # 0, i # j), w is parallel
to the principal vector v; (i.e., w; =0), 1/X is not a principal curvature (i.e.,
A # 1/k;), (0,0) is ridge with respect to v;, and

e the line generated by w has 4-point contact with S, the branch D., has
(2,5) cusp and 1/X is the limit of its curvature at (0,0), or

o the line generated by w has 5-point contact with S, and (0,0) is v;-
subparabolic.

(Asc) (0,0) is flat umbilic (i.e., ky = ko =0), c3(w) =0,

2¢c4(w) + M Jw, Ves(w))? = 0, and
cs(w) + M Jw, Ves(w)) (Jw, Vey(w)) + N {(w, Ves(Jw)) (Jw, Ves(w))? # 0.

Theorem 4.6. The cylinder Cy \ has As-contact with S at (0,0,0) if and only if
one of the following conditions hold.

(Asa) (0,0) is not parabolic (i.e., kiks # 0), w is cylindrical, 1/X is cylindrical
curvature with respect to w, the critical value set of the orthogonal projection
with respect to w is nonsingular and the third order vertex (there is a circle
with 6-point contact) there.



(Asb) ki =0, k; #£0,i# j, w; =0, A # 1/k;, (0,0) is ridge with respect to v;.

e the line generated by w has 4-point contact with S, D., has (2,7) cusp
or worse at (0,0), 1/X is the limit of its curvature at (O 0) of Di,, and
the derivative of the curvature of D., by the arc length parameter of D\,
does not tend to zero at (0,0), or

e the line generated by w has at least 6-point contact with S, and
x agy — 10a3, (ko — 1/\) #0, if ky = 0,
* apg — 10a3;(ky — 1/X) #£ 0, if ko = 0.
(Asc) (0,0) is a flat umbilic (i.e., ky = ko =0), c3(w) = 0,

2

2¢4(w) + MJw, Vez(w))* =
cs(w) + AM(Jw, Veg(w))(J
2c6(w) + A((Jw, Veg(w))? /2 + (Jw, Ves(w)) (Jw, Veg(w)))

+ N (Jw, Vez(w)) (b (Jw, Ves(w)) + (Jw, Vey(w)) (w, Ves(Jw)))
+ X (w, Ves(Jw))? (2(w, Ves(Jw))? + c3(Jw){w, Ves(Jw))) # 0,

w3 w?

where byy = 72(04)%(’10) — wiwa(cq)ww(w) + 7(04)1,1)(10).

Remark 4.7. Similar to Remark [.3, there are no Ay, As-contact cylinder at a
point in a parabolic line on a generic surface.

4.2 Contact map with cylinders and its singularity type

First we show Monge normal form of cylinders Cy, .

Proposition 4.8. Monge normal form of the cylinder which contains (0,0,0) and
whose central azis contains (0,0, ) is given by

(w0 (w3t (M) L S 1)

where w denotes a unit vector parallel to the central axis of the cylinder.

Proof. Set 1 = w1v — wau, y1 = wiu + wev. Then (x1,y;, z) form an orthonormal
coordinate system, and the cylinder is defined by z1%+ (z — A\)? = A\?2. We thus have

SA[L£ (1= (21/N)?]7 = A (1i(1+z (1/2> /A)Qn))

and we obtain the result. O

w VC4( )) + A2 {w, Ves(Jw)) (Jw, Vez(w))? = 0, and



We investigate contact of a surface given by (E70) with the cylinder (21). To do
this, we consider the difference of the third components of (E1) and (E-T), namely,
the contact map defined by

Fos i (1 /2) (wlvgffuyn-

n=1

Remark that Hesse matrix of Fy, \ at (0,0) is
wo? wiwy
(klw_lng A w12) . (42)
pY 2 p)
Moreover, the k-jet of F, 5 at (0,0) is

2 W Wy 2

1 _ a2 Wy 9
2<(k1 )\)u +2 ) uv + (ko )\)U>

k <k
Qij ;o = L (1/2\ (—wau + wiv)?"
w3 G = S (V)

i+j=3 ' n=2

Proposition 4.9. The following conditions are equivalent.

o The function Fy, » has a non-degenerate critical point at (0,0).

° kﬂ{}g)\ 7é Iin('lU).
Proof. They are equivalent that the determinant of (E=2) is not zero. O
Corollary 4.10. Hesse matriz (B2) is 0, if and only if

o k1 =0,k #0, w= =0, A\ =1/ky, or
® k2:07 kl#O,w:ﬂ:&,,)\zl/kl.

So Hesse matrix is rank one if one of the following conditions hold.

() kiks #£0, A = 2lw),
(b) ki =0, k; £0, w; =0, \ £ 1/k; (i # j)-
(C) /ﬁ:kg:O.

When Hesse matriz is of rank 1, its kernel direction is the conjugate direction of

w10, + wy0,, which is generated by kowe0d, — kiw10,, when (ky1, k) # (0,0). When
k1 = ko =0, the kernel direction is generated by ws0, — w10,.

Proof. Consequence of the expression (E2). O

To show the results in §A71, it is enough to investigate the conditions that the
contact map Fy, » has a singularities of type Ay, A3, A4, A5, Dy and D5 for cases
(a), (b) and (c). For convenience to refer, we remark that

k1w utkowav)? Kn

(hopettenso) L o(2)  (kaks # 0,0 = 5208,
Fpp(u,v) = L(ke — $)0* + 0(2) (k= 0,w = (1,0)),

—1(w2u — w1U)2 + 0(2) (k?l = k’g = 0)
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4.2.1 Case (a): kiky #0, A = ()

k1 k2

When kiky # 0, we call A = k,,(w)/(k1k2) cylindrical radius and 1/ cylindrical
curvature with respect to the direction w. The cylindrical radius A is given by

w_%+w_%_ 1_C0329+ 1 +cos20 1/ky + 1/ko B 1/k1_1/k2C

A= = =
ki ko 2k 2ks 2

os 20

where wy; = cos ), wy = sinf. We thus have the following properties.

e If (0,0) is not umbilic (i.e., k; # ko) and is not parabolic point, then the
principal directions attain the maximum and the minimum of the cylindrical
curvatures.

e If (0,0) is umbilic (i.e., k1 = k) and not flat, then the cylindrical curvature
does not depend on the tangent vector w.

Assume that kiky # 0, k,(w) # 0 and A = k,(w)/(k1k2). Remark that
Kn(w) # 0 since A # 0. We have

(e o]

k +k n-l
P = By 2w2v E Cs — Z A2n )71 (w10 — wyu)™ + o(k).
n=2

2k, (w

Proposition 4.11. F,, , has a singularity of type Ay at (0,0) if cs(w) # 0.

Proof. Setting t = kjwyu + kowsv, and s = wv — wou, we have

U= /fn(l'w) (w1t — kowys), v = () (wat + kywys).
Set ¢4(t, s) = cs(ﬁ(wlt — kowss), m(wgt + k1w s)). We obtain that
2
Fupy = S (w) + ¢é3(t, s) + o(3).

This singularity is of type As if ¢3(0,1) # 0. This condition is equivalent that
c3(kowe, —kywy) # 0 and we conclude the proof. O

This shows that the contact map F}, , has a singularity of type A3 or worse when
C3 (’&7) =0.

Since k,(w) is the normal curvature kyw,? + kywy? with respect to the direction
w = w10, + we0,, the cylindrical curvature times the normal curvature k,(w) is
Gauss curvature kiko. This implies the cylindrical curvature is the curvature of the
critical value locus of the orthogonal projection to the orthogonal plane to w by
Koendrink’s theorem ([I2, Appendix], [I3, page 433]).

Proposition 4.12. Assume that k,(w) # 0. The critical value set has a circle
with (k + 1)-point contact (i.e., (k — 2)-th order vertex) if and only if Fy x has Ay
singularities at (0,0).

10



Proof. First we remark that the critical locus of the orthogonal projection (u,v) —
(wv — wau, f(u,v)) is zero of

k
—det(x, ©, w) = wy fo, +waf, = kywiu + kawav + Z(w, Ve;) + o(k).

=3
Set £ = (w, Vf), n = wiv — wyu. Since
¢ ot
9y v wlfuu+w2fuv wlfuv+w2fvv
J = (%_yl ? - —wy w, - w%fuu + 2w1w2fuv + w;fvv

(&,7n) form a local coordinate at (0,0), whenever Jy = K, (w) # 0. Since

u u —1
g_f g_ﬂ — 8_5 % — l g_g _% — l wy _wlfuv - w?fm)
g_z g_:; % B_Z J _ﬁ g_i J \w2 wlfuu + w2fuv ’
we obtain 9 = g—’g@u + g—’g@v = L(w10, + w20,). Setting f = $(kiu? + kov?) + H,
Hl = <'lU,VH>, H2 = w%Huu+2w1w2Huv+w%va, we obtain afH = %, ang = %7

and J = JQ + HQ.
Since & = kywiu + kywov + Hy, we have

— 2 o
Fw,)\ _ (5 2J}0[1) + H— Z(_l)n—l (1£2> nQn’
n=2

and we obtain that

(€ — H)(1 - 9:H,) (€ —Hy)(1 - Hy/J)  H

8§Fw,>\ = Jo +8§H: Jo —|—7
_(E-H)(J-Hy) Hy §{—Hy H ¢
JoJ J J J J

Thus OcFiy a|e—o is zero. Now consider Taylor expansion of F, » in the coordinate
(€. m): .
Fyy = Z ci ;&
V)

We have ¢y = ﬁ and ¢; ; = 0 for all j. So the singularity type of Fy, \ at (0,0) is
Apifand only if ¢g; = 0,7 =1,2,...,k, cop+1 # 0. This is equivalent that Fi, x|¢=o
is a unit multiple of #n**!, which means that the critical value set has a circle with
(k + 1)-points contact. O

4.2.2 Case (b): ky =0, ks #0, w = 0,,.

In this case, we have

1 I - L(1/2) v
Fuwx = §<k32 - X)” + h(u,v) + Z(—l) ( n ) 21

n=2
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where h(u,v) = f(u,v) — $kov?.

Assume that A # 1/ky. We see the singularity type of Fy, » is Ay if azp # 0, since
the coefficient of u® of Fy, , is azp/6. This shows the condition (Asb) of Theorem
g

Replacing v by v — ag1u?/2(keA — 1), the coefficients of u?v, u* become

2
a40 as1

24 8(ky — 1/N)

respectively. We see the singularity type of Fy,y is As if ago(ks — 1/X) # 3a3,. If
the line generated by w has at least 5-point contact with S (i.e., aso = 0), then this
condition becomes ag; # 0, that is, (0, 0) is not ve-subparabolic. If the line generated
by w has 4-point contact with S (i.e., aso # 0), then this becomes 1/ # ko—3a3, /a4
and the right hand side is the limit of curvature of D, at (0,0). This shows the
condition (Asb) of Theorem B7.

When ayo(ka — 1/)) = 3a3, and ag; # 0, the coefficient of u* is zero and we see
the coefficient of u® is

0,

as0 CL40(CL406L12 - 2G316L21)
120 72@%1

This shows the condition (A4b) of Theorem B3.
Replacing v by v — ayo(asa12 — aziag )u®/8a3,, the coefficients of u3v, u® become

agoaél - 45a41a40a§1 — 5aioa21a03 — BOaZOa%Q — 30a40a§1a§1 + 45a4210a22a§1 + 60aﬁoa31a21a12

6480a, ’

respectively. So the singularity type of F, » is A5 if the later number is non zero.

To complete the proof, we describe the branch D, . A parametrization of the
branch of critical set of P, whose tangent is generated by w is given by ¢ —
(\/£6as2; /ast + o(1), £t?), and thus D), is parametrized by

0,

2 1 2 2
a40k52 — 3@21 T,4 [ 3@21] 2 3&21CL50 + 5(112(140 — 10&21@31@40

tH( t2,
+ 5

t5+-oun)

2(140 2&20

whenever ay # 0. This shows the limit of the curvature of D, is ky — 3a3, /a4 at
(0,0) and D!, has (2,5) cusp when 3a3,aso + Haizai, — 10az;az;as0 # 0, which shows
Condition (A4b) in case as; # 0. Remark that the coefficient of t% in the second
component is

4 2 2 2 2 2
-1 8a40(a60a21 — 45a41a40041 — 3Oa40a31a21 + 45a40a22a21 + 60a40a31a21a12)
FYT YRS 2 2 2 2 :
240a21a4, | —15(3as0as; + Sajpaiz — 10aspazia)(3asoay, — 3aipaiz — 2a40a31a21)

which shows Condition (Asb) in case ag; # 0.
When ay(ky — 1/)\) = 3a3, and as; = 0, we have ayo = 0. Thus we have that
k’g—l//\ 9 @UP a60—10a§1(k’2—1/)\) 6

5 U 10 720 uE

and the singularity type of Fy, \ is Ay (resp. As) if aso # 0 (resp.aso = 0, ago —
10a2,(ky — 1/X) #£0).

Fw)\:
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Proposition 4.13. Assume that A = 1/ks.

o [f c3 does not have multiple roots, then Fy, x has a singularity of type Dy at
(0,0).

o If cg has a double root (po,qo) and a single root (p1,q1), then Fy, \ has a sin-
gularity of type D5 at (0,0), whenever c4(po, qo) 7 %gqé.

Proof. When A\ = 1/k,, observe that

iy = Xk: o (1, v) — i(q)n (1/ 2) ko2 4 o(k).

s=3 n=2 n
The first statement is well-known. In the second case we may assume that c3 =
(qou — p1v)*(quu — p1v). Setting u = —p1x + poy, v = —q1& + qoy, we have

k:3
Fu = 62y + [ca(po, @) — ?qg]?fl + e
where § = pogq1 — qop1. We thus conclude the proof. n

4.2.3 Case (c): k; =k, =0.

In this case, we have

(w1v — wou)? > o1 (172 (wiv — wou)?
P = =g ) = 30 () S
Setting u = wis — wot, v = waes + wit. we have
2 - 1 (1/2)
Fyx= —ﬁ+f(w18—w2t,w28+w1t)—;(—1) ( n )W
i+j<k

When we write f(wys — wat, wes + wit) = > b js't! + o(k), we conclude that

0,

bgo = 03(w), bgl = <J’lU, VC3(UJ)>, b12 = <’lU, VC3(J'UJ)>, bog = Cg(J’U)), b40 = 04(’11]),
2 2

by = (Jw, Vey(w)), bay = %(@)W(w) — wrws () o (W) + %(Q)w(w),
bso = cs(w), by = (Jw, Ves(w)), ..., beo = cg(w), ..., where Jw = w0, — w1 0,.

The condition (Ayc) of Theorem BT follows to see the coefficient bg.

Replacing ¢ by ¢ + Aby;s?, the coefficient of s*t and s* become 0, byy + \b3, /2,
respectively. The condition (Asc) follows from Theorem B

Observe the coefficient of s° is bsg + Abs1 by + A2b12b3,, which shows the condition
(A4c) of Theorem HE.

Replacing ¢ by ¢ + A(b3; + b3,\)s®, we obtain that the coefficients of st and s°
become

0, beo + A(b§1/2 + by1bor) + >\2b21(b22521 + 2b31b19) + )\3531(2532 + bosbai),

respectively. This concludes the condition (Asc) of Theorem A8
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5 Cylindrical directions

In Theorem BT, we observe that the kernel field of Asj-contact with cylinders is
cylindrical directions whenever k1ky # 0, These are also defined at nearby points,
and we express it in terms of Monge normal form. This field is defined by C(du, dv) =
0 where C(du,dv) = C(kydv, —r1du), and this can be considered as a counterpart
of principal fields. Here C'(p, ¢) denote Monge cubic defined in Proposition b2. This
section is dedicated to analysis of this field.

Let [p : q] denote the homogeneous coordinate of the real projective line P'. Let
M denote the subset defined by C(p,q) = 0 in R? x P!, 7 : M — R? the natural
projection, and w = pridu + gradv.

Theorem 5.1. Assume that (0,0) is not an umbilic of x (i.e., k1 # kz). The flows
of C(du,dv) = 0 is obtained by the projection image of the flows of 1-form &y by
the natural projection M — R%. The 1-form ©|y is singular at (0,0) X [po, qo] € M
if and only if one of the following conditions holds.

1. (po,qo) is a single root of C(p,q) =0 at (u,v) = (0,0), and
(a) £1(0,0) =0, (0,0) is ridge with respect to vy, and (po, qo) represents the
principal direction vy (i.e., aso =0, ¢ =0), or
(b) k2(0,0) =0, (0,0) is ridge with respect to v, and (po, qo) represents the
principal direction vy (i.e., ag3 =0, po = 0).
2. (po, qo) is a multiple root of C(p,q) = 0 at (u,v) = (0,0), that is, is in the
discriminant set D of C(p,q) =0 (i.e., Cp(po,qo) = Cy(po,qo) =0), and
(a) D is nonsingular at (0,0) and the tangent direction of D at (0,0) is
conjugate to (po, qo), or

(b) a=p =0 (in particular, D is singular at (0,0)) where
o= Cu<p07 QO)‘(u,v):(0,0)a B = Cv(p07 qo)'(u,v):(0,0)-

We conclude that the position of singular points of w|y, is determined by 3-jet
(resp. 4-jet) of Monge normal form (21) in Case 1 (resp. Case 2). In generic context,
these singularity types are saddle, node or focus, which are determined by 4-jet (resp.
5-jet) of Monge normal form (2) in Case 1 (resp. Case 2). The phase portraits of
singularities of the flows of the equation C(du,dv) = 0, in the generic context, will
be also given. See pictures after Propositions b7, bT1, and Remark B.

5.1 Monge normal form of a surface given by Monge normal
form

We consider the Monge normal form of the surface defined by (EZI) at the point
(w, v, f(u, ).

14



Proposition 5.2. Monge normal form of © at (u,v, f(u,v)) is given by
2 2

xz
z= H17+mz%+0(f€,y)+0(w7y)3 (5.1)

where

2¢3 40 (U, 1))2

K1 = k1 + 300U, v) + cauu(u, v) — (3K3u? + k3v?) + o, v)?,
1— ko
2 2 2 2 2¢3,uv (U, U)Q 2
ko = ko + 300 (U, 0) + ca(v,v) — (kfu” + 3k3v°) — o + o(u,v)?,
1— ko
c U, v
Cl,9) = eale,y) + canlm, g+ eaple, yho + 2o )
2(ky — k2)
3 2 2 3
T x T
+ C5,uuu(uu U) 6 + C5,uuv (Ua U)Ty + C5,uvv(u7 U)7 + C5,1}’U’U(ua U)%
C3.uv (u, ’U) Y1 X+Y 9 9 k1x2 + k2y2
— (P -4+ —= (K k _
+4(k1—k2)2( u+ Qv) 1 +4(k1—k2) (kTux + k3vy) 5
+o(u, v)?,

C1 = anz® + (2a12 — aso)z®y + (aos — 2a21)2y” — ar2y®
P = a1 (4@12 — 3&30)1’3 + (40,%2 + 2&030,21 — 7a%1 — 6a12a30 + 2a§0)x2y

+ (2ap3a12 — 11aigag — 2ap3azg + 6agazory”® + (—2a3y — agzaz + 2a3, + 2a12a30)y°,

Q

(2&%2 + 2ag3a21 — 2(1%1 — algago)x3 + (6(103&12 — 1lai2a91 — 2ag3a30 + 2(121@30)1‘2:1/
(2&%3 — 7a%2 — 6agzas; + 4a%1 + 2a12a30)$y2 — a12(3ap3 — 4a21)y3,
X = [Bagiaz1u® + 2(2ag1a22 + a12a31)uv + (ar3a21 + 2a12a92)v?]2®

2
(4a21a22 + 2a12a31 — azpas1 — 2a21a40)u
+ +2(2a13a21 + 4a12a22 — azzazp — a21a31
—ai2a40)uv + (6a12a13 — a13azp — 2a12a31)v

+

2
2 (2a13a21 + apzasz1 — 6az1a31)u” + 2(a12a13 2
T°Y + | +aoaaz1 + agzass — daziazs — 2a12a31)uv | LY
+(2apaa12 + apza1z — 2a13a21 — 4aizaz2)v

+ [(—2ag1a22 — a12a31)u” — 2(ar3az1 + 2a12a22)uv — 3a12a13v%y?,
Y] = 19a30k%u2x3 + 3(3apsk1ks + 4a21k§)v2x2y + 3(4&12](5% + 3a30k1k2)u2xy2 + 19a03k§v2y3,
Yo = [—6aglk%(3k1 — ko)uv + (—3a12k::1” — 3a12k%k2 — agok‘lkg + agokzg’)v2]$3

+ [~3ag1k1 (3kF — 4k1ko — k3)u® + 6k (3a12k? — 2a12k1ke — azoks)uv]z’y

+ [—le (aogk% + 2a21/<;1k2 - 3a21k§)uv - 3a12k2(k% + 4k1]{72 - 3k§)02]$y2

+ [(—aosk? + aosk?ks + 3ag1k1k3 + 3ag1ky)u? — 6arz(ky — 3ko)kauv]y®.

Remark that

e 1(resp. 2)-jet of k; is determined by 3(resp. 4)-jet of Monge normal form (21),
and

o 1(resp. 2)-jet of C' is determined by 4(resp. 5)-jet of Monge normal form (ET).

We call the cubic form C(z,y) Monge cubic. To show this proposition, we define
an orthonormal frame by

., (u,v)

e 0) = o))

Y
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(u,v) X @y (U, v)] X @y (u,v)

) g (0,0) 0] (0]
es(u,v) = Zu(u,0) X @, (u, 0) :
’ |w(u, v) X @, (u,v)||

These can be written in the following explicit forms:

1
€1<U,'U> - 11 fu(u,v)2 (1707 fu(uvv»a
oy Lol 0 (), Lt fuw 0P f(w)
Tl 0PI a0 + ol 0
63<u U) _ (_fu(uvv)’ _fv(uav)a 1)
’ V1 fulu,v)? + fo(u, v)?
Setting
T =(x(u+u,v+v) —x(u,v), e;(u,v)),
g =(x(u+a, v) — x(u,v), es(u,v)),
z =(x(u + 1, v) — x(u,v), ez(u,v)),
we obtain
j:ﬂ—i-[f(u—i—ﬂ,v—l—@)—j‘“(u,v)]jﬂu,U) (5.2)
1 +fu(U,v)2 ’
7 :—ﬂfu(u, v) fo(u,v) + 0[1 + fulu,v)?] + [f(u+a,v+0) — f(u,v)]fo(u,v)
V1 fulw,0)2/ 1+ fulu,0)? + fo(u, v)? ,
(5.3)
)~ () F [Fuct 50 £0) — Fu )] 5

VI Fulu, v + folu, )2
By inverse mapping theorem, (@, ) are determined by (7, ) when |(@,7)] < ¢ < 1.

Lemma 5.3. Setting f; ; = fuivi(u,v), we have

_ _ f].OfO]. — f].O fl] — —\k
=4\/1+ fiou+ ‘v’ + o(u, v)",
V 1 +f120 \% 1 +f10 i+j>2 "7'

1 2 2 i
7 +f10‘2f016+ Jou J:J' v’ + o(a, v).
V1+f10 \/1+f10\/1+f10+f01z+j>2 J:

Proof. By (B2) and (B33), we have

i" :1+fu(u+ﬂvv+ﬁ)fu(u7”) g_ — fU(ufv)(_fu(u’v)+fu(u+ﬂ’”+ﬁ))
“ Vitfue)?2 Y V1 Fu ()21 fu(u0) 2+ o (u0)2
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= _ fo(ut@,v+0) fu(u,v) o = (14 fu (w,0) 2]+ fo (ut,040) fo (u,0)
’ U V1 fuu)2 /1 fu (u,0)2 4 fo (u,0)2

o \/1+fu(ua'u)2

and, for (i,j) with i +j > 2,

[ — fyini (Wt8,949) fu(u,v) = Fring (utt,040) fo(u,)
T fu(ue)? o (o T (w02 fo ()

These imply the lemma.

Lemma 5.4. We have

0 1 . Jiofor 7
VIt VIRV R+ TR
B J10 <E§;2 i (L + fio)fun — f10f01f20ig
(14 fl)(L+ fiy + f3) \ 2 VIt i+ 3

n fofE fa0 — 2f10fon (1 + f2) fun + (1 + ffo)f02g2> + o(3, )7,

201+ ff + /1)
5= V1+ i 7
V1t fio+ fa
n Joi <@x2+ —f10f01f20+(1+f120)f11jg
I+ fH) A+ fio+ fo) \ 2 VI1+fH+ 3

fiof61fa0 = 20+ fio) fir + (1 + f75) foz o 2
’ 201+ 2+ 13 ) +olw )

Proof. When we write

k i k i
N u'v ok N utv ok
T = E Tig oy T o(u,v)", Y= g Yii gy T o(u,v)",
i+j5>1 e i+ji>1 J
k i k i
_ Ty Nk - 'y — Kk
u= E Uig oy + o(u,v)", U= E T (w,v)",
i+j>1 - i+j>1
we obtain that
Yo1 —Y10
U = V1o =
Z10Yo1 — To1Y10 Z10Yo1 — To1Y10
- —2Zo1 - T10
Up1 = Vo1 = .
T10Yo1 — To1Y10

Z10Yo1 — To1Y10

(3310[3 9501[3> (Uz) n (A2 0) (X2) —0
Yo I3 Vo 0 A, Y,

yiols

Moreover, we have
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where

20 Y20 U20 V20
Xo= |z |, Yo=|yu ]|, U= {un], Vo= o],
To2 Yo2 Up2 Vo2
U%O 2U10U10 U%O
Ay = | upuor uipVo1 + Up1Vi0 VipVor
U%l 211,011}01 Ugl

Since v19g = y10 = 0, we obtain that

2
—_ £01Y20—T20¥01 —Z10T11Y01+201220Y01+T01Z10Y11 — {1 Y20

Uu u =
20 TipYo1 ’ 1 9”?0931
Uny = —20272Y01+701 (2710711501 —T01T20Y01 +T2oY02 —2T01T10Y11+T2; Y20)
02 w?oygl ’
___—Y20 __ Z01Y20—Z10Y11 _ 4”10902 24”01“0911"’%1?/20
V20 =2 ) oA e S S— Vo2 =
TipY01 T10Y01 230Yo

These conclude the proof.

Proof of Proposition 3. By Taylor’s theorem, we have

and thus, by (b4),

Ly oo
I+ f10 + fn irgz2

By (B8) and vy9 = 0, we have

_ 1 faou2g 2 __ u2, fo0+2u01v01 f11+v2; foz —2
=T ( 5177 + uio(tor fao + vo1f11)TY + B Y
+ o+ 501
+ u10(f3,0udg+3f20u2043f11v20 75

6

+ f3,0u01u2y+ f2,1u30v01+ f20 (2u10u11 +uo1u20)+ f11 (U20v01 +2u10v11 +101v20) +2 02001020 ~2

2
f3,0u(2)1u10 + 2f2,1u01u10v01 + f1,2u10U(2)1
+ + f20(uo2u10 + 2uo1u11) + f11(2u11v01 + uiovo2 + 2uo1vi1) + 4 fo2vo1v11 :@2
2

+ f3,0ud1 +3f2,1u31v014+3f1,2u01v3; +f0,3V8; +3 f20u01u02+3 f11 (wo2v01 +u01v02) +6 fo2v01v02 :‘73
6

+ o(Z,7)°

We take an orthonormal matrix

_(1_ Ga(wv)” ) 10 0 -1
T_<1 2(kl_kQ)Q—i—o(u,v) 0 1)7¢\1 o
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2_ .2 2 _ 2 _ 2
_esaw(uw) | azi101,2(uf—v¥)+ (a5 1 —af o +a3,001,2—02,100,3)UV | ey (u,0)—kTko 2
where ¢ = =127 4 CEAE + =0 +o(u,v)*.

(x) — Z <CL’> ’
y y

we obtain the result. O

5.2 Monge cubic

We assume that k; # ko and that Monge cubic is expressed in a neighbourhood of
(0,0) as follows:

C(SC, ’y) = A3’0$3 + 314271.1’2;1/ + 3A1’2$ y2 + A0’3y3. (57)
Remember that D denote the discriminant set of C', that is, the zero set of

Asp 2427 Ao 0

Asqr 2415 Ags 0
A = ' ' ' . 5.8
0 Ase 249, Ay (58)

0 Ay 2410 Aps
Let ¥(M) denote the singular set of M.

Lemma 5.5. The following conditions are equivalent.

e (0,0) x [po: q] € Z(M).
e C,=C,=C,=C;=0 at (0,0) X [po: qo], that is, a =3 =0,

Az opg + 241p0q0 + A1 265 = Az 1pf + 241 2p0g0 + Ao3q5 =0 (5.9)
at (0,0).
Proof. A consequence of the implicit function theorem. n

The second condition in the lemma holds for some [py : o] if and only if

OuAso 30,A21 30,412 0,A03 0
OpAso 30,421 30,A12 0,Aps 0
0 OuAso 30,421 30,A12 0.Aos
0 81)/43,0 381)142,1 381)/41,2 a11140,3

rank féﬁ gjj:; fx;ﬁ 8 O L B (NONMNCRT)
0 Az 245, Aq o 0
0 A271 2A172 A073 0
0 0 Asp 2421 Aio
0 0 Asn 241 Aoz
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because of the result of [I1]. Let I denote the ideal generated by maximal minors of

Yo Y1 Y2 ys O
Zo 21 29 23 0
0 % w1 Y2 ys
0 20 21 z9 z3
i 2[['1 i) 0 0
I 2.1‘2 T3 0 0
0 x9 221 22 O
0 T 21}2 x3 0
0 0 To 2131 )
0 0 Ty 21‘2 Z3

in the ring R = R[z;, y;, 2;;1 = 0, 1,2, 3]. By computation using Singular, we see the
height of I is 3. This means that, for a generic choice of the coefficients in Monge
normal form, we do not have (B10).

We assume that the rank of the matrix in (510) is 5. To investigate the equation
C(du,dv) = 0, we consider the foliation defined by the restriction of the 1-form
w = qdu — pdv to M. The singularity of w|y is defined by pC, + ¢C, = 0,
C, = C, = 0. Thus the induced flow on M is singular at (0,0) x [po : go] if and only
if (539) holds, and

apy + Bgo =0 at (0,0).

Remember that D is the discriminant set of the cubic C' which is zero of A defined
by (B8). We assume (0,0) € D. Then there is a non-zero (pg, o) with (639), i.e.,

(5.12)

(5.11)

]93 (PoAso + qoA21) = —podo(PoA21 + qoAhi2) = qg(poAm + qoAo3)

at (0,0).
Let ¥(D) denote the singular set of D and let ¥; denote the set defined by

Asog Asq Aps
rank <AQ71 A1,2 Ao < 2.

Remark that (5713) holds if and only if (612) is zero for some non-zero (po, qo)-

Lemma 5.6. e [f(0,0) € D\ X(D), we have («, ) # (0,0), and 50, — a0, is
tangent to D at (0,0).
e X(D)=%,Un(Z(M)).
e Suppose that (0,0) € £(D) \ m(X(M)).
(0,0) s cusp if and only if

(5.13)

Then, the singularity type of (D) at

auAiS,O au142,1 a'zr’41,2 a'11140,3
avA3 0 avAQ 1 avAl 2 avAO 3 2 2
’ ’ ’ Cl+2 A#£0 at (0,0 5.14
qg 20t p(z) 0 Podo A # (0,0) ( )
0 @ 2P Py

where A = —0,A300,A03 + 0, A210,A1 9 — 0,A210,A12 + 0, A9 30,A30.
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Proof. Since the linear terms of (B38) is

4 _ 3
- (pO‘J127p1q°) (o + o) (5.15)
we have the first assertion. (0,0) € X(D) if and only if (513) or («, 5) = (0,0) hold.
When («, ) = (0,0) holds, then we have (0,0) X [py : qo] € 2(M) by (B9). This
shows the second result. We assume that (A-L3) holds. Then the constant term of C
is a constant multiple of (godu — podv)3. We observe that the quadric part of (ER)
is

—(au + pv)?

and the kernel direction for Hesse matrix is generated by 80, — a0,. If we evaluate
the cubic part of (B) over this vector, we obtain a constant multiple of the left
hand side of the cube of (BId), which shows the last result. O

5.3 Conjugate Monge cubic
Assume that k; # k. Let C(p, q) denote the conjugate Monge cubic defined by

C(p7 q) = C(KQqa _Klp)7 i'e‘a
C(p,q) = Az0k2°q® — 3A21k1K2°D @ + 3A; a1 *Kap®q — Ao ki’

We call C(du,dv) = 0 the cylindrical cubic differential equation. Let D denote
the discriminant of C, that is, the zero of

3 2 2
—A0,3/f1 2141,2%1 K2 —A2,1/€1/i2 0
2 2 3
A — A1 ok1"RKe —2A5 1K1K As gko 0 _ oA
0 —Aggri®  2A1aki%Ke —A 2| = (R A
0,311 1,2R17 K2 2,1R1R2
2 2 3
0 A1,2H1 ) —2A2,1f€1/€2 A3,0/€2

Then D = P, U P, U D where P; denote parabolic line defined by x; = 0. We
expect the behavior of the flow could be very degenerate along P, and P, since the
discriminant A is divisible by (k1#2)°

We assume that the rank of the matrix in (510) is 5. To investigate the equation
C(du,dv) = 0, we consider the foliation defined by the restriction of the 1-form
w = pridu + qrodv to M. The image of a flow of @|y, by the projection 7 is a flow
of C(du, dv) = 0.

Proof of Theorem BEZ1. We show the assertion at a point in M N{p # 0}. The case at
a point in M N{q # 0} is similar and we omit the details. The equation C'(1,17) =0
is an affine equation for M N {p # 0} where n = ¢/p, and this defines

e a function u of (v,n) by the implicit function theorem when C,(1,7) # 0, and
we have

uy = =Co(Ln)/Cu(lim),  uy = =Cy(1,m)/Cu(1, n).
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e a function v of (u,n) by the implicit function theorem when C,(1,7) # 0, and
we have

Uu: _Cu<17n)/Cv(17n>7 UT]: _C(I(l?n)/CU(l?n)
Since C,(&,1)du + C, (&, 1)dv + Cy(&,1)d€ = 0, we have

=K1du + Nkadv

_ et mnss = Co(Lmyma)dv = Co(1,m)madn] - Cu(1,m) # 0
i (Co(Lm)rr = Cu(Lm)nkz)du — Co(1,m)nradn] - Co(1,n) # 0

So if (po, qo) is a multiple root of C(p,q) = 0 at (u,v) = (0,0) (i.e., Cp(po,qo) =
Cy(pos90) = 0 at (u,v) = (0,0)), w|p is singular at (0,0) x (po,qo) if and only if
aqoke — Bpok1 = 0. So we obtain the condition 2. If (pg, go) is not a multiple root of
C(p,q) = 0, we have Cy(po, qo) # 0. Now it is easy to conclude the condition 1. [

=S| &

(5.16)

Let us consider the case that (0,0) is parabolic (say k; = 0). Then the tangent
of the flow tend to the direction generated by 0,. Remark that 0, is not tangent to
the parabolic line P; whenever azy # 0. If one writes the flow by ¢ — (¢, ct? + - -),
we obtain that

ago(kgcg — 3]65@2102 + 3k2a12a300 — aogago) =0.
Observe that this has a multiple root when (0,0) € D.

Proposition 5.7. Consider the case ky = 0 and ko # 0. Assume that (0,0) is ridge
with respect to vy (i.e.,azp = 0). We assume that (0,0) is not on the discriminant
(i.e., Ag = —ag1%(3a12> — dagzaz ) # 0), For a single root (py,qo) of c3(p,q) =0, we
have the following.

o If 3a2” < koagg, then @]y has a saddle at (0,0) X [po : qo]-

o If 3as? > koagy, and 2(koag/2 — 3a3;)? < (ksas)?, then @|y has a node at

(0,0) x [po : qo]-

o If2(koas/2 — 3a3;)? > (kaaso)?, then ©|yr has a focus at (0,0) X [po : qo]-
Proof. Suppose that p # 0, Cy(po,q0) # 0. Then u,(0,0) = —f/a, u,(0,0) =
—Cy(1,n)/a. We then observe

a

Cu(1,m)nke — Cu(1,m)K1 :%(3a21a12 — koas) )v + (kaagy — 3a2,)n + o(1)

2
—Cy(1,1m)k1 = — 3a3,v + o(1).

The assertions are now concluded using the Lemma below, remarking the following:

(S :3611%1(3@%1 — k2a40), T = k2a40/2,
6 —7° :3a§1(3a§1 — kaas) — kgaio/‘l = (koaso/2 — 3CL212)2 - (k2a40)2/2.
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Lemma 5.8. Consider 1-form w = a(x,y)dx + b(x,y)dy on xy plane. Assume
that a(0,0) = b(0,0) = 0. Set = (azb, — bya,)(0,0) and 7 = ((ay, — b,)/2)(0,0).
Then the singularity type of w at (0,0) is saddle (resp. node, focus) if § < 0 (resp.
0<d<7? 12<4).

Proof. It is enough to consider the singularity type of —b(z,y)d, + a(z,y)d,. We
just compute the eigenvalue of the matrix

—b, —by,
( et ) (0,0)
and we have the result. O

We show below phase portraits of flows in uv plane.

>
o

\Y
=}

i
IR

\
\
— | —
<0
N \é
k1 =0, a3 =0 1=0,a3 =0 k1 =0, a3 =0
ki =0, a3 #0 0 < 3a91? < kaago 0 < 3a1? > kaagp  (F2310 — 3432 > G220’

(kzgm —3a2)2 < (k2a240)2
Remark 5.9. We need to look the intersection of the parabolic line with the dis-
criminant, since this can be considered as a degenerate point of cylindrical directions
on the surface. We assume that (0,0) € P, N D, that is, k; = 0 and

1 1
azp = CI(2)Ch, g = —5%(]91% +2poqr), a2 = gpo(po% +2p1qo),  ao3 = —p3p1-

Whenever C,,(1,19) # 0, w is a function of (v,n) by C(1,1) = Az +3Aun+3A1n*+
Agsn? = 0. By (B18), we have

Cu(1,n)— =[Cu(1,n)nk2 — Cy(1,n)k1]dv — Cy(1,m)k1dn

=&

:Ou(]-7 77)77’f2dv + O(1>
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A solution curve tending (0, 0) is expressed as

2
t <t, Do t2+--->,

2ks
. — qjop C4u(Po.d0)
or, setting € = sign_~ =" *,
s (e, DIy 20 Cau(Po; 40) £,
’ 2k2 5k2 Pod1 — P14o0

A phase portrait is given as follows.

y§

Remark 5.10. Using Lemma B, it should be possible to determine singularity
types of @|ys at points (0,0) X [pg : go] where [pg : o] are multiple roots of C'(p, q) = 0.
Consider the equation C,(1,79) = 0, 1o = go/po. We have

Ou(Cu(1,mnks — Cy(1,n)k1)
=(—(Co/Cu)Cuu(1,m) + Cuu(L, 1))k + Cou(L,mIn((—=Co/Cu) Rz + Kap)
= (=(Cu/Cu)Cun(1,m) + Con(1, 1)) k1 — Co(1, M) (= Co/Cu)Kr,u + K1)
=(=(8/a)Cuu + Cup)(1,m0)n0k2 — Cu(1, 10)m0(— @128/ ¢ + ap3)
— (=CuwB/a+ Cuw)(1,m0)k1 — B((=B/)asy + az) + o(0),
Oy (Cu(L,mnkz — Co(1,n)k1)
=Cu(1,m)k2 + (=(Cq/ Cu)Cuu(1,m) + Cug(L,m)nk2 — Cu(1,m)1(Cq/ Cu) Kz
— (—(Cq/Cu)Cu(1,m) + Cug(1,m)) k1 — Co(1,1)(Cq/ Cu) K
=aky + Cug(1,m0)n0k2 + amoaos — Cug(1,m0)k1 + 0(0),

Ou(=Cy(1,m)k1) = — [=(Cy/Cu)Cug(1,m0) + Cog(1,m0)] 1 + Co(1,10) Dy ki
= = (=(B/a)Cug + Cug) (1, 1m0) k1 + 0(0),
O(=Cq(1,n)k1) = — (—=(Cq/Cu)Cuq + Coq)(1,m0) k1 + Cy(1,10) Iy ki

= — Cyq(1,m0) k1 + 0(0).

So we obtain that
§ == [(—(B/a)Cuu + Cuy)(L,m0)n0k2 — Cu(1,m0)n0(—a128/ ¢ 4 aos)
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— (=CuB/a+ Cu)(1,mo)k1 — B((—=B/a)azo + a21))|Cyq(1,m0) k1 + Cug(1,m0) k1
+ [(—(8/@)Cuq + Cog) (1, m0) kraky + Cuug(1,10) 1m0k + anoags] (—(8/a) Cug,
7 =(a+ Cuq(1,m0))k2 + amoaos — (B/c)Cug(1,10) k1.
Now we can apply Lemma B8 to have a criterion for singularity types of w|y,. But
writing down the explicit conditions would be very complicated unfortunately. It
could be better to discuss the normal form of jet and we discuss this method in
the next subsection, which works in the generic context of cubic binary differential
equations.

5.4 Reduction of jets of cubic differential equations

Now we discuss the reduction of jet of cubic binary differential equation C (du,dv) =
0 where

C(p.q) = Plu,v)p’* + 3Q(u, 0)p’q + 3R(u, v)pg” + S(u, v)g’
where P =37, fqu'v/, Q =7, %uivj, R=3%, %uivj, S=>; f%j,u’vj Set

i, !
P 2Q R 0
B Q@ 2r s 0
8o =A0,0), A=| L oh gl
0 Q 2R S

Proposition 5.11.

1. If Ag > 0 (resp. Ay < 0), then the equation 6(du,d’u) = 0 reduces to
dz(dz? + 3dy*) + 0(0) = 0 (resp. dz(dz* — 3dy*) + o(0) = 0).

2. When Ay = 0, then the constant term of a(du, dv) is (godu — podv)*(q1du —
p1dv). Now we set

oo =apo+ P,  or=api+fa,  02=poqi — Pigo,
where o = C,(po, 90)|(u,0)=(0,0) and B = C.(po, 0) | (u,0)=(0,0)-
(a) When oy # 0, 01 # 0, and o3 # 0, the equation reduces to
[d2? + (2 + y)dy?]dy + o(1) = 0. (5.17)
(b) When oy # 0, 01 = 0, and 03 # 0, the equation reduces to
[dz® + (ax* + y)dy*)dy + o(2) = 0. (5.18)

When a # 0, the discriminant has the first order tangent to the foliation
corresponding to the single root of the cylindrical equation. The sign of
a coincides with the sign of (5222) in the proof.
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(¢) When o¢g =0, 01 # 0, and 09 # 0, the equation reduces to
[dx? + (x + by?)dy*]dy + o(2) = 0. (5.19)

The equation (5T9) defines folded saddle (resp. folded node, folded fo-
cus) if b < 0 (resp. 0 <b < 1/16, b > 1/16). Remark that b is given by

3. If Ag = 09 =0, then the equation reduces to

dz® + 3(kx + ly)dx dy® + (az + by)dy® + o(1) = 0 (5.20)
and the singularity type of the discriminant is cusp if al — bk # 0, or equiva-
lently

Cuq (p(], QO) qu (p(b QO>

As we will see in the proof, explicit formulas for @ in (BR) and for b in (A19) are
very complicate when we express them in terms of the coefficients of Monge normal
form (2°T).

Proof. By a suitable linear change of coordinates, the 0-jet of C reduces to dr(dz® +
3dy?) (resp. dx(dx* — 3dy?)) when Ag > 0 (resp. Ag < 0). If this determinant is 0,
we can assume that the O-jet of the equation is (godu — podv)?(q1du — p1dv) and we
reduce the O-jet to 3023ty%t dz%dy by a coordinates change given by

u = tip1x + topoy + o(1), v = tiqrx + togoy + o(1),

whenever o5 # 0. Here ty, t; are non-zero constants. Multiplying the equation by
1/(3093t%t1), we reduce the constant term of the coefficient of dr?dy is 1. In this
case, by a suitable choice of quadratic parts of coordinate change, we are able to
reduce the equation to

[da® + (a1z + asy)dy®|dy + o(1) = 0

where a1 = to%01/(3t103), az = to>0o/(3t1%03). When oy # 0, o1 # 0, we reduce
this equation to (BL2) setting (to,t1) = (30905/0%)(1,0003). Remark also that, if
a; # 0, then we reduce the coefficient of x dy?® to 1 setting t; = ty%0/(303).

When oy # 0, 07 = 0 (i.e., a; = 0, az # 0), we need to look the coefficients of
x2dy? which is expressed as follows:

3(6uu(p07 QO)p% + Qé\uv(pm q0)p1q1 + é\vv(pﬂa QO)Q%) _ Q\

to?
403 120§

(5.22)

where @ =37, . Qi po* a0’ pi* a1, Qoo = 25pi,,
Qo1 =37po1p10 + 63p10g10, Qo2 = 12p3; + 30p10gor + 57po1q10 + a3y + 42p10710,
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Qo3 =24po19o1 + 18go1910 + 9Ip10701 + 36P01710 + 13P10510,

Qo1 =9q3, + 3porror + 2p10s01 + 11po1sio, Q1o = 13po1p1o + 87p10g1o,

Q11 =13p2, + 114p10go1 + 60po1q10 + 17163, + 42p1o710,

Q12 =87po1go1 + 225qo1q10 + 75p10701 + 48po1710 + 162g10710 + 3P10510,

Q13 =54¢3, + 81po17o1 + 63q10701 + 144q01710 + 14p10S01 + 5po1s10 + 39¢10810,

Q14 =45q01701 + 16p01501 + 6910501 + 33901510,

Q20 =6p10g01 + 33po1qi0 + 45¢3 + 66p10710,

Q21 =39p01g01 + 207q01q10 + 60p10701 + 33P01710 + 243910710 + 18P10S10,

Q22 =162q%; + 27po1701 + 324q10701 + 162q01710 + 16275 + 18p10S01 + 18po1510 + 27g10510,
Q23 =243q01701 + 207701710 + 18p01501 + 60910501 + 33901510 + 39710510,

Qa4 =4573, + 6601501 + 6710801 + 33701510,

Q30 =6p10701 + 33po1710 + 45q10710 + 16p10510,

Q31 =39p01701 + 63q10T01 + 144qo17m10 + 54770 + 14p1osor + 5po1sio + 81giosio,

Q32 =162q01701 + 225701710 + 3po1S01 + 75q10501 + 48401510 + 87710510,

Q33 =171r3, + 42q01501 + 114710501 + 60701510 + 13535, Q34 = 8Tro1501 + 13501510,
Qa0 =97y + 2p10s01 + 11po1s10 + 3q10510,

Qa1 =18r01710 + 13po1so1 + 9q10501 + 36¢01510 + 24710510, Qua = 2553,

Qa2 =972, + 42q01501 + 30710501 + 5701510 + 1255, Qa3 = 63r01501 + 37501510-

By a suitable choice of cubic parts of the coordinate change we are able to reduce
the equation to (BIX). Remark that this coordinate change does not change the
coefficient of z2dy®. We also remark that the possible singularity of w|y; over (0,0)
is [po, o] = [0 : 1] only if as = 0.

We consider the case og = 0 and o1 # 0 (i.e., a3 # 0, az = 0). We need to look
the coefficients of y2dy? which is expressed as follows:

<t02>2 [auuqoo, 0013+ 26 (P, 20)pot0 + Coo(po, 00)3 R ]
6

t 6o a 405

where R = > i B P’ o’ ;P

Roo =4piy, Ror = 3p10(Tpor + quo), Roz = 17p8; + 28p1ogo1 + 43poraro — 2443y — 4p1orio,
Ros =68po14901 + 30g01g10 + 7p10701 + 37po17m10 — 63¢10710 + P10S5105

Ros =3(18¢3; + 16po1ror — 9q10r01 + 6q01710 — 1217 + 5po1sio — 4qi010),

Ros =54qo1701 — 33101710 + 14p01s01 — 14q10801 + 16go1510 — 13710510,

Rog =3rg; + 1401501 — 14710501 + 701510,

Rio = — p1o(13po1 — 21q10),  Ri1 = —13pp, + 10p1ogor —20 Porqro + 5743y + 14p1orio,
Ry9 = — 31po1go1 + 75901910 + 31p1oro1 — 29po1710 + 81q10m10 — TP10S10,

Rz =2(9¢5, — 6porror + 63q10701 + 18qo17r10 + 9rfy + 4p1osor — 11po1sio — 6gi0s10),
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Ry4 =81qo17r01 + 75701710 — TP01S01 + 31g10501 — 29901810 — 31710510,

Ris =57r3; 4 14qo1501 + 10r19501 — 20701510 — 13559, Ris = so1(21701 — 13s10),
Ryo = — 14p10go1 + porqio + 3qio + 14p1orio,

Ro1 = — 13po1go1 — 33901910 — 14p10701 + 16po1710 + 54g10710 + 14p10510,

Ray = — 3(12q3; + 4po1ror + 9q10mo1 — 6qo17r10 — 1877 — 5po1sio — 16g10s10),

Ro3 = — 63qo1701 + 30701710 + Po1501 + 7q10801 + 37q01510 + 68710510,

Roy =28r19S01 + 437“01810 + 178%0 — 247’81 — 4QQ1801, R25 = 3801(7’01 + 7810), RQG = 48%1.

We assume that a; = 1, since we can choose (tg,¢1) with ¢y?/t; = 303 /01. Then
the coefficient of 32dy3 becomes

~

9 102 (Cuulpo, 0)P5 + 2Cun(Po; 90)P0g0 + Cuw(Po; 90)%5) E]
0'12 6 4 )
By a suitable choice of cubic parts of the coordinate change, we are able to reduce
the equation to (5I9). Remark that this coordinate change does not change the
coefficient of y%dy®. Now we can apply Lemma 5= to have a criterion for singularity
types of the restriction of 1-form pdu — gdv to the subset C(p,q) = 0 in (R?,0) x P*.
Remark that the linear term of A is oto(a12 + agy) and (0,0) € ¥D if and
only if o9 =0 or a; = as = 0. R
In the case o9 = 0, the constant part of C(du,dv) is a constant multiple of
(vodu — updv)? and we are able to reduce the 0-jet of the equation to dz3. By a
suitable choice of quadratic parts of coordinate change, we are able to reduce the
equation to (B19). We remark that

(5.23)

k=— pofgflauq(pm Q), l=- pofgfz[auq(po, qo)po + avq<p07 0)q0),
a=—pyt2C, (1o, q0), b=— po_gt_g[au(po, 0)po + 6v(p07 q0) o]
(or & =go~*t ™" Cug(po, 90, [ =0t *[Cuuq(p0; 90)P0 + Cug(P, 90)0],
a =qo"*t"2C.u(po, q0), b =qo*t*[Cu(po. q0)p0 + Cs(Po, 90)0)).
by a suitable change of coordinate
u=poy +o(1), v=tx+ qy+o(l) (or u=tx+ pyy+o(l), v=gqoy+o(l))

and the 3-jet of the discriminant is (ax + by)? + (kz + ly)®. So the singularity type
of the discriminant is cusp if al — bk # 0, which is equivalent to (5=2T). O

The phase portraits of singularities of the flows are shown by the pictures below.




2. (b)
a<0
\/
RN
3 3

We can apply Proposition B0 to determine the singularity type of the equation

C(du,dv) =0,

whenever kiky # 0.
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