CUSPIDAL EDGES AND GENERALIZED CUSPIDAL EDGES IN

THE LORENTZ-MINKOWSKI 3-SPACE
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ABSTRACT. It is well-known that every cuspidal edge in the Euclidean space
E3 cannot have a bounded mean curvature function. On the other hand, in
the Lorentz-Minkowski space L3, zero mean curvature surfaces admit cuspidal
edges. One natural question is to ask when a cuspidal edge has bounded
mean curvature in L3. We show that such a phenomenon occurs only when
the image of the singular set is a light-like curve in L3. Moreover, we also
investigate the behavior of principal curvatures in this case as well as other
possible cases. In this paper, almost all calculations are given for generalized
cuspidal edges as well as for cuspidal edges. We define the “order” at each
generalized cuspidal edge singular point is introduced. As nice classes of zero-
mean curvature surfaces in L3, “maxfaces” and “minfaces” are known, and
generalized cuspidal edge singular points on maxfaces and minfaces are of
order 4. One of the important results is that the generalized cuspidal edges of
order 4 exhibit a quite similar behaviors as those on maxfaces and minfaces.

CONTENTS
Introduction
1. Preliminaries
2. General calculations
3. Generalized cuspidal edges of type S
4. The case that I points in a light-like direction
5. Proof of Proposition F and Theorem G

Appendix A. A representation formula for cusps

Appendix B. Special coordinate systems for generalized cuspidal edges

Appendix C. Umbilic points on a wave front in L3
References

INTRODUCTION

18
27
32
38
43

47
48

We denote the Euclidean 3-space by (E3;x,y,2) and the Lorentz-Minkowski 3-
space by (LL3; z,y, z), where the signature of L3 is taken as (++—). Let f : U — L3
be a regular surface (i.e. an immersion). A point on U is said to be space-like (resp.
time-like) if the pull-back of the canonical Lorentzian metric of L? (i.e. the first
fundamental form of f) induces a Riemannian metric (resp. a Lorentzian metric)
at the point. In this paper, R? denotes . or E? ignoring the canonical metrics.
Fix § > 0 and an open interval I on R.
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Definition 0.1. Let U be a domain of R? and f : U — R? a C*°-map. A point
p € U is called a cuspidal edge singular point of f if there exist local diffeomorphisms
¢ and ¥ on R? and R? such that ¢(p) = (0,0), ¥ o f(p) = (0,0,0) and ¥ o fo
¢ (s,t) = (5,82, 1%).

We fix a regular curve I' : I 3 s+ f(s,0) € R3.

Definition 0.2. A C*®-map f: I x (—§,5) — R? is called a cuspidal edge along T
if (s,0) is a cuspidal edge singular point of f for each s € I.

We next define “generalized cuspidal edges”:

Definition 0.3. Fix § > 0 and an open interval I on R. A C*°-map
fIx(=8,8)2 (s,t) — f(s,t) €R?

is called a generalized cuspidal edge along the curve I' : [ 3 s + f(s,0) € R3 if
f(s,t) satisfies the following properties:

(a) fi(s,0) vanishes identically for each s € I, and
(b) the vectors fi:(s,0) and IV(s)(= fs(s,0)) are linearly independent for each
sel.

Moreover, each point (s,0) is called a generalized cuspidal edge singular point.

Cuspidal edges are typical examples of generalized cuspidal edges (cf. Proposi-
tion 1.6). For a given generalized cuspidal edge f, we set

(0.1) Uy :=1x(=4,0), Yr:={(5,00€U;sel},

which are the domain of definition and the singular set of f, respectively. Then,
the set Uy \ Xy of regular points of f has two connected components. The purpose
of this paper is to investigate the behavior of the Gaussian curvature, the mean
curvature, the principal curvatures and umbilical points of f. We are particularly
interested in the behavior of mean curvature and umbilical points:

e Although the mean curvature functions H” of cuspidal edges in E? diverge
along their singular sets, there are cuspidal edges in .3 whose mean curva-
ture functions are bounded. Moreover, it is also known that cuspidal edge
singular points appear as one of the most general singular points on zero-
mean curvature (i.e. ZMC) surfaces in L3 ([1, 4, 21]). Compared to the
case in E2, it would be interesting to investigate when the mean curvature
function H” around an arbitrarily given cuspidal edge singular point in L3
becomes bounded.

e A regular point p € Uy of f is called an umbilical point (resp. a quasi-
umbilical point) if it is a space-like or time-like point of f at which the
two principal curvatures coincide and the Weingarten matrix (cf. (1.15)) is
diagonal (resp. is non-diagonal). On a given surface, the umbilical points
with R3 = L3 appear at a different location than the umbilical points
with R3 = E3, in general. Moreover, quasi-umbilical points never appear
on regular surfaces in E? and space-like regular surfaces in L3, but often
appear on time-like regular surfaces in L3.

In E3, umbilical points never accumulate at any cuspidal edge singular
point (cf. [5, 10, 20]). Also in L3, the same conclusion holds as long as a
cuspidal edge singular point p is time-like or space-like (see Definition 1.8
and Proposition C.1 in the appendix). On the other hand, a light-like
cuspidal edge singular point (cf. Definition 1.1) could be an accumulation
point of umbilical points, and it is worth investigating this possibility.

Therefore, the goal of this paper is to give answers to the above questions as much
as possible. Honda, Izumiya, Saji and Teramoto [7] gave normal forms of germs
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of cuspidal edges in .2 and investigated cuspidal edges at light-like points from a
different point of view than ours.

Fix a generalized cuspidal edge f : Uy — R? along I'. At each singular point
p = (s,0) € Xy, we consider the sign

(0.2) o(p) == sgn(d(s)) € {-1,0,1}
of the value
(0.3) d® (s) == det(I"(s), fu(s,0),T"(s)).

By definition, the sign ¢ (p) at the singular point p is common in E* and L3.
If 0%(p) is positive (or negative, zero), we say that the germ of the generalized
cuspidal edge f at p is right-handed (or left-handed, neutral). The following three
assertions hold (see Propositions 1.15 and 1.23):

(1) o%(p) vanishes if and only if the osculating plane of I' at p coincides with
the limiting tangent plane (which is the plane in R? passing through f(p)
obtained as the limit of the tangent planes at its regular points) of f at p.

(2) The sign of ¢%(p) coincides with that of the Euclidean limiting normal
curvature 2 (s) if we think R? as E3.

(3) If the normal vector of f at p points in a space-like or time-like direction,
then the sign of 0 (p) also coincides with that of the Lorentzian limiting
normal curvature k2 (s) if we think R? as L3.

Regarding the above facts, we give the following:

Definition 0.4. A generalized cuspidal edge singular point p of f : Uy — R3 is
said to be generic if o€ (p) does not vanish.

We remark that the invariant 0© is generalized for an invariant of cuspidal edges
in a Riemannian 3-manifold (M3, g) (cf. [17], where 6 is denoted by o).

A regular curve I' : I — L3 defined on an interval I is called of type S (resp. type
T) if the velocity vector field I”(s) points in a space-like (resp. time-like) direction
for each s € I. If ' is neither type S nor type 7', then there exists s € I such that
I'(s) points in a light-like direction. We are interested in the special case that I''(s)
is a light-like direction for any s € I. Such a I' is called a regular curve of type L.

We next define the order of a singular point p (= (s,0) € £) of a given general-
ized cuspidal edge f : Uy — L3, denoted by i, (cf. Definition 1.25): We denote by
AL(s,t) the determinant of the symmetric matrix associated with the first funda-
mental form of f (cf. (1.11)). Roughly speaking, the order i, is the minimal number
k such that O*AL(s,0)/0t* does not vanish (cf. Definition 1.25). The order is a
concept that only makes sense for f lying in L? (when f lying in E?, i, can be also
defined in the same manner but is always equal to 2). If the order i, (p € Xy)
is an even constant, then all regular points on a sufficiently small neighborhood
V, of p have the same causal type, in particular, they are space-like or time-like
on V,. On the other hand, if i, is an odd constant, then any regular points on a
sufficiently small neighborhood of p is space-like on one side of the singular curve
Y and time-like on the opposite side. As a special case, i, = 0o can occur (see
(1.27)). The following result describes the generic behavior of generalized cuspidal
edges in L? (as a consequence, most cuspidal edges in L3 have unbounded mean
curvature functions):

Theorem A. Let f: Uy — L3 be a generalized cuspidal edge along a regular curve
I inL3. IfT is of type S or of type T, then, for each singular point p := (s,0) € Ty,
there exists a sufficiently small neighborhood V,(C Uy) of p such that the following
assertions hold (the first three assertions are about the causality of f which is defined
in Definition 1.1):
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(1) f is space-like on V, \ ¢ if T is of type S and the L3-cuspidal direction
vector DJE(S) is space-like (cf. Definition 1.19).

(2) f is time-like on V, \ & if

e I' is of type T, or
o I' is of type S and D?(s) is a time-like vector.

(3) If T is of type S and DJLC(S) is a light-like vector, then the causal type of f
is different between both sides of V, \ X¢.

4) If D%(s) is not a light-like vector, then the limiting normal curvature k2 (s)
is defined (cf. (1.34)), and the sign of kL (s) coincides with o€ (p).

(5) The order i, is equal to 2 if D%(s) is not a light-like vector at p. On the
other hand, if DJLC(S) points in a light-like direction, then i, > 3 holds.
Moreover, the equality holds if and only if p is a cuspidal edge singular
point.

(6) If p is a cuspidal edge singular point, then the mean curvature HY of f is
unbounded on V,,. In particular, if p is an accumulation point of the set of
cuspidal edge singular points, then H is also unbounded at p.

(7) If p is a generic (i.e. oc(p) # 0) cuspidal edge singular point satisfying
ip = 2 (resp. ip, = 3), then the Gaussian curvature KT of f is unbounded
and takes different signs (resp. the same sign) on each side (resp. both
sides) of Xy in V.

(8) If p is a cuspidal edge singular point then the two principal curvatures of f
are both real-valued on V,,. Moreover, if p is generic (i.e. oc(p) # 0), then
one of them is unbounded on V). In this setting, the other one is bounded
on V, unless i, = 3.

(9) The umbilical or quasi-umbilical points cannot accumulate at any cuspidal
edge singular point.

The corresponding assertions for cuspidal edges in E* are known (cf. [10, 5, 20]),
which are summarized in Fact 2.5. In particular, for an arbitrarily given cuspidal
edge in E?, its mean curvature function H” is always unbounded, and its Gaussian
curvature function K is bounded if and only if its limiting normal curvature xZ
vanishes identically on ;. So, Theorem A contains an analogue of these facts in
L3. The strategy of the proof of Theorem A is an improvement of the corresponding
result in E? given by the first author [5]. In fact, we need more case separations
and computations of higher-order derivatives. As a consequence of Theorem A, we
have the following:

Corollary B. Let f : Uy — L3 be a cuspidal edge along a reqular curve I’ in I3,
If the mean curvature H of f is bounded on Ur \ Xy, then T is of type L.

By this assertion, as long as ¥ consists of cuspidal edge singular points, the
mean curvature H” of f can be bounded only when I is of type L. So we consider
the case that I' is of type L:

Definition 0.5. A C*°-map f : Uy — L3 is called a light-like generalized cuspidal
edge of general type along T' (see Definition 4.6) if it is a generalized cuspidal edge
such that

e ['is of type L,
e the order 7, of f at each point p € X is equal to 2, and
e I'(s) never vanishes for each (s,0) € £y.

If T is of type L, the possibility of the normal direction of f is either space-like
or light-like. More precisely, the following assertion holds:
4



Proposition C. Let I' : I — L3 be a regular curve such that T'(so) (so € I) is
a light-like vector. If f is a generalized cuspidal edge along T in L3. Then the
following two assertions are equivalent:

(1) The normal direction of [ at p := (so,0) points in a space-like direction
(resp. a light-like direction),
(2) the order i, of p:= (s0,0) is equal to 2 (resp. greater than or equal to 4).
In particular, i, > 2 implies i, > 4. Moreover, if T is of type L satisfying T (so) #
0, then (1) and (2) hold if and only if o€ (p) # 0 (resp. o (p) = 0).

In particular, the normal vectors of light-like generalized cuspidal edges of general
type always point in space-like directions. Regarding this, we show the following:

Theorem D. Let f be a light-like generalized cuspidal edge of general type along
[ in L3, Then, for each singular point p := (s,0) € Xy, there exists a sufficiently
small neighborhood V,(C Uy) of p such that the following assertions hold:

(1) The sign o€ (p) does not vanish for each p € ;.

(2) f is time-like on V, \ .

(3) The mean curvature HY is bounded on V,, \ Xy.

(4) If p is a cuspidal edge singular point, then K* is unbounded and takes

different signs on each side of ¥y on V.

(5) If p is a cuspidal edge singular point, then the two principal curvatures of
f are both unbounded on V,, amd they are real-valued on one side of X
and are not real-valued on the other side on V), (that is, the singular set ¥ ¢
behaves rather like the locus of quasi-umbilical points).

(6) Umbilical points and quasi-umbilical points of f never accumulate al any
cuspidal edge singular points of f.

In the setting of Theorem D, the authors do not know of any light-like generalized
cuspidal edge of general type along I' in L2 for which H’ vanishes identically (if it
happens, by Proposition 5.7, f cannot be a minface).

The case that IV(s) points in a light-like direction only at a point s = s is also
discussed in Section 4. We note that (9) of Theorem A and (6) of Theorem D are
special cases of the following statement:

Proposition E. Let f be a cuspidal edge along a reqular curve T’ in 1L3. If a given
cuspidal edge singular point p := (s,0) € Xy is of order less than 4 (i.e. i, < 3), then
umbilical points of f never accumulate at p. Moreover, quasi-umbilical points of f
also cannot accumulate at p unless p is a light-like point (if p is an isolated light-like
point, quasi-umbilical points can accumulate at p, see (3) of Proposition 4.5).

For a light-like cuspidal edge singular point p, the authors know of no example
in which umbilical points accumulate at p.

Definition 0.6. Let f be a generalized cuspidal edge along a regular curve I' of
type L. If i, = 4 holds for each p € ¥y, we call f a generalized cuspidal edge of
order four.

If f be a generalized cuspidal edge along a regular curve I of type L in L3, then
the Lorentzian singular curvature function kX along ' cannot defined. In this case,
we use the Euclidean singular curvature function k¥ along I, instead. We focus
on the property that the sign of k¥ is an identifier of whether the cuspidal edge f
looks convex or concave in human’s eyes (cf. [16, Section 5]):

Definition 0.7. Let f be a generalized cuspidal edge of order four along a regular
curve T of type L. Then f is said to be of convez type (resp. concave type) at a
singular point p = (s,0) € X¢ if k¥ (s) is positive (resp. negative).
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FIGURE 1. Cuspidal edges in E? with positive (left) and negative
(right) singular curvatures

If f is a generalized cuspidal edge of order four which is of convex (resp. concave)
type, then, for any time-like vector v, the image of the orthogonal projection of
f into the plane IIZ which is perpendicular to v is locally convex (resp. locally
concave), see [6, Proposition 2.19 and also Remark 2.20] for details.

Let

(0.4) 7L 5 (2,y,2) = (2,y) € R?

be the canonical projection, and consider the curve v := 7 o I' in the space-like
xy-plane. We denote by P the plane in L3 passing through ~(s), which is spanned
by vz :=(0,0,1) and n(s), where n(s) is the normal vector of the curve v at y(s).
Then P; passes through I'(s) as well as y(s) (cf. Figure 2). In this setting, we
may assume that s is the arc-length parameter of . Let k(s) be the curvature of
v at s € I, and ¢, the section of the image of f by the plane P;. We denote by
(s, t) the function (cf. Definition A.6) associated with the cuspidal curvature of
cs, which can be written as

(0.5) pu(s,t) = po(s) + pi(s)t + o(s, 1)1,
where ¢(s,t) is a certain C*°-function. Then, we prove the following:

Proposition F. Let f be a cuspidal edge in L3 and p its singular point satisfying
i, > 4. Then i, > 4 holds if and only if f is of concave type at p and

(0.6) k] =
holds at the point p.

As nice classes of zero-mean curvature surfaces in L3, “maxfaces” and “minfaces”
are known, and if they give generalized cuspidal edges (in fact, cuspidal edges
and cuspidal cross caps are typical examples of generalized cuspidal edges), then
they are always of order four (cf. Proposition 5.7). We remark that “maxfaces”
and “minfaces” themselves may admit singular points which are not appeared on
generalized cuspidal edges, like as swallowtails and cone-like singular points. The
following theorem summarizes the properties of the generalized cuspidal edges of
order four, which is the deepest result in this paper:

Theorem G. Let f be a generalized cuspidal edge of order four along a reqular
curve I' of type L. Suppose that the regular curve y(s) := woI'(s) (s € I) in the zy-
plane is parametrized by the arc-length and k(s) denotes the curvature function of
v(s) as a plane curve. Then, for each singular point p := (so,0) € X, there exists
a sufficiently small neighborhood V,(C Uy) of p such that the following assertions
hold:

(a) The causal type of f is the same on both sides of the singular set X on V.
6
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FIGURE 2. The plane P, and the curves I' (a helix) and v (a circle)

(b) The mean curvature function H- of f is bounded on V, if and only if (where
the definition of the sign o is given in (5.1))

(0.7) 3ku1 = Buopg + 30k

holds on (I x{0})NV,, where u; (i = 1,2) are the coefficients of the function
w(s,t) as in (0.5).

(¢) The generalized cuspdial edge singular point p cannot be an accumulation
point of umbilics of f.

(d) The point p is a cuspidal edge singular point if and only if po(se) # 0.
Moreover, if I (sg) does not vanish (i.e. k(sg) # 0), then the following assertions
hold:

(1) If f is space-like on V,, \ Sy, then f is of concave type and K* is positive

at each point on V, \ X (cf. Figure 3, right).

(2) If f is time-like on V,, \ Sy, then the Gaussian curvature K™ is positive
(resp. negative) if and only if f is of convex type (resp. concave type) at
p, see Definition 0.7 and Figure 8. As a special case, if p is not a cuspidal
edge, then the Gaussian curvature K is positive and f is of convex type
(¢f. Corollary 5.2).

(3) The Gaussian curvature KL diverges and takes the same sign on both sides
of Xy, and the two principal curvatures are both unbounded. In this situ-
ation, if K* is positive (resp. negative), then the two principal curvatures
both take values in R (resp. C\R) on V,.

(4) The quasi-umbilical points of f cannot accumulate at p.

Theorem G is not vacuous. In fact, there is a representation formula (cf. (5.2))
producing all generalized cuspidal edges of order four in L3, by which we can con-
struct examples satisfying the assumptions of Theorem G. At first glance, the con-
ditions (0.6) and (0.7) seem to depend on the choice of an orthogonal coordinate
system in 3. However, these conditions are invariant under Lorentzian motions be-
longing to the identity component of the isometry group of L (cf. Proposition 4.4
and Corollary 5.1). The assertion (4) of Theorem G cannot be expected when
I'"(s) = 0. In fact, quasi-umbilical points may accumulate at the singular point
(s,0) of f satisfying I'"'(s) = 0. More precisely, such an example is constructed in
Akamine [1, Figure 4] (see Remark 5.4). As stated in Theorems D and G, cuspidal
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FiGURE 3. Cuspidal edges of order four along a light-like helix,
which is time-like of convex type (left), and time-like of concave
type (center) and space-like (right), respectively. These are ex-
plained in Example 5.5.

edges of type L whose order are at most four cannot change their causal types.
However, there exist cuspidal edges of type L with order five such that they are
space-like on one side of the singular set, and time-like on the other side (see Ex-
ample 5.6). This means that cuspidal edges of type L also can change their causal
type as well as in the case (3) in Theorem A.

In E?, minimal surfaces which are constructed using the Weierstrass formula
do not admit cuspidal edges but only admit branch points as isolated singular
points. As mentioned before Theorem G, there are two canonical classes of zero-
mean curvature (“ZMC” in short) surfaces in L3 without branch points, called
“maxfaces” and “minfaces”. Roughly speaking, maxfaces (resp. minfaces) are
ZMC surfaces which can be represented as a holomorphic (resp. para-holomorphic)
data using the Weierstrass-type representation formulas, respectively.

Akamine [1] investigated the sign of the Gaussian curvature K near the singular
points on a given time-like ZMC-surface (cf. [1, Theorem A]. In particular, at cusp-
idal edge points of a time-like surface f, he showed that the sign of K depends on
the convexity or concavity of f (cf. [1, Theorem B]), and also investigated umbil-
ical points and quasi-umbilical points near the singular points. As a consequence,
Akamine [1] proved (a), (d), (2), (3) and (4) of Theorem G for “minfaces” ((1) for
maxface was shown in [21] except for the concavity), and so, Theorem G can be
considered as generalizations of Akamine’s results (as we have already mentioned,
generalized cuspidal edge singular points appeared on maxfaces and minfaces are
all of order four).

Through Akamine’s work, we can observe how the cuspidal edges are special
amongst the non-degenerate singular points on zero-mean curvature surfaces. More-
over, by Theorem G, we are able to recognize that these interesting properties of
generalized cuspidal edges having vanishing mean curvature functions attribute to
the property that their order i, are equal to four along the singular curve. Also,
we note that the case where I"(s) is a light-like vector only at a value s = sg is also
investigated in Section 4.

We organize the paper as follows: In Section 1, we introduce the fundamental
properties of generalized cuspidal edges in .3 and define “singular curvature” and
“limit normal curvature” along their singular sets. In Section 2 (resp. Section 3),
we investigate the behaviors of HX and K for generalized cuspidal edges when T
is time-like (resp. space-like), and prove Theorem A and Corollary B in Sections 2
and 3. In Section 4, we consider the case that I' is light-like and prove Theorem D,
Propositions C and E. In Section 5, we consider generalized cuspidal edges of order
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four, and prove Proposition F and Theorem G. We have three appendices: In the
first appendix, a representation formula for cusps in Lorentz-Minkowski plane L2
is given. In the second appendix, the existence of a certain parametrization of the
generalized cuspidal edge is shown. In the third appendix, we discuss umbilical
points on wave fronts in L3.

1. PRELIMINARIES

In this section, we prepare fundamentals of the geometry of generalized cuspidal
edges in L3 comparing to the Euclidean case.

1.1. Regular surfaces in E3. Let U be a domain in the uv-plane (R?;u,v). A
C>®-map f : U — R? is called a regular surface if it is an immersion on U. We
denote by “” the canonical positive definite inner product on E3. When the image
of f lies in E3, the functions on U

E=fufu, F=fuifu, G=ffo

are called the coefficients of the first fundamental form ds? := Edu® + 2Fdudv +
Gdv®. We set 0P := f, x f,, which gives the normal vector field of f on U, where
“x”denotes the canonical vector product on E3. By definition,

(1.1) (Ap =)p¥ . v¥ = BEG — F?
holds. We then set

(1.2) L= fuu - 0" = det(fu, fo, fuu),
(1.3) M := fuy - 77 = det(fu, for fuv),

(14) N:: fvv'ﬂE :det(fuafmfvv)y

which are not the usual coefficients of the second fundamental form, because v
may not be a unit vector field. By setting

E

L M N
Li=— M:=——, N:=—,
VAE VAE V' AE
Ldu? + 2Mdudv + Ndv? gives the second fundamental form of f with respect to
the unit normal vector field v¥ := 0¥ /|0¥| 5, where

la|g := va-a (acE?).

We set
g (G —F\(L M
(1.5) W= .= (—F B 7N
and
-1
g (E F L MY 1 =g
0t v (5 8) () -

The matrix W¥ is called the Weingarten matriz or the shape operator. Using this,

det(WF) LN — A1

(1.7) K¥ = det(W¥) = = ,
A A%
vE
(1.8) HY .= trace(WF) = %
273/
E

give the Gaussian curvature function and the mean curvature function of f, respec-
tively.



1.2. Regular surfaces in 3. We next consider the case that f is a regular surface
(i.e. an immersion) into 3. For two vectors a, b € L? as column vectors, the
Lorentzian inner product and the vector product are defined by

0 0
1 0|,
0

1
(1.9) (a,b), :==a’Fsa, axpb:=Ejaxb), FE3:=|[0
0 —1

where the symbol T denotes matrix transposition. Then

(1.10) v = fu X1 [o(= E3Vg)

is a normal vector field of f in L3.

Definition 1.1. Let f : U — R3 be a regular surface. A point p € U is said to
be space-like, time-like, light-like if the normal vector 7'*(p) is time-like, space-like,
light-like in I3, respectively. Moreover, f is said to be space-like (resp. time-like)

if all points of U are space-like (resp. time-like).

Here, we consider the case that f is a space-like or time-like surface on U. We
set

El = <fu7fu>L7 Fl = <fuafv>La GL = <fv7fv>L7
and call the function
(1.11) Ap = EFGE — (FF)?

the identifier of the causality of f which depends on the choice of coordinate system
(u,v) and differs only by the multiplication of a positive function under a coordinate
change. Since 7* = FE30F, we have

(1.12) (h by = (07,07 = (fu x fo) " Bs(fu x fo)
= det(FE3)(fu X fo) - (Bsfu % Ezf,)

= ((fu Bsf)fu Bsf) — (Fu- Bs L) Baf)
= — <fuu fu>L <fvafv>L + <fu, fv>i =-Ayp.

Moreover, since (v L>L = v - P holds for any vector v € R?, we have (cf. (1.10))

U
(fuur V), =L, (fuos?*), =M, {fon,#"), = N.
Regarding
<17L7DL>L :E‘AL‘ €= sgn (<17L717L>L)’

we set

L. L L. M L. N

=— M":= N* = .

VIAL VIALI VIAL|
Then the Gaussian curvature (i.e. the sectional curvature with respect to the first
fundamental form) KL and the mean curvature HY of f are defined by (cf. [13,
page 107 and page 101])

LLNL—<ML)2 ELNL_ZFLML+GLLL
1.1 L = 7 L= .
(1.13) K 5 A, H A,
Since . _ s _
LN — M? LN — M?
LLNL_ ML2: _ _
( ) ‘AL‘ € AL )

we have that

1) gbo SEN-MD g BUN-2FUM 4 GEL
AL 22, /1AL
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As an advantage of these expressions, we can use L, M and N given in (1.2), (1.3),
(1.4) to compute K= and HL. About HL, there might exist other definitions with
different sign. However, our results are related only to the absolute value of H',
and so this does not affect the latter discussions. We set

~ Gt —FIN\N/L M
VVL .
(1.15) o <—FL EL)(M N)’
L EL FINT'/LL ML 1 -
FL QgL ML NL Ar[AL

Then W, is called the Weingarten matrixz or the shape operator. Using these two
matrices, we have the following expressions:

I L I L
116) kP = edetwE) = — VD) g ety = AW
3
AL QAL\/|AL|

In particular, the determinant of W¥ is —K?% (resp. K*) and the trace of W¥
is 2H" when f is space-like (resp. time-like). Thus, the eigenvalues of Wl are
invariants of f, which are called the principal curvatures of f. Unlike the Euclidean
case, the principal curvatures of f may not be real-valued if Ay < 0.

As mentioned in the introduction, the results in .3 sometimes exhibit different
phenomena from those in E2, which is the motivation for this research. In this pa-
per, we will investigate the behavior of the principal curvatures around singularities
of surfaces in L2 as well as K~ and H”, keeping in mind the results obtained in
the case of Euclidean geometry.

Definition 1.2. The point p on the domain of definition of a regular surface f
is called an wmbilical point (resp. a quasi-umbilical point) if the two principal
curvatures coincide and W' is a diagonal (resp. not a diagonal) matrix at p.

Remark 1.3. If p is a space-like regular point (i.e. Ap(p) > 0), then there exists
a regular matrix P such that P~'WEP is a symmetric matrix at p, and so quasi-
umbilical points never appear like as the case of regular surfaces in E3.

By (1.7) and (1.16), the sign of K is opposite of that of KZ, that is, we have
(cf. [1, Remark 4.6])

(1.17) sgn(K1) = —sgn(KF).

1.3. Generalized cuspidal edges in R? and E3. In the introduction, we have
defined generalized cuspidal edges. In this subsection, we show several important
properties of them:

Definition 1.4. Let f(s,t) be a smooth map satisfying fs(s,0) # 0 and f;(s,0) =0
for each s. For such f, we consider a new local coordinate system (u,v) satisfying

t(u,0) =0, s,(u,0)=0, s,(u,0)>0, ¢t,(u,0)>0.

In particular, f,(u,0) = 0 holds for each u. We call such a local coordinate (u,v)
an admissible local coordinate system associated with f, as well as the original
coordinate system (s, t).

If f(s,t) is a generalized cuspidal edge, then fi(s,0) # 0 holds, which can be
reproved from the next lemma (we omit the proof):

Lemma 1.5. Let (s,t) be an admissible coordinate system of a generalized cuspidal

edge f. Let p(s,t) be a smooth R! (I > 1) valued function satisfying ps(s,0) # 0 and

©t(8,0) = 0 for each s. Then, for a C®-function ¢(s,t), the first non-vanishing

order k of the derivative 0% ¢(s,0)/0t* is independent of the choice of an admissible
11



coordinate system of f. Moreover, if k is even, then the sign of 0%¢(s,0)/0tF is
also independent of the choice of an admissible coordinate system.

We introduce here typical examples of generalized cuspidal edges:

Proposition 1.6. A cuspidal edge along a reqular curve I' in R? as in Definition 0.2
is a generalized cuspidal edge.

Proof. Let f(s,t) be a cuspidal edge along I" as in Definition 0.2. Then, it has a
unit normal vector field v on Uy, and if we set A := det(fs, fi, ), then the exterior
derivative d\ at (s,0) does not vanish for each s € I ([16, Chapter 2]). Since
As(s,0) =0 and fi(s,0) = 0, we have

0 # At(sa O) = det(fs(sa t)v ft(sv t)? V(S7 t))t‘tzo = det(fs(s, 0)5 ftt(sv 0)7 V(Sv O))7
which implies that fs(s,0) and fi(s,0) are linearly independent, proving the asser-
tion. O

Example 1.7. The C*°-maps defined by

fl(svt) = (57t270)7 fQ(Sat): (57t275t3)7
give generalized cuspidal edges. The origin (0,0) is a singular point of them, which

is called the standard fold singular point and the standard cuspidal cross cap singular
point, respectively.

Definition 1.8. Fix a domain U of R?2. A C®-map f : U — E3? is called a frontal
if there exists a nowhere vanishing vector field 7 : U — E3 which is perpendicular
to f, and f, at each point of U. Let P(R?®) be the projective space associated with
the vector space R? and R3 5 v — [v] € P(R?) the canonical projection. Then f
is called a wave frontif U 3 p — (f(p), [7(p)]) € R® x P(R?) is an immersion.

The maps f; and fy given in Example 1.7 are frontals, but not are wave fronts.
Let f := f(s,t) be a generalized cuspidal edge along I', and consider the vector
field defined by v(s,t) := fi(s,t)/t (Jt| < ¢), which is C*°-differentiable at t = 0
such that fi(s,0) = v(s,0)(# 0). By condition (c) of Definition 0.3,

(1.18) P = fo(s,t) x v(s,t)
E

gives a normal vector field of f, which implies that f is a frontal, that is, " can
be smoothly extended to the singular set. Then, we have

(1.19) 7 (5,0) = f4(5,0) x v(s,0) = T'(s) x fu(s,0).

In this setting,
~E
U
1.20 vE =
(1.20) E g
gives a unit normal vector field of f on Uy which can be smoothly extended across
the singular set ¥y of f. As the converse of Proposition 1.6, the following is a
well-known criterion for cuspidal edges (cf. [16, Theorem 2.6.3]):

Fact 1.9. A point (s,0) of a generalized cuspidal edge is a cuspidal edge singular
point if f is a wave front at (s,0), that is, the map (s,t) — (f(s,t),VE(s,t)) is an
immersion at (s,0).

Using this, we prepare the following;:

Proposition 1.10. Let f : Uy — R? be a generalized cuspidal edge alongT'. Then f

is a frontal, that is, its normal vector field (as R® = E3 or R? = L3 see Remark 1.17)

is defined at each singular point of f. Moreover, let P be a plane passing through

f(50,0) (so € I) which is transversal to the curve I' at I'(sg) = f(s0,0). Then the

section ¢ of f by P is a generalized cusp in P (cf. Definition A.1), and the point
12



p = (80,0) is a cuspidal edge singular point if and only if p is a cusp of ¢ in the
plane P.

Proof. This statement is essentially the same statement as in [9, Lemma 3.2]. How-
ever, our proof is new and is different from that in [9]: Take a basis spanning the
plane of P at f(sg,0), and extend it as a frame field {a;, as} along I'. By Propo-
sition B.1 in the appendix, f can be written in the form

f(s,t) =T(s) + z(s,t)ai(s) + y(s, t)az(s),
where z(s,t) and y(s,t) are smooth functions. Since the map
(Sa €L, y) = F(S) + :ral(s) + yaQ(S)

gives a tubular neighborhood of I'in R3, fo(s,t) := (x(s,t),y(s,t), s) is a generalized
cuspidal edge in R? defined on a neighborhood of (s,0) € U. Without loss of
generality, we can write

x(s,t) = t22(s, 1), y(s,t) = t39(s,t),

where Z(s,t) and §(s,t) are smooth functions satisfying Z(sg,0) # 0. Since the
section ¢ of f by P is a generalized cusp in P, which can be identified with the
curve ¢ : t — (x(sg,t),y(s0,t)) in R% and the point (sg,0) corresponds to the
singular point of c. Moreover, (sg,0) is a cusp point of ¢ if and only if §(sg,0) # 0.
Then, it can be easily checked that

(1.21) N = ( —t(th + 39) , t& + 22, ((t9: + 39) & — (18 + 22) ys)t?’)

is a normal vector field of fy in the Euclidean 3-space E3. So fy (and also f) is a
frontal. The unit normal vector field v (s,t) := N(s,t)/|N(s,t)|g of fo in E? has
the following asymptotic expansion
39(s,0)
2%(s,0)
where O(t?) is the term such that O(t?)/|t|? is a vector-valued bounded function
of (s,t) around (sg,0). So, the matrix

(f0)s(50,0)  (fo)e(s0,0)\ _ (e 0 —
< 1/05(50,00) Vot(SO’oO) > _ <* §Z§§§8§ 2) (e3 :=1(0,0,1))

is of rank two if and only if §(sg,0) # 0. So fp (and also f) is a wave front on a
sufficiently small neighborhood of (sg, 0) if and only if §(sp,0) # 0 . Since (so,0) is

vF(s,t) = (0,1,0) + t ey + O(t%) (es := (0,1,0)),

a cusp point of c iff §(sg,0) # 0, we obtain the last assertion by Fact 1.9. (]
Definition 1.11. The vector field

SE Ly fu(s,0) - T"(s)
(1.22) D% (s) := fu(s,0) — WF/(S)

is called an E3-cuspidal direction vector of f at (s,0). Then it is the projection of
the vector f(s,0) to the normal plane of I' in E3. By (c) of Definition 0.3, we can
set
D% (s

(1.23) D¥(s) == Efi()

Dy (s)|
and call it the unit E3-cuspidal direction vector of f at s.

By definition, f)f (s) is determined up to a positive scalar multiplication if we

take other admissible parametrizations of f (cf. Definition 1.4). Thus, Df (s) is
uniquely determined from f.

Proposition 1.12. TV(s) x D]]?(s) is a positive scalar multiplication of v (s,0).
13



Proof. In fact, it holds that (cf. (1.19))
s) X fu(s,0)  0F(s)

DF(s)ls DF(s)le’

where v is given in (1.20) and 7% = vE(s,0). O

T'(s) x DF(s) = I

If we are thinking of f : Uy — R? as a generalized cuspidal edge in E?, the
singular curvature function along I' is defined by (cf. [5])

I'"(s)-DE(s)
(1.24) kE(s) := W

Remark 1.13. The original definition of the singular curvature k2 (cf. [15, 16]) is

det(T", T, )
E . I ]
(125) Ry = Sgn()\t)w

We may assume |I'|g = 1. By setting n := 0¥ x I, we have
e = det(IV, fu,0¥) =n- fy =n- Df.
Since n is a unit vector field, we have n = 6DJIZJ, where € := sgn(\;). Thus
kY =edet(I",1”,0%) =e(0” xI") - I" =en - I =Dy - T”
holds, and (1.24) is obtained.
This definition of k¥ does not depend on the choice of the parameter (s,t) of

f and the sign ambiguity of the normal vector field v¥(s,t). When k€ > 0 (resp.
kE < 0) at p := (s,0), then the orthogonal projection of the image of f to the

limiting tangent plane looks convex (resp. concave), see [16, Fig. 5.2]. Regrading

this, we give the following:

Definition 1.14. A generalized cuspidal edge singular point p := (s,0) of f is called
of convex type (resp concave type) if the sign of k¥ is positive (resp. negative), see
Figure 1.

The limiting normal curvature function along the s-axis is defined by
I"(s) - vE(s,0)
1.2 D(s) =
( 6) Ky (8) F/(S) . F/(S)
We denote by £ (s) the curvature function of T" in E3. Then, it holds that
(1.27) (kF)? = (k)2 + (kD)%

Proposition 1.15. For a singular point p := (s,0) of the generalized cuspidal edge

f, the sign of kZ(s) coincides with the sign o (s) (cf. (0.2) and (0.3)), that is,

(1.28) sgn(kZ(s)) = 0% (p)

holds. Moreover, kE(s) = 0 (i.e. 0% (p) = 0) holds if and only if D?(s) lies in the

osculating plane of T at the point I'(s).

Proof. Since v¥(s,0) is a positive scalar multiplication of f,(s,0) x fi(s,0) by

(1.19), the numerator I''(s) - v¥(s,0) of (1.26) is a non-zero scalar multiple of
FN(S) : (f8(570) X ftt(570)) = det(.fss(570)a fs(S, 0)7 ftt(s? O)) = dc(p)7

proving the assertion. By the definition, DJI;:(S) lies in the osculating plane of T'

if and only if det(fss(s,0), fs(s,0), fi+(s,0)) vanishes. So the second assertion is

obtained. 0
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1.4. Generalized cuspidal edges in L3. Fix a generalized cuspidal edge f(s,t)
along I'(s) in the Lorentz-Minkowski 3-space (LL3; x,y, z) of signature (+ + —). We
define the causal types of the regular curve I' in L3:

Definition 1.16. A regular curve I' : I — L2 is said to be of type S (resp. type T)
if I'(s) is a space-like (resp. time-like) vector for each s € I. Moreover, I': I — L3
is said to be of type L if T"(s) is a light-like vector for each s € I.

We consider the vector field defined by

(1.29) V(s,t) = ft(j’t) (1] < 8),

which is C°°-differentiable at ¢ = 0 such that fi(s,0) = v(s,0)(#£ 0). By (c) of
Definition 0.3,
(1.30) E(s,t) == fo(s,t) x v(s,t)

gives a normal vector field of f in L3 for sufficiently small choice of §, which implies
that f is a frontal and

(1.31) 5(5,0) = fo(5,0) x1 v(s,0) =T"(s) x1 fi(s,0)
holds. Unless 2L (s,0) is not a light-like vector, we can set (for sufficiently small [¢|)
5L
L v (Svt)
ve(s,t) = ———,
0 Bt ol

which gives a unit normal vector field of f, where

lalz == /I {a,a), | (a€L?).

Remark 1.17. Since fs x v coincides with E3(fs X g v) (see (1.9) for the definition
of F3), a smooth map f defined on a domain in R? into L? admits a Lorentzian
normal vector field if and only if f admits a Euclidean normal vector field.

Regarding this, a smooth map f : Uy — L3 is called a frontal if and only if it is
a frontal as a map into E3. Then, by Proposition 1.10, a generalized cuspidal edge
is a frontal.

Definition 1.18. Let f: Uy — L? be a generalized cuspidal edge. A point p € Uy
is said to be space-like, time-like, light-like if the normal vector 7 (p) is time-like,
space-like, light-like in I3, respectively. Moreover, f is said to be space-like (resp.
time-like) if all points of Uy are space-like (resp. time-like).

By definition, p € Uy is space-like, time-like, light-like if so is the limiting tangent
plane. Similar to (1.22), we give the following definition, under the assumption that
T is of type T or of type S.

Definition 1.19. The vector

~ (fr(5,0),1"(s))
1.32 D%(s) := ,0) — L Ly’
( ) f (S) ftt(s ) <F/(S), F/(S)>L (S)
is called the IL3-cuspidal direction vector of f at (s,0) if [ is of type S (resp. type
T) on Uy.

By (c) of Definition 0.3, f)f(s) never vanishes, and can be considered as the

projection of the vector f(s,0) to the normal plane of I' at I'(s) in L3. Modifying
the proof of Proposition 1.12, we obtain the following assertion:

Proposition 1.20. I'(s) x ]3%(5) is a positive scalar multiple of vL(s,0).

In particular, the following assertion holds:
15



Corollary 1.21. Let f be a generalized cuspidal edge. Then, for each s € I,
(1) 9%(s,0) is a space-like vector if I'(s) is time-like or f)]Lc(s) is time-like,
(2) ©L(s,0) is a time-like vector if T'(s) and ]5%(5) are both space-like, and
(3) 9% (s,0) is light-like if T'(s) is space-like and f)JI?(S) is light-like.
When s is the arclength parameter of I', the curvature function of T' in L3 is
defined by k(s) := |I”(s)|L. The following assertion is obvious (cf. Definition 1.18):

Proposition 1.22. If the limiting normal vector #*(s,0) is space-like (resp. time-
like), then f is time-like (resp. space-like) on its reqular set Uy \ Xy (cf. (0.1)).

From now on, we consider the case that v (s, t) := 0¥ /|0, is well-defined (that
is, (s,0) is a space-like or a time-like point), and assume that I''(s) and D]%(s) are
not light-like vectors. Then

D% (s
(1.33) Df(s) == Lfi()
D% (s)|z
is well-defined, which is called the unit L3-cuspidal direction vector of f in 3. We

define the singular curvature k% (s) and the limiting normal curvature xZ(s) so that

(1.34) I(s) = Kk (s)D¥ (s) + rE ()" (5,0),

where s is the arc-length parameter of I'. Then the following assertion holds:

L
v

Proposition 1.23. Suppose that T"(s) does not vanish. Then k,(s) is equal to
zero if and only if so is KZ(s).

Proof. We may assume that s is the arc-length parameter of I'. By the definition
of v¥(s), we have (fu(s,0), VL(5)>L = <F’(s),uL(s)>L = 0. Since v¥(s,0) points
in the same direction as Es3vl(s,0), we can write v¥(s,0) = a(s)Esv(s,0), where
a(s) is a non-zero smooth function. By (1.34), we have

sgn(n (s)) = sgn(I"(s) - v7) = sgn(a(s))sgn ( (I"(s),v"(5,0)),, )

= sgn (a(s) (v"(s,0),"(s, 0)>L) sgn(kL(s)).

Since a(s) # 0, the function <Z/L(8,0),VL(S,O)>L does not vanish, proving the
assertion. O

By imitating the proof of Proposition 1.15 the following assertion is obtained:
Proposition 1.24. The section of the image of f by the normal plane Ps of T at
['(s) in L3 is a generalized cusp (cf. Definition A.1) whose cuspidal direction vector
in the plane Py is DJE(S). Moreover, D%(s) lies in the osculating plane of T at T'(s)
if and only if kZ(s) = 0.

In the introduction, we mentioned the order ¢, at each singular point p. We now
define this concept as follows: Let f : Uy — L® be a generalized cuspidal edge.
Since f(s,0) = 0, the identifier of causality can be expressed as

Ap(s,t)(:= EL(s,t)GE(s,t) — FL(s,1)%) = t"p4(t),
where (> 2) is a positive integer and ¢4(t) is a certain smooth function with
respect to t depending on s.
Definition 1.25. In the above setting, if ¢4(0) # 0 (p := (s,0) € Xy), we set
(1.35) ip:=r

and call it the order of the generalized cuspidal edge f at the singular point p. If
Ar(s,t) is a flat function with respect to ¢ (that is, 9*Ar(s,0)/0t* vanish for all
k), then we set i, := co.
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It can be easily checked that the order i, is an invariant of f for each p € ¥y (if
the image of f lies in E3, the same concept can be defined but it is always equal
to 2). In L3, the order 4, is generically 2, and might be greater than 2 in special
cases. If i, is an odd number for each p, then f changes its causal type along the
the curve ¢ — f(s,t).

Proposition 1.26. The order i, (p € X) is independent of the choice of the
admissible coordinate system (cf. Definition 1.4) of f.

Proof. Let (u,v) be an admissible coordinate change of f(s,t), and let J(s,t) be
its Jacobian. Then the identifier of the causality of f with respect to (u,v) is
J2Ap. Since J(s,0) # 0, the assertion is obtained by applying Lemma 1.5 with
p:=ApL. O

FIGURE 4. The null surface in L3 associated with a logarithmic spiral

We give here examples of cuspidal edges with ¢, = oo:

Example 1.27 (cf. [2]). We let ¥(s) be a locally convex regular curve in the
xy-plane in L3 defined on an interval I whose curvature function x and derivative
k' = dk/ds are both positive. We assume that s is the arc-length parameter of .
We then denote by n(s) the left-ward unit normal vector field along ~, and consider
a smooth map f: I x R — L3 defined by

f(s,) := (7(5),0) + t(n(s), 1).

As shown in [2, Proposition 4.5, f gives a null wave front in L3, and the singular
set 37 of f is given by

X&:{(s,%);sé]}(clxﬂ%),

which consists only of cuspidal edge singular points. All points in the domain of
definition of f are light-like points (that is, A (s,t) vanishes identically), and so
i, = oo for each point p € ¥y. Let ¢ be a regular point which is not space-like nor
time-like (in the domain of definition of f). If the matrix W’ vanishes at ¢, then
such a point q is called a light-like umbilical point (cf. [19]) which can be considered
as “fake umbilical points”. By the above construction, all regular points of f are
fake umbilical points. For example, if v is a logarithmic spiral, then the image of f
is given as in Figure 4.

If a cuspidal edge singular point is not light-like, then it cannot be an accumu-
lation point of umbilical points (cf. Appendix C). On the other hand, in the above
example, we showed that light-like umbilical points (i.e. fake umbilics) can accu-
mulate at a cuspidal edge singular point. Since our definition of umbilical points
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does not contain light-like points, the question of whether umbilical points can ac-
cumulate at a light-like cuspidal edge singular point naturally remains. In fact, as
mentioned in the introduction, the authors know of any such examples.

2. GENERAL CALCULATIONS

2.1. General setting. From now on, we will compute the Weingarten matrix of
a generalized cuspidal edge f in E3 or L3. Let I : I — R3 be a regular curve such
that the origin 0 € R belongs to the interval I. Let f : Us — R3 be a generalized
cuspidal edge defined on Uy := I x (—9,6), where § > 0. We will consider the
following cases:

(E) f lies in E3.

(T) f lies in L? and T is time-like.

(Ss) f lies in L3, T is space-like and DJ% is a space-like vector field along I'.

(S¢) f liesin L3, T is space-like, and DJLv is a time-like vector field along T'.

(S;) f lies in L2, T is space-like, and DIJ: (0) points in a light-like vector.

(Lg) f lies in L3, T(0) is light-like, I"(0) # 0 and (o, is equal to 2.

(Ly) f lies in L2, T is light-like, and the order i(s,0) is equal to 4 for each s € I.

We first give a framework which will be useful to compute the matrix WL except
for the cases (L2) and (Lg). We fix a symmetric bilinear form (, ) on R?® and let
{ag(s),a;1(s),a2(s)} be a frame field of R? along I'(s) satisfying
(21) (ai,aj) 262'61"]' (Z,] = 0,1,2),
where §; ; is Kronecker’s delta, and €g,e1,62 € {—1,1}. The cases (E) and (T) are
discussed in this section, and the cases (Ss), (S¢) and (S;) are discussed in the next
section. Finally, the two remaining cases (Lg) and (L4) are discussed in Sections 4
and 5.

In the following calculation, we assume that I'(s) is parametrized by arc-length
with respect to the bilinear form (, ), that is,

(I'(s),I'(s)) = £1 (sel)
is assumed. Moreover, we set
(2.2) ap(s) :==I"(s).
There exists a 3 x 3 matrix K satisfying
(2.3) (ah(5), a1 (5), ab(s)) = (a0(s), ar(s), ar(s))K(s),

where I (s) = ag(s) for each s € I and a} := da;/ds (i = 0,1,2). By (2.1), K can
be written in the following form

0 —epe1k1  —€0E2k2
(24) K= K1 0 —61629 5
K2 Q 0

where k1, ko and  are C'*°-functions on the interval I. In fact, if we write K =
(Kij)i,j=0,1,2, then
a;, a; ! el
kii:(a27ai): ( 122) :5:0

holds for i = 1,2, 3, and we have
ejkji = (aj, a5) = (as, a5)" — (aiva;‘) = *(aua;) = —¢ikij

for ¢ # j. In particular, we have —e;e;k;; = kj;, where kig := K1, koo := k2 and
k’gl = .
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Since f is a generalized cuspidal edge along I', we can write (cf. Proposition B.1
in the appendix)

(2.5) f(s,t) = T(s) + X(s,t)ai(s) + Y (s, t)a(s).

)
Then the plane curve defined by c,(t) := (X(s,t),Y (s,t)) gives a cusp at ¢ = 0 for
each s € I. In particular, X (s,t) and Y (s,t) can be written in the following form

(2.6) X =cosfA+sindB, Y = —sinfA + cos 6B,

~ ai(s) ; - Bils) i
27)  Als,t)=> ’Z—'t +O@™Y),  B(s,t) =) ’Z—'t + O™+,

i=0 i=0
where O(t™) is a function written as t™¢(s,t) using a C*°-function ¢ defined on a
neighborhood of (s,0). In this setting,

(2.8) ap(s) = a1(s) =0, ax(0) # 0,

Bo(s) = Pi(s) = B2(s) = 0
We remark that the angular function 6 is a C°°-function of one variable which
vanishes identically if f is of type E, T, Sy or S; like as Example 2.3. We will use

the following asymptotic expansion of a given smooth function u(s,t) with respect
tot

(29)  nls.0) = po(s) + (e + 2D B oy (e,

where p;(s) (s = 1,2,3) are smooth functions on I as follows: If we think of c, as
lying in the Euclidean plane E2, we can write (cf. Fact A.2)

e (o) = [ A= [ atsd

In this case, we have

AV _ 1Mo 100N 5 1/ —pd\ a1 —=3uopm 5 6
2.11 (Bl B L ay L . .
(21 (B) 2 <0> - 3 <M0) *3 < H1 T —p3 + p2 +O(t)

and
(2.12) ar=1, a3=0, ag4=-3u2 as=—12u/u1,
Bs =20, Ba=3u, Bs=4(—pj+ p2).

On the other hand, if we think of c, as lying in the Lorentz-Minkowski plane L2,
we can write (cf. (A.5))

(2.13) (ggzg) _ /O tu(gﬁigzg)du s, ) = /0 s, u)du

In this case, we have

A Lo 100N s T @\ a1 3pop s 6
2.14 (e (Mo = 54Ot
@14) <B> 2 <O> *3 (uo> T3 (,Ul 30\ i+ pp )T T OO,

which implies that
(2.15) az=1, a3=0, as=3u, as=12uu,
Bs =2p0, Ba=3p1, Bs5=4(ug+ p2)-
Thus, in both of the two cases (i.e. (2.12) and (2.15)), we may assume
(2.16) az(s) =0 (sel),

which is useful for simplifying future calculations. We have divided the expressions

of A and B into two cases as above, where the difference between formulas (2.12)

and (2.15) is simply the sign of ay and B5. However, the coefficients oy, a5 and S5
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are not important, since they are not appear in the terms of asymptotic expansion
of the matrix W% or WX that we will use in future discussions. Therefore, in the
following discussion, we need to pay little attention to the above case separation of
the definitions of A and B.

Remark 2.1. Let P(s) be the plane passing through f(s,0) which is spanned by
two vectors a;(s),as(s) € Tf(&O)R:S, where Tf(S,O)RS is the tangent space of R3
at f(s,0). Then the section Cs(C R3) of the image of f by the plane P(s) is
a generalized cusp in the plane P(s), by Proposition B.1, and the map c4(t) :
t — (X(s,t),Y(s,t)) can be identified with a parametrization of Cs. In our fol-
lowing representation formulas of generalized cuspidal edges f of type (E), (T),
(Ss) and (Sy), the frame field {ag(s),ai(s),az(s)} is uniquely constructed by the
same method for all generalized cuspidal edge f of the same type, and the image
of &5 : t — (A(s,t),B(s,t)) is congruent to Cs in the plane P(s). Thus, u;(s)
(s = 1,2,3) can be considered as invariants of cs(t), and so they can be also con-
sidered as invariants of generalized cuspidal edge f.

The following example illustrates our setting:

Example 2.2. Let I'(s) be a regular curve in E3 parametrized by arc-length. If
the curvature function x(s) := |I"(s)|g does not vanish, then the principal normal
vector n(s) and the bi-normal vector b(s) are defined along I'. Any generalized
cuspidal edges f(s,t) along I" can be expressed as (here X,Y are given by (2.6))

(2.17) f(s,t) =T(s) + (n(s), b(s)) <f2ff§§l> 2228) @%)

where
(3} = [t an xi= [ utssud

and 0(s), u(s, u) are arbitrarily given smooth functions (cf. (A.2) in the appendix).
This is just the formula of the first author [5], which enables us to produce gener-
alized cuspidal edges from two geometric data 6, u (the function (s) is called the
cuspidal angle which is the angle from n(s) to the cuspidal direction vector Df (s)).
Each coefficient of Taylor expansion of this formula can be considered as geometric
invariants of f, since s is the arc-length parameter of I' and ¢ is the normalized
half-arc-length parameter of sectional cusps. We set

/
ag:=I", aj:=n, ay:=b, gg=ec1=e3=1, K=K, ko:=0, Q:=1,

where £ is the curvature function and 7 is the torsion of the curve I'. Then, (2.3) is
reduced to the classical Frenet equation for regular space curves, and the formula
(2.17) coincides with (2.5).

The above formula (2.17) is quite useful to construct concrete examples without
solving any ordinary differential equations. However, if the curvature function x(s)
vanishes for some s, it cannot make sense, since n(s) and b(s) are not defined along
T". In this case, we can give another formula producing all of generalized cuspidal
edges along I' as follows:

Example 2.3. Let I'(s) be a regular curve in E3 parametrized by the arc-length.
We let f be a generalized cuspidal edge along I', which is written as in (2.5). Then
we may set (cf. (1.23)) ai(s) := DJ]ZJ(S, 0), which is a unit vector and is perpendicular
to ap :=I". By setting

as(s) :=ap(s) x a1(s)(= Z/L(S, 0)),



ag, a;,ay give an orthonormal frame field along I'. Moreover, since f lies in E? and
a; is the cuspidal direction vector, by setting 6 = 0, we can write (in this setting
X =Aand Y = B hold by (2.6))

(2.18) f(s,t) =T(s) + A(s,t)ai(s) + B(s,t)az(s)

and

2w (D)= [ (e an st [ ptsd

where the function pu(s,t) can be considered as a geometric invariant of f. We set
co=c1=e3=1, 0=0, ki :=rP=T" a5, ko:=rP=T" 2, Q:=-wF.

Then (2.3) can be written as

0 —xkF —kE
(2.20) .7:/ = .FIC, K= I‘ig OE wE s F = (ao, al,ag).
K, —w 0

The function w¥ is called the cusp-directional torsion of f in E3 (cf. [11]), which

is an invariant of a generalized cusp f (in fact, w” = 7 — #’ holds, where 7 is the
torsion of I and 6 is the cuspidal angle defined in Example 2.2).
Conversely, if one gives data consisting of four functions

(KE (), 1 (81,007 (), (s, )) = (I (s), Ka(s), w(s), m(s. 1))

defined on an open interval containing s = 0, then, we solve the ordinary differen-
tial equation (2.20) with F as an unknown matrix-valued function under the initial
condition that F(0) is the 3 x 3 identity matrix. By setting F(s) = (ag,a1,az),
(s) := fos ag(u)du and A, B as in (2.19), then the map f given by (2.18) is a
generalized cuspidal edge along the curve I' whose singular curvature, limiting nor-
mal curvature, cusp-directional torsion and the u-function are x¥, k2, w¥ and p,
respectively. An advantage of this formula is that we can produce all of generalized
cuspidal edges along I" even when the curvature function of I' admits zeros.

2.2. Computation in the general setting. For the sake of simplicity, we write
S(s) :=sinf(s), C(s) := cosO(s).

By (2.5), we set

(2.21)
eo(—e161C + e2k2S)ag + (£1620 — 0')Sa; + (Q — 0")Cas ,
fs =ap + 9 t
B 5053 (61:‘{15 + EQFLQC) ap t3
6
4 (53(*51529 + 9’)0 + ﬂéS) 21 + (63(9 — 9/)5 + 5;’30)&2 tS 4 O(t4),
(2.22)

fo = (a1C — Sag)t + —ﬂg(salj Caz)

" (asC + ByS)ar + (—ayS + 4C)
6

9213 4 O(th),
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which imply that

_ ﬁ3 (81/4,15 + 62;‘620)

(2.23)  (fs, fs) = €0 — (e161C — £2k2S)1? 3 3+ oY),
(224)  (furf) = 5OS((~er + )5+ O (1),

(2.25) (fes fr) = (107 +225%) 2 + (20 — £2) B3C St + O ().

If we set

(2.26) A= (fo, f) (s f) = (fss f2),

then, we have

(2.27) A =¢g (e1C” +£25%) t* + g (1 — €2) B3CSE* + O ()

and

(2.28) g = fs Xg fo = (Sa; + Cag)t + %(—Cal + Sag)t? + O(t%).

We next compute the second derivatives of f. We have
(2.29) fss = K1a1 + Koas

_ %0 ((52/@2 (Q—20") + 51/-@’1)0 + (ml(egﬂ —2610") — 52&&)5) apt?

(61629 (Q — 29/) +07+ EoEUﬁ%)O + (0” — EpEaR1Kkg — 61629,)5 )

t
2 a
( — 0" — EQE1R1KkY + Q/>O + ( —200" + 62 + 6062/43% + 616292)5
+ ast?
2
+0(t),

and
(2.30)  fa= (50( —e1:1C + 52&25’) ag + (51529 — 9’) Sa; + (Q — 9’) Ca2>t

1 ’ ’

+ 5 <—€053 (EQKJQC + 6114315) ag + (53 (9 — 61529) C+ ﬁ3S> ai
+ (ﬂgc + B5(Q — 9’)5) a2>t2 +O(t%),

(231) fit = Ca; — Sas + ,83(531 + Caz)t

+ %((0‘40 + B1S)ar + (B1C — 044S)a2)t2 +O(t?).

By (0.3), we have

(2.32) d((5,0)) = = det(fa fs, fur)|
= — det(ao, Kiai + koag, Ca; — Sag) = k1S + koC.
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Using (2.28) and (2.29), we have

(2.33) L= (S/il + Cﬁz)t + % (—ch + KQS) t2

1
+ 5 ((—Bwl + aykg) C + (auky + PBakz) S) t3

+ ((6162 - 1) Qo' — 6061:‘{% + EoEgH%)CSts

1
+ 5 ( - 0// — 26061:‘{1%}2 + Q/>Czt3

1
+ 5( —0" + 2e0€9K1 Kk + 61€2Q/> SQt?’.

Similarly, using (2.28), (2.30), (2.31) with the relation C? + S? = 1, we have
- 1
(2.34) M= ((9(02 te1605%) — e')t2 +5 (2(1 — £162)B5008 + 5;,)#,

(2.35) N = %ﬂ + %t?’ +0(th).
Let U be a domain of R? and f : U — R? a C*°-map. A point p € U is called a
cuspidal cross cap singular point of f if there exist local diffeomorphisms ¢ and ¥

on R? and R? satisfying

¢(p) = (0,0), Pof(p)=(0,0,0), Tofop i(st)=fo,
where fo is the standard map of cuspidal cross caps as in Example 1.7. Cuspidal
cross cap singular points are known as a typical singular points appeared on gener-
alized cuspidal edges as well as cuspidal edge singular points. The following is an
application of the previous calculations.

Lemma 2.4. The point (s9,0) (so € I) is a cuspidal edge singular point (resp. a
cuspidal cross cap singular point) of f if and only if po(so) # 0 (resp. po(so) =0
and (so) #0).

Proof. Let Py be the plane passing through I'(sg) spanned by a;(sg) and as(sp).
Then po(so) # 0 if and only if the section of the image of f by the plane Py is a
cusp. So the conclusion follows from Proposition 1.10.

On the other hand (sg,0) (so € I) is a cuspidal cross cap singular point if and
only if p(sp) = 0 and ¢'(sg) # 0 (cf. [4] or [16, Section 2]), where

©o(s) := det(I"(s), 7E(s,0), (7E):(s,0)) (sel)
and (cf. (2.28))

(2.36) v = VTE — (Sa; + Cay) + %(—Cal + Say)t + O(t?)
gives a non-vanishing normal vector field along f. We set
w1 := Sa; + Cas, wy = —Ca; + Sas.

Since IV = ag, three vectors I''(s), w1(s) and wa(s) are linearly independent for
each s € I. So we have

() = 2 det(1(s), w (5), wa(s) = o (s)1(5),

P(s) = det(I7(s), wi(s), wa(s)).
Since 1(s) > 0 for s € I, the condition p(sg) = 0 is equivalent to pug(sg) = 0.
Moreover, if pg(so) = 0, then we have
¢'(s0) = 11(s0)1(s0),

which proves the assertion for cuspidal cross caps. O
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2.3. Generalized cuspidal edges of type E. Let I : I — E3 be a regular curve
parametrized by the arc-length. We use the setting given in Example 2.3, that is,

gp=e1=¢e9=1, 0=0, m:mf, 52:/{5.

Then, we have C =1, S =0 and (X,Y) = (A, B). Since (4, B) satisfies (2.12), the
equations (2.23), (2.24), (2.25) and (2.27) imply

E
(2.37) Eo1-rPe2- B 0wy poo@d), 6=+ 00
and
(2.38) Ap(=A) =2+ O(t*).
Moreover, (2.32) implies that (we set p := (s,0))
(2.39) sgn(d” (p)) = sgn(s,) (s))-
On the other hand, (2.33), (2.34) and (2.35) are reduced to
7 g, Bkl o 1 E E E_E E\r\43 4
(2.40) L=k, t— ?t + 6(—[34/{8 + ayk, — 6K K, — 3(w™) )" + O(t?),

/
M = —w? + %ts +0(tY), N= %t2ﬂ3 + ét?’&; +0 (Y.

In this situation, we may assume « and § can be written as (2.12). As pointed out
in [8] (see also Appendix B), po(s), u1(s) and ua(s) are geometric invariants of the
generalized cuspidal edges in E3. By (2.37) and (2.40), we have

o (% ) T

_(sEB-BEALO@) —wPH 40 (1)
—wFt? + 0 (%) 31265 + 5364 + O (t*)

_ (KEB = kFpot* + O (7)) —wFtt 4+ 0 ()

B —wFt? + 0 () pot? + put* + O (t*) )

and then asymptotic behaviors of the Gaussian curvature and the mean curvature
are given by

E
kPl = @O, HP =50 LTS o),

Moreover, since W¥ is a triangle matrix modulo O(t*)-term, by (2.38), the diagonal
components of W divided by > give the following asymptotic expansions of the
principal curvatures of f:

(2.42) A = % Y +01), A =rE 4+ 0.

E
(2.41) KP = %

Summarizing these computations, the following facts are obtained, which have been
already known (cf. [5], [10], [15] and [12]).

Fact 2.5. Let f : Uy — E? be a generalized cuspidal edge along a regular curve T.
Then the following assertions hold:

(1) The sign o (p) (p:= (s,0)) coincides with the sign of KE(s).

(2) The mean curvature HY is unbounded near p € Yr if p is a cuspidal edge
singular point.

(3) If p:=(s,0) is a cuspidal edge of non-vanishing limiting normal curvature,
then the Gaussian curvature K is unbounded near p and takes different
signs on each side of Xj.

24



(4) The two principal curvatures of f are real-valued on Uy \ X, and one of
them is bounded. Moreover, if p is a cuspidal edge singular point, the other
principal curvature is unbounded.

(5) If uo(s) # 0 (that is, p is a cuspidal edge singular point), the umbilical
points of f never accumulate at p.

Proof. (1) follows from (2.39). Suppose that (s,0) is a cuspidal edge singular point.
Since po(s) # 0 (cf. Lemma 2.4), the second equation of (2.41) implies that HE is
unbounded, proving (2). On the other hand, (3) follows from the first equation of
(2.41), since pg # 0 and kL # 0. Finally (4) and (5) follow from (2.42). O

2.4. Generalized cuspidal edges of type T. Consider a time-like regular curve
I': I — L3 Let f be a generalized cuspidal edge along I'. Since I is time-like, it
can be parametrized by arc-length, and can set (cf. (1.33))

(2.43) ap(s) :=TI"(s), ay (s) := D¥(s,0),
which are both unit vector fields. By setting
(2.44) as(s) == ag(s) xz ai(s)(= vl(s,0)),

(ap, a1,az) is an orthonormal frame field of L3 along I'. By (2.5) and (2.6), we can
write

(2.45) f(s,t) =T(s) + A(s,t)as(s) + B(s,t)as(s).

Since a;(s) points in the L3-cuspidal direction at f(s,0), we may set 0(s) = 0.
Since the normal plane of I' is space-like, we can write

A(s,t)\ _ [* [cosA(s,u) o
(B(s,t)) */0 Y\ sin A(s, ) du,  A(s,t) = i (s, u)du,
and the function u(s,t) can be considered as a geometric invariant of f (cf. Re-

mark 2.1), that is, (2.12) holds. This corresponds to the case that
E():—]., 61262:1, C:]., S=0.

By (1.34), we have k1 = k% and ky = kZ. The function w” := —( should be called
the cusp-directional torsion of f in L3. Then (2.3) can be written as

0 kL kL
(2.46) F' =FK, K=&l 0 wt], F:=(agasas).

kL —wt 0

Remark 2.6. If one gives data consisting of four functions

(/<;L kL wL,u) = (k1, ko, 2, m)

EREAIVR)

defined on an open interval containing s = 0, then, like as in Example 2.3, a
generalized cuspidal edge of type T is obtained by solving the ordinary differential
equation (2.46) with F as an unknown matrix-valued function.

Here, (2.23), (2.24) and (2.25) are reduced to

_ Baky

(2.47)  Ef = -1 klt? 3

+o(th, FLl=o0@", GF=t*+0@"
and (2.27) and (2.32) imply

(2.48) Ap =t 40",  d%@p) =«L.
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On the other hand, (2.33), (2.34) and (2.35) are reduced to

L
~ 1
(249) L =rlt— 53%152 + 6(_B4HSL + ayrl + 6kERE — 3 4 O(th),
~ ! ~ 1 1
M = —w"t® + %ﬁ' +O(tY), N=35t8+ "8+ 0 ("),

In this situation, we may assume « and 8 are written as (2.15). Here po(s), u1(s)
and po(s) are geometric invariants of generalized cuspidal edge f (cf. Remark 2.1).
By (2.47) and (2.49), we have

S NN (5 —wktt 4 0 (1)
wht? + 0 () —3t%B3 — 3384+ O (t*)
_ (KR — kL pet* + O (°) —wktt + O (t°)
- wht? 4+ 0 (%) —pot? — > + 0 (t4) )’

and then the asymptotic behavior of the Gaussian curvature and the mean curvature
are given by

L__@ L 2 L. _ ( I\2
(2.50) K" = —=—= +w/pup — Ky — (07)° +0(),
L
— K
(2.51) HE = ’;—? +HS o).

Moreover, since W is a triangle matrix modulo O(#*)-term, the diagonal compo-
nents of W divided by —t> give the following asymptotic expansions of the two
principal curvatures of f:

(2.52) A = % b+ 00),  do=—kl+0@).
Summarizing these computations, we obtain the following:

Theorem 2.7. Let f : Uy — L3 be a generalized cuspidal edge along a regular
curve I' of type T. Then, for each p := (s,0) (s € I), there exists a neighborhood
Vp satisfying the following properties:

(1) f is time-like at p.

(2) The sign o€ (p) coincides with the sign of kZ(s), and the order i, is 2.

(3) If p is a cuspidal edge singular point with o (p) # 0, then the mean cur-
vature HY is unbounded on V,,. Moreover, the Gaussian curvature KT is
unbounded and takes different signs on each side of Xy around p.

(4) Ifp is a cuspidal edge singular point, then the two principal curvature func-
tions of f are real-valued on V,,, and one of the principal curvature function
s bounded.

(5) Moreover, if p is a cuspidal edge singular point, then the other principal
curvature function is unbounded. In particular, the umbilical points and
quasi-umbilical points never accumulate at p.

Proof. Since I''(sg) is a time-like vector in I3, the limiting tangent plane is time-like
obviously, and (1) holds. (2) follows from the second equation of (2.48). We now
assume that p(= (s,0)) is a cuspidal edge singular point. Since po(s) # 0 holds,
the second equation of (2.50) implies that H’ is unbounded on a neighborhood of
p. By (2.50) and (2.51), we have
1
R T (u8+0().
This with the fact po(s) # 0 implies that the two principal curvatures are real-
valued. Moreover, if ¢ (p) # 0, then kZ(s) does not vanish, which implies the
coefficient %o of the first term of (2.50) does not vanish. So K* is unbounded
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and takes different signs on each side of ¥y around p. We have proved (3) and (4).
Finally (5) follows from (2.52). O

3. GENERALIZED CUSPIDAL EDGES OF TYPE S

In this section, we fix a generalized cuspidal edge in .2 along a space-like regular
curve I' : T — L3. Let f be a generalized cuspidal edge along I'. Since I is
space-like, I' can be parametrized by the arc-length.

3.1. Generalized cuspidal edge of types S; and S;. We first consider the case
that DJ%(S) does not point in a light-like direction for any s € I. We then set

ap(s) :==T"(s), ay(s) := D¥(s,0)
and
ay(s) := ap(s) xr a;(s)(= vl(s,0)).

Then ag, a1, as give an orthonormal frame field in L? along T'.
Then (2.5) and (2.6) are reduced to

f(s,t) =T(s) + A(s,t)ai(s) + B(s,t)az(s).

Since the image of f lies in L3 and a; points in the cuspidal direction, we may set
6 is identically zero. Since the plane perpendicular to IV is time-like, we can write

(o) = [t e = [ i

In particular, (2.15) holds. The function pu(s,t) can be considered as an geometric
invariant of f (cf. Remark 2.1). Since D]%(s,O) points in a space-like (resp. time-
like) direction, we can set

L

L
re R2 = K

co=1,e1=¢,e0=—¢,C=1, §=0, kK1 =k o

where

-1 (Dy is time-like).

In particular, ¢ = 1 corresponds to the case (Sg) and € = —1 corresponds to the
case (S;). Thus f is a generalized cuspidal edge of types Ss (resp. S;) if € > 0 (resp.
e < 0). We set

1 D% i -lik
ol { (Dy is space-like),

wh = -0
and call it the torsional curvature of f along ¥¢. Then (2.3) is reduced to
0 —erk exl
(3.1) F' =FK, K=|rl 0 wlh], F:=(ap, a1, as).
kE Wl 0

Remark 3.1. If one gives data consisting of four functions

(Hf‘v KE,OJE,,U,) = (kla ka, Qam)

defined on an open interval containing s = 0, then, like as Example 2.3, solving the
ordinary differential equation (3.1) with F as the unknown matrix-valued function,
we can construct generalized cuspidal edges of type Sg or S;.

Here, (2.23), (2.24) and (2.25) are reduced to

L
(32) EF=1-—cerlt®*+ 553’%#” +0(th, FL=0@"), GF=c?+0(t")
and (2.27) implies
(3.3) Ap = et + O(th).
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Also, (2.32) implies

(3-4) sgn(d®((s,0))) = sgn(x (5,0)).
On the other hand, (2.33), (2.34) and (2.35) yield
L
~ 1
(3.5) L =rlt- 53%152 + G ( — Barl + ayrl — 6erlrl — 3(wL)’>t3 + O(th),

/
M = —w"t* + %ﬁ’ +0 ("), N= %t263 + %t364 +0 (Y.

In this situation, we may assume « and 3 can be written as (2.15). Then pg(s), p1(s)
and po(s) are invariants of the generalized cuspidal edges in L? (cf. Remark 2.1).
By (3.2) and (3.5), we have

Wk (eRktt - B L O (88) —ewtt 1O ()
- Ly2 3 142 143 4
—wht? + O (%) 265 + 3t3B4 + O (t*)
_ (erEt3 —erlpott + O (t°) —ewltt + O (t9)
- —wht? + 0 (#) pot® + pt* + O (¢*) )
In particular, the Gaussian curvature and the mean curvature can be computed as
L _ 7"55,“0 L,2 L L2
(3.6) P = =B (kb — sy + @1)2) + O(),
Elo 1
(3.7) HY = > 3 (epr + K1) + O(t).

Since WZ is a triangle matrix modulo O(t*)-term, the diagonal components of Wl
give the following asymptotic expansion of the two principal curvatures of f;
epo(s
(3.8)  Ai(s,t) = “Of() e (s)+O(t),  Na(s,t) = KE(s) + O().
By Lemma 2.4, the singular point (s,0) is a cuspidal edge singular point of f if
and only if pg(s) # 0. Summarizing these computations, we obtain the following:

Theorem 3.2. Let f : Uy — L3 be a generalized cuspidal edge along T of type S
such that its L3-cuspidal direction DJI? never points in light-like directions along I.
Then, for each p := (s,0) (s € I), there exists a neighborhood V,(C Uy) satisfying
the following properties:

(1) The sign o€ (p) coincides with the sign of kL(s), and the order i, is 2.

(2) f is space-like (resp. time-like) at p if and only if D?(s) (s € I) points in
a space-like (resp. time-like) direction.

(3) If p is a cuspidal edge singular point, then the mean curvature H* is un-
bounded on V,. Moreover, if a%(p) # 0, then the Gaussian curvature K
is unbounded and takes different signs on each side of Xy around p.

(4) Ifp is a cuspidal edge singular point, then the two principal curvature func-
tions of f are real-valued on V,,, and one of the principal curvature function
s bounded.

(5) Moreover, if p is a cuspidal edge singular point, then the other principal
curvature function is unbounded. In particular, the umbilical points and
quasi-umbilical points never accumulate at p.

Proof. (1) follows from (3.4). By (2.44), it is obvious that as(s) points in the

normal direction of f at p and is time-like (resp. space-like) if and only if D]%(s)

points in a space-like (resp. time-like) direction. So (2) is obtained. The assertions

(3), (4) and (5) follow from by the same reason in the proofs of (3), (4) and (5) of

Theorem 2.7. O
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3.2. Generalized cuspidal edge of types S;. Here we consider the case that
DJLC(SO) points in a light-like direction for some s = sg € I. Since I'(s) is parametrized
by the arc-length parameter,

ap(s) :==T"(s) (sel)

is a unit space-like vector field along I'. We choose a space-like vector field a; and
a time-like vector field as along I so that {ag,a;,as} forms an orthonormal frame
field such that

1:(a1,a1)L:—(a2,a2)L, ag (= ag X aj.
Without loss of generality, we assume that 0 € I and sy = 0. Then the L3-cuspidal

direction ]5?(0) points in a light-like direction, which is the case that we have not

discussed yet. Since ]5?(0) is a light-like vector, it is parallel to one of the following
two vectors

ap (0) + ap (O), ap (0) — ag (0)
If the latter case occurs, by replacing I'(s) by I'(—s), the three vector fields turn
to be —T"(—s), a;(—s), —az(—s). So we may assume that f)%(()) is parallel to
a1(0) + a2(0). Moreover, since I, a;, as give the same orientation as IV, —a;, —ag,
we may also assume that

a;1(0) +a3(0)
7 .
We then apply Proposition B.1 in the appendix for (s,t) = (0,0), and can assume
that f has the following expression
(39) f(S,t) = F(S) +X(s7t)a1(t) +Y(3vt)32(t)7
where X (s,t) and Y'(s,t) are smooth functions written as (2.6) and (2.7). We can

write
A(s,t)\ _ [ (cosA(s,u) e
<B(s,t) =, ul gn s, u) du, A(s,t) :== ; (s, u)du,

that is, (2.12) holds. Unlike the previous cases (E), (T), (Ss) and (S;), the function
(s, t) cannot be considered as a geometric invariant of f. One reason is that the
two vector fields ag and a; are not uniquely determined from f, and the other reason
is that we use the pair (cos A, sin \) not (cosh A, sinh A). We set aj = k1a; + koas.
Since (a;,a;) = 1, we can write a] = —kja; + Qag, where  is a smooth function.
In the setting of the previous section, this is the case that

D%(0) =

co=¢e1=1, e9=—-1, (C =cosf, S=-sinb,

and

(3.10) 0(0) = %.

Then (2.3) can be written as
0 —K1 K2

(311) ]:/ = ]:IC, K= K1 0 Q 5 F = (ao, al,ag),
Ko Q 0

which can be considered as an ordinary differential equation with F as an unknown
matrix-valued function, and we can produce all of cuspidal edges of type (S;) along
T" like as the previous cases. If we set

k1(0) + K2(0)

6 =, (S =
1 \/5 2

—K1 (O) + Ko (0)
\/i )
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then

EY0,t) =1 — 6,82 + 53( )02

G*(0,t) = B3(0)£* + O(t‘*)

B L owh), FROot) = —@t?’ +O(th),

and so
(3.12) AL (0,t) = B3(0)t2 + O(th).
Moreover, we have (cf. (0.3))
(3.13) d°((0,0)) = &
and
L(0,t) = &1t + 53(3)5%2
+ </34(0)52 Z 21000 _ 52 0)6(0) - 92(0)> t*+ 0",

M(0,t) = —0'(0)t* + (Q(O)ﬁg( )+ ’83(0)> 3+ 0@,

B4(0)

AR eI
Tt 0.

~ 1
N(0,t) = 5,63(0)752
By (2.15), we have

. 53(0)51154 + O(t5) Mﬁ + O(tﬁ)
WH0,8) = (77 0, 3 B0, 0),3 4
—0'(0)t* +O(t?) B=t + =5=t° + O(tY)
_ (20001t +O() =205 1 O(s%)
—0'(0)82 + O(t3)  po(0)t2 + 111 (0)t* + O(t4)
and

(3.14) det(WE(0,)) = 2410(0)26,1° + (412 (0001 _239/(0)2)“0 T+ 0(t%),

(3.15) trace(WE(0,t)) = po(0)t? + 1 (0)t3 + O(t4).

Since W(t,0) is a triangle matrix modulo O(t%)-term, the diagonal components of
WZE(t,0) give the following asymptotic expansions of the two eigenvalues of W1,

(3.16)  A(0,8) := po(0)t2 4 1 (02 + O(t),  Aa(0,) = 2u0(0)8:1* + O(°).
We prove the following:

Theorem 3.3. Let f : Uy — L3 be a generalized cuspidal edge along T' of type
S in L3, Suppose that p := (s0,0) is a cuspidal edge singular point and the 13-
cuspidal direction ]5?(30, 0) points in a light-like direction at p. Then the following
assertions hold:
(1) i, =3 holds, and f is light-like at p.
(2) The sign o€ (p) vanishes if and only if I'"'(s0) points in a light-like direction
which is different from the direction of Df (s0,0).
(3) HE is unbounded near a sufficiently small neighborhood of p.
(4) f changes its causal type from space-like to time-like near p. Moreover, if
o (p) # 0 then KT diverges near p and takes the different signs on each
side of ¢ in V.
(5) The two principal curvatures of f are real-valued and one of them is un-
bounded mear p. Moreover, other one is also unbounded if and only if
a%(p) # 0.
(6) The set of umbilical or quasi-umbilical points of f cannot accumulate at p.
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Proof. The fact that f is light-like at p(= (s, 0)) follows from the fact that ]NDJ’%(SO, 0)
points in a light-like direction at p. We now assume p is a cuspidal edge singular
point (i.e. po(so) # 0). Then i, = 3 follows from (3.12), proving (1). We now
prove (2): By (3.11),

I (s0) = ag(so) = Kk1(so)ai(so) + k2(so)az(so).

By (3.13), 0%(p) = 0 if and only if s, (s0) = —#2(s0), which is equivalent to the fact
that T (so) = K1(s0)(ai(so) — az(sp)). Since aj(sg) — az(sp) is a light-like vector,
we obtain the conclusion. On the other hand, (3) and (4) follow from (3.14) and
(3.15) (cf. (1.16)). Since A; (i = 1,2) are the same order as \;/|Ar[>/? with respect
to t, (3.16) implies that A\; is unbounded (cf. (3.16)). Moreover, Ay is unbounded
if and only if d; # 0, which happens only when ¢ (p) # 0, proving (5). By (3.16),
the two eigenvalues A; and Xy have different orders with respect to ¢, and (6) is
obtained. 0

Remark 3.4. In Theorem 3.3, we assumed that p is a cuspidal edge singular point.
If we remove this assumption, that is, if p is a generalized cuspidal edge singular
point such that ﬁj%(so, 0) points in a light-like direction at p, then (3.12) implies the
order i, is greater than or equal to 3. By (3.12), 4, = 3 if and only if 33(0)(= 2uo)
does not vanish. So i, = 3 holds only when p is a cuspidal edge singular point.

FI1GURE 5. A cuspidal edge of order three along a circle

Example 3.5. We set I'(s) := (cos s,sin s,0) and x(t) := t2/2, y(t) := t3/3. Notic-
ing that I = —T" is the normal vector of the plane curve I, consider the cuspidal
edge given by

fs,t) := (1= a(t) —y()T(s) + (—x(t) + y(t))es (s := (0,0,1)).

Since the coefficients of the first fundamental form are computed as

1
(3.17) Bf = (2043 —6)°, Fr=0, G =4’
Since the coefficient of ¢ for EX does not vanish, we have ¢ # 0. Moreover, we
have
1

(3.18) Ap=gt* (632 —21%)°,
which is of order three at each point (s,0) of X; (see Figure 5). The functions
L, M, N are given by (cf. (1.2), (1.3) and (1.4))

t(1—1t) (6 - 32 —263)  _ 2

3.19 L= M=0 N=—(6-3t2—2t%).
(3.19) %6 ; , 3( )
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By (1.14), (3.17), (3.18) and (3.19), the Gaussian curvature and the mean curvature
do not depend on s and are computed as

—3(1 - 2 1443
KL — 3(1—1t) 7 gL _ ?+w £t
4¢3(6 — 3t2 — 2t3) 8[t[5/2(6 — 3t — 2t3)

In particular, the principal curvatures are both unbounded.

Proof of Theorem A and Corollary B. Summarizing the assertions of Theorems 2.7,
3.2 and 3.3, we obtain Theorem A. We remark that the second assertion of (5) fol-
lows from Remark 3.4.

We next prove Corollary B: If the mean curvature function of f is bounded, then
(6) of Theorem A implies that T' is a regular curve of type L, that is, I always
points in a light-like direction, proving Corollary B. (|

4. THE CASE THAT IV POINTS IN A LIGHT-LIKE DIRECTION

In this section, we consider the case that I(s) points in a light-like direction for
some s. The case (Ly) (g = 2,4) given in Subsection 2.1 is contained in this setting.

4.1. Computations in the case that I”(0) is a light-like vector. Fix an open
interval I containing 0 € R. Let £2 be a space-like plane in L3. Without loss
of generality, we may assume that £2 is the xy-plane. The following fact can be
proved easily.

Fact 4.1. Let I' : I — L2 be a regular curve of type L. If we set I'(s) =
(2(s),y(s),2(s)) and assume that s is the arc-length parameter of the curve y(s) :=
(x(s),y(s)) in the zy-plane, then T' has the expression T'(s) = (y(s),xs) for s € 1.

Without loss of generality, we may assume that I'(s) is future-pointing at s = 0.
Regarding this, we set

(4.1) I(s):=(v(s),0(s))  (sel),

where 7(s) is a regular curve in £2 parametrized by the arc-length and ¢(s) is a
smooth function satisfying

(4.2) ¢'(0) =1,

which implies that I(0) points in a light-like direction. If T is of type L, then ¢ is
the identity map, that is, ¢ satisfies

(4.3) o(s)=s (sel).

We set e(s) := (7/(s),0). We denote by n(s) € L3 the left-ward unit normal vector
+'(s) in the xy-plane. For each s € I, three vectors

e(s), n(s), v:=(0,0,1)

form an orthonormal basis of L2 for each s € I, and v is a time-like vector. We fix
our general setting as
ag:=e(s), a;:=n(s), ay:=v, eg=¢e1=1 e9=-1.
Then,
I'(s) =e+ ¢ (s)v
holds. Let f be a generalized cuspidal edge along I'. By applying Proposition B.1

in the appendix for (s,t) = (0,0), like as the general setting given in Section 2, we
may assume that f has the following expression

(4.4) f(s,t) =T(s) + X(s,t)n(s) + Y(s,t)v,
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where X (s,t) and Y (s,t) are smooth functions of the form
(4.5) X(s,t) = A(s,t) cosO(s) + B(s,t)sinf(s),
Y (s,t) = B(s,t)cosf(s) — A(s,t)sinf(s)

and

t t
A(s,t) :/ wcos A(s, u)du, B(s,t) :/ usin A\(s, u)du,
0 0

A(s, t) ::/O w(s, u)du.

The vector field cos 0(s)n(s)+sin 0(s)v gives the direction of the cusp for the section
of the image of f, and the plane passing through I'(s) is spanned by n(s) and vs.
Using the expansion of p given in (2.9), we have (cf. (2.7))

A LN, 10N ,5 , 1/=p\,a, L[ —3pop \,5 6
= — t — t - t — t Ot
(B) 2<0> +3<uo) +8<u1 RETA Y R LIt

(4.6) ar =1, az3=0, 4= —3ﬂ(2), as = —12pop1,
Bs =2po, Ba=3p1, PBs=4(—pi+ p2).

Let (s) be the curvature function of the curve v(s) in the zy-plane (as £2). Then,

we have (cf. (2.4))
0 —x O
£ 0 0].
0 0 O

(4.7) K= (
For the sake of simplicity, we set

C(s) :==cosf(s), S(s):=sinb(s), Ca(s):=cos26(s), Sa(s):=sin26(s).
Since TV(s) is different from ag(s) (cf. (2.2)), we cannot apply the general compu-
tations given in Section 2, and must begin with the computations of f, and f; as
follows:

and

kCe +6'Sn + 19’Cvt2
2

(4.8) fs=e+¢'v—

. —kfB3Se + (0'B5C + 6§§)n + (—0'3S + ﬁéc)vtg + oY),
o (On w3 S BOY

2
n (a4C + BsS)n + (—asS + B4C)v
6

3+ O(th).
Then, we have
EE=1-¢? 4+ (=4 0¢)Ct* +0(t?),

/
PP =¢'St— %# +O0(t%), GF =Cot® + B35t + 0 (t1)

and

(4.9) Ap = (C2(1 = @) — S22 + B3CS(2 — @) + O(tY).
Moreover,

(4.10) P = (—¢/Ce+ Sn+ Cv)t — %( 'Se +Cn — Sv)t2 + O(t%)
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and
(4.11) fss =rn+¢"v

| (268'S —K'C)e — (> +67)C +8"S)n + (675 —6"Cle ,

2
+0(t%),
for = —(nC’e +0'(Sn+ cv))t
N —kB3Se + (0'B3C + ﬁgi)n +(—0'B5S + 6§C)vt2 Lo,
ftt =Cn-Sv + (Sn + CV)t
| (aC+ BiS)n +2(—a45 + OV L o),
In particular, we have
(412) dC<(57 0)) = det(fs7 fssa ftt)lt:0 = SH + CL)O”
and
L=(kS+¢"0)t— 53?(8)(/&0 — "+ 0 (£%),
M= (kg/C* =02+ 0 (*), N= %ﬁ +0 ().
If we set
L w11 W12 L GL —FL .Z/ M
(4.13) (ot o) = (G ) (5 %)
then

(4.14) wi, = (59’90' + RS(Cy — C20?) + go”ccz)ﬁ +o(th,

)

wip = _%%0/53&3 +0 (),
wa, = ((9’ — k' C?) (=1 + %) — ¢’ S(kS + <p“C))t2 +O(t%),
waa = =22 (67 = 1)+ 3 (350 ~ RC?) + a1 — ) + O
hold. In particular, the square of the difference of the two eigenvalues of W
satisfies
B (2 -)

(4.15) (trace WE(s,t))? — 4det(WE(s,1)) 1

tH+ O(t9).
Substituting ¢'(0) = 1, we have

~ B3(0)S3
2

(4.17) trace(WE(0,t)) = %(230(—;-;(0) +260'(0)) + (Co + 0370)gp”(0))t3 +O(th),

(4.16)  det(WE(0,t)) = (,@(o)s0 + cp”(O)C’o)t5 +0 (%),

where
Cy :=cos6(0), Sp:=sinf(0), Cs50=cos36(0).

Using the above computations, we give the proof of Proposition C in the intro-
duction:

Proof of Proposition C. Without loss of generality, we may assume that sy = 0 and
p=1(0,0). By (4.10),
ﬁL(p) = —Cpe + Son — Cyv
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is a normal vector of f at p. Since I'(0) points in a light-like direction, #¥(p) is
space-like or light-like. Since
1=Cg+5;>C5,

the normal vector #X(p) is space-like (resp. light-like) if and only if Sy # 0 (resp.
So = 0). By (4.18), this shows the equivalency of (1) and (2).

Since I"(0) points in a light-like direction, we have ¢’(0) = 1. So (4.9) implies
(4.18) AL(0,t) = —S5t* + O(t%).
So, if i, is greater than 2, then Sy = 0 holds, which implies i, > 4. In particular,
either i, = 2 or i, > 4 holds.

We now prove the last statement: So we assume that I' is of type L satisfying
I(0) # 0. In this case ¢”(0) = 0 and (4.12) yields that
(4.19) d®(p) := Sor(0).
Since I'(0) # 0 and ¢”(0) = 0, the first equation of (4.11) implies x(0) # 0. Since
the sign of d“(p) coincides with o (p), (4.19) implies the equivalency of (2) and
the condition ¢ (p) # 0 (resp. o (p) = 0). O

The following is an analogue of Lemma 2.4:
Lemma 4.2. The point (s9,0) (so € I) is a cuspidal edge singular point (resp. a
cuspidal cross cap singular point) of f if and only if po(so) # 0 (resp. po(so) =0
and pih(s0) #0).
Proof. The statement for cuspidal edge singular points can be proved by imitating
the proof of Lemma 2.4. To prove the assertion for cuspidal cross caps, we set

P(s) = det(I(s), 7r(s,0), (7E)(s,0))
and (cf. (4.10))

Vg = VTE =(—¢'Ce+ Sn+Cv) — %(@’Se + Cn — Sv)t + O(t?).

By (4.8), we have IV = f; = e + ¢’v. Using the relation 835 = 2ug, we have

U(s) = po(s)(1+¢'(s)%).
So ¥(sg) = 0 if and only if ug(sg) = 0. If ug(se) = 0, then ¥’(sg) = 0 holds if and
only if p((so) = 0. So imitating the proof of Lemma 2.4, we obtain the assertion
for cuspidal cross caps. O

We next prepare the following:

Lemma 4.3. Let I' : I — L3 be a reqular curve such that I'(0) is a light-like
vector, where we assume 0 € I. Let f(s,t) be a generalized cuspidal edge along T’
and p == (0,0) a cuspidal edge singular point of f. If the order i, is equal to 2,
then umbilical points of f never accumulate at p.

Proof. Suppose {(sk,tx)}72, is a sequence of umbilical points of f which converges
to p := (0,0). Then we have wia(sg,tx) = 0. Since 83 = 2p9 # 0 and ¢'(0) = 1,
the second equation of (4.14) implies

0 = wiz(sk, tx) = —po(sk) sin (s )ty + O(t4).
However, since sin@(0) # 0 and po(0) # 0, the right-hand side does not vanish

when k is sufficiently large, a contradiction. O

We fixed a space-like plane 52~ in I3 and is regarding it as the zy-plane. If we
replace another space-like plane £2, then we have the two orthogonal projections:
n:L3 = &2, 7 L3 — &2
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Proposition 4.4. Even if we replace the orthogonal projection m by 7, the condition
that sin 0(s) = 0 does not change, that is, this condition is invariant under the choice
of the orthogonal projection to a space-like plane in L3.

Proof. As shown in Proposition 1.26, the order i, is an invariant of generalized
cuspidal edges, and 7, > 3 holds if and only if sin @ = 0 at the point p, as shown in
the proof of Proposition C. So we obtain the conclusion. O

Using this, we can prove Proposition E in the introduction:

Proof of Proposition E. Let f : Uy — L® be a generalized cuspidal edge along a
regular curve I' : I — LL3. Suppose that p € Uy is a cuspidal edge singular point of
f. Without loss of generality, we may assume that 0 € I and p := (0,0). If TV(0)
is not a light-like vector, p is not an accumulation point of the set of umbilics nor
of the set of quasi-umbilics by (9) of Theorem A. So we may assume that I'(0)
is a light-like vector. In this case, umbilical points cannot accumulate at p by
Lemma 4.3. (]

We next prove the following:

Proposition 4.5. Let p := (0,0) (0 € I) be a cuspidal edge singular point of
f of order 2 such that T'(0) points in a light-like direction. Then there exists a
neighborhood V), of p such that the following assertions hold:

(1) The normal vector of f at p is time-like.

(2) If o%(p) # 0, then KT is unbounded on V,. Moreover, on one side of
XNV, the principal curvatures of f are real-valued, and on the other side
they are non-real-valued. In this situation, the two principal curvatures are
both unbounded on V.

(3) If o%(p) # 0 and also (I'(0),T7(0)),; # 0 (that is, ¢"(0) # 0), then the
set of quasi-umbilical points of f accumulates at p and lie in one side of
Vp\2¢.

Proof. (1) follows from Proposition C. We assume ¢ (p) # 0. By (4.12), we have
0 # d°(p) = Sok(0) + Co” (0).
Since f3(0) = 2u0(0), substituting ¢'(0) =1 to (4.16), we have
(4.20) det(WE(0, 1)) = p1o(0)S2d° ()17 + O(19),
which implies
L 1 C
(4.21) K2(0,1) = o5 (10(0)d° () + O(1)).
0

Since p is a cuspidal edge singular point, we have 1(0) # 0. Since ¢ (p) # 0, the

unboundedness of K near the point p follows from (4.21). Finally, we prove (3):

We set

(traceW ™ (s,t))% — 4det(WE(s,1))
4

F(s,t) :=
By (4.15), F is a smooth function satisfying
2
_ B (¥?-1)
4
Since (trace(W%(0,t))? belongs to the class O(t%), (4.20) implies that
det(W(0,1))
Y ekl SO S A7
4

In particular, the two eigenvalues of W(0,t) are
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(4.23) F(0,t) = + O(t) = 452 115(0)d€ ((0,0))t + O(t?).



e real numbers if £10(0)d®((0,0))t > 0, and
e non-real numbers if 10(0)d“ ((0,0))t < 0.

By (4.16) and (4.17), the two principal curvatures A1, Az have the same order with
respect to t. Then, (4.21) implies A\; and Ay are both unbounded, so (2) is proved.
By (4.23), we have

F3(0,0) = 4110(0)S3d((0,0))(# 0).
By the implicit function theorem, there exists a C'*°-function of ¥ (s) near s = 0
such that F(s,1¢(s)) =0 and ¢(0) = 0. Then we have

F,(0,0) + F:(0,0)y'(0) = 0.
In particular, if (s, (s)) is not a singular point, it is a quasi-umbilical point or an
umbilical point. By (4.22) with ¢'(0) = 1, we have F,(0,0) = 0, and so ¢'(0) = 0
holds. So, we have
(4.24) F,,(0,0) + F;(0,0)"(0) = 0.
Again, by (4.22) with ¢'(0) =1 and B3 = 2up # 0, we have
F,5(0,0) = 8uo(0)¢”(0)* # 0.

Since F(0,0) # 0, (4.24) implies ¢"(0) # 0. Thus, for each s(# 0), (s,%(s)) is not
a singular point, and so, it is a quasi-umbilical point or umbilical point. Since we
have shown that (cf. Lemma 4.3) umbilical points of f never accumulate at (s,0),
the point (s, (s)) must be a quasi-umbilical point lying on the side of the s-axis
where the two principal curvatures are not real. O

4.2. Light-like cuspidal edges of general type.

Definition 4.6. Let f : I x (—4,6) — R? be a generalized cuspidal edge along a
regular curve I' of type L. Then f is called a light-like cuspidal edge of general type
if i, =2 and I'(s) # 0 at each p := (5,0) (s € I).

We prove the following assertion:

Proposition 4.7. If f is a light-like cuspidal edge of general type, then o€ (p) #
0 for each p € Xy and the curvature function k of v := m ol does not vanish
everywhere, that is, vy has no inflection points in the xy-plane.

Proof. Since T' is of type L, we have ¢''(s) = 0. Then, (4.12) is reduced to
d®((s,0)) = Sk. Since i, = 2, we have S # 0. Since fss5(s,0) = I''(s) # 0,
the first equation of (4.11) implies x(s) # 0. O

We now prove Theorem D in the introduction:

Proof of Theorem D. (1) follows from Proposition 4.7, and (2) follows from Propo-
sitions C. Since I is of type L, ¢"(0) = 0 holds. Then, (4.17) implies
1
HE(0,)] = 55 [(0) — 260'(0)| + O(1t).
25§
Since I'(s) (s € I) points in a light-like direction, 0(€ I) can be replaced by any
s € I, we have
1
L _
[ (5,0)] = 5 |s(s) = 20'(s)| + (1)),

where S = sinf(s). So we obtain (3). Using the same method to obtain the
expression of H% (s, ) from the expression of H%(0,t), the expression K*(0,t) given
in (4.21) induces
1
KL(s,t) = ;(MOS_“dC((s,O)) + O(t)),
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which proves (4). Since Hy is bounded and K is unbounded, the two principal
curvatures \; (i = 1,2) are both unbounded. Since I'(s) (s € I) always points in a
light-like direction, we have (using 3 = 2pu)

det(WL) = —porSt° + 0 (%), trace(W1) = —(k — 20")St> + O(t%).
Thus, the square of the difference of the two eigenvalues of W satisfies
(trace W)2 — 4 det(WF) = —4det(WH)t® + O(t°) = 2k0S*t° + O (1°) .

Since f is a light-like cuspidal edge of general type, x1i0S> never vanishes on I, and
so (5) and (6) are obtained. O

5. PROOF OF PROPOSITION F AND THEOREM G

Let I' : I — L3 be a regular curve of type L, and set ¢(s) := s for each s € I.
Then (4.1) is reduced to I'(s) := (y(s),s) (s € I), where v(s) is a regular curve
in the zy-plane parametrized by the arc-length. We let f : I x (—§,5) — R3 be a
generalized cuspidal edge satisfying f(s,0) = I'(s) (s € I) whose singular points are
of order four, that is, sin @ is identically zero in the setting of the previous section.
So, we set

(5.1) o:=cosf € {1,-1}

and

(5.2) f(s,t) =T(s) + o a(s,t)n(s) + oy(s,t)v,
where

t t t
x(&t)z/o ucos \(s, u)du, y(s,t):/o usin A(s,u)du, A(s,t) ::/0 w(s, u)du.

The formula (5.2) produces all generalized cuspidal edges of order greater than or
equal to four. By Lemma 4.2, the singular point (s,0) is a cuspidal edge if and
only if po(s) # 0. To obtain information on terms of higher order, we start with
the computations of f; and f;

—okaye + oaja; + off)v

ore 5 0Py 3 4 5
fs=(e+v )—Tt vt 51 t'+0 (),
ft—ant—i—ﬁ t2+wt3+%t4(a5n+ﬁ5(s 0)v) 4+ O (¢°).

The first three terms of the above expansions of f; and fs coincide with those of
(4.8) by substituting ¢ =0, C =1 and S = 0. We have

Bl = —ort?— ﬂ3t3+0 (tY), Fr= —%ﬂ?’ Uﬁ4t3+o Y, G'=t+0 (")
and

2
(5.3) AL = th‘* +0(t°) = —(ug + or)t* + O (£°).

Moreover, we have

PP — o(—e4v)t = D TOCT Jﬁ“ng (E3r 000V | )
and
fos = KD — % (k'e + I$21’1) 2+ 63 v+0 (t4)

fst = —oket + 53 vt 4~ 5 ( Koye + ajn + Byv) 3 + O(th),
fie =on+ 053Vf + 5(04411 + Bav) + 6(a5n + Bsv)t? + O(tY).
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Then we have

L= —02B3t2+%(30/{’—mﬁ4)t3+0(t4),
/
M:nt2+%t3+0(t4), N:%t2+%t3+0(t4).

If we set WL = (wj ;)i j=1,2, then

w11 =

(B35 +2r) t° 4+ O (1°),

PSRN

wi,2 =

(65 + o) ¢+ T (2085 + BaB1) 7+ O (1),
— 1
Wy = Tﬂ (B3 + 4ok) 4+ D (30,63/{’ — 2k (5o B5 + B3S4) >t5 +0 (1%,
o
W2 = E (ﬁ:},ﬁé — 2&4/{) t5 + 0 (t6)
hold. Using the fact that 83 = 2ug and 84 = 3y (cf. (4.6)), we have
(5.4) det(WE) = or(u2 + ok)*t® + O(t%),
(5.5) trace(W¥) = % (—3kpu1 + Spopgy + 30K ) 17 + O(t°).
In particular, we have
(trace WE)?2 — 4det(WE) = —4det(WE)® + O(t?)
— —dok (2 +or)* 12+ O(t%).
Proof of Proposition F. Let f : Uy — L3 be a cuspidal edge along a curve I' of type
L. We fix a singular point p = (s,0) (s € I) arbitrarily and assume 4, > 2. Then,
by Lemma 4.3, we have i, > 4. By (5.3), i, > 4 if and only if 33(s)? + 40k(s) = 0.
Without loss of generality, we may assume k(s) > 0 (if necessary, we can reverse
the orientation of the curve). Since p is a cuspidal edge singular point, f3(s) =
2u0(s) # 0 (cf. Lemma 4.2), and so ok(s) < 0. Then we have x(s) > 0 and 0 < 0

follows. Since ks = ok, the map f is of concave type at p and |k(s)| = po(s)?
holds. 0

Proof of Theorem G. Since (s,0) is of order four, A(s,t) does not change sign at
t =0. So (a) holds. By (5.5), we have

1

HE| = .
= T+ onproT

|=3ku1 + 8oy + 3ok'| + O(1),

which implies (b). By Lemma 4.2, f has cuspidal edge singular point at p := (sg,0)
if and only if po(sg) # 0, proving (d). We next consider the behavior of umbilical
points of f: Since f is of order four, we have p2 + o # 0 and the facts

W12 =0 (/1,(2) + O'H) t* + O(t5) = —0oAp + O(t5)

implies that matrix WL cannot be a diagonal matrix at p, and so p cannot be an
accumulation point of a sequence of umbilical points {(sk,t5)}5>. If not, tx # 0
and WE (sk,ty) is diagonal for each k, however it is impossible, because 3 +ox # 0
at s = 0 by (5.3) and wq,2(0,0) # 0, proving (c).

We now assume that I # 0 on I, which implies the curvature function s of
the plane curve v does not vanish. Without loss of generality, we may assume that
k> 0. By (5.4), we have

OR

1+ onltt
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(5.6) sgn (g + oK) (12 + or)th
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If f is space-like, then p2 + o is negative, so ok < 0. In particular, KT is positive,
and f is of concave type, proving (1). On the other hand, if f is time-like, then
p2 + ok is positive, so the sign of KL coincides with that of ox. Since u2 + ok
and k are positive, it happens either ¢ > 0 or “o < 0 and p2 > k”. So we obtain
the first part of (2) (the second part of (2) is the case that (s,0) is not a cuspidal
edge singular point, which is discussed in the proof of Corollary 5.2 below). We
prove (3): The fact KT diverges is a consequence of (5.6) since u2 + or # 0. Since
|H"| is of order 1/|t|, by (5.4) and (5.5), the absolute values |\;| (i = 1,2) of two
principal curvatures are of order 1/[t|, and are unbounded. Finally, we prove (4):
Since 83 = 240, (5.3) implies

(5.7) Ap = —(ug+or)t* +0 ().

Since f is of order four, we have u2 + ok # 0 and so trace(W*)? — 4 det(W*) never
vanishes near ¢t = 0, which implies (4). O

Corollary 5.1. The sign of the function u3 + ok and the zero set of the function
—3kpu1 + 8oy + 3ok’ are both independent of the choice of the projection of T' to
a space-like plane E2.

Proof. In fact, the top-terms of the asymptotic expansions of K (s,t) and |[H% (s, )|
along the curve I' with respect to the parameter ¢ do not depend on the choice of an
admissible coordinate change (cf. Definition 0.3 and Lemma 1.5), and replacement
of the space-like plane is obtained only by such an admissible coordinate change.
So, we obtain the conclusion. O

If f(s,t) does not give cuspidal edge at (s,t) = (sg,0), the following assertion
holds:

Corollary 5.2. Let f be a generalized cuspidal edge of order four along a reqular
curve I' of type L. If p := (50,0) (sg € I) is not a cuspidal edge singular point and
I (s9) does not vanish (i.e. k(sg) # 0), then
(1) f is space-like (resp. time-like) near p if and only if f is of concave type
(resp. convez type, see Definition 0.7), that is, ok(sg) < 0 (resp. ok(sg) >
0) holds,
(2) the Gaussian curvature KL diverges to oo when (s,t) tends to p, and
(3) umbilical points and quasi-umbilical points never accumulate at p.

Proof. Since p = (s0,0) (so € I) is not a cuspidal edge singular point, po(so)
vanishes (cf. Lemma 4.2). So, (5.7) is reduced to

A = —okt* +0 (t5) .

This with (1) and (2) of Theorem G imply (1). On the other hand, since I'”(sg)
does not vanish, k(sp) # 0 and as long as s is close to sg, (5.6) can be written as

m FO() = 5+ 07,

which implies (2). The last assertion (4) follows from (c) and (4) of Theorem G. [

KL(so, t) = sgn(ok(so))

Remark 5.3. This corollary is a generalization of the corresponding assertion in
Akamine [1, (3) of Theorem A] for time-like zero mean curvature surfaces, where
the assumption I''(sg) # 0 is dropped. However, if f is a maxface or a minface,
the order of f at a generalized cuspidal edge singular point is equal to four. Then
k(so) # 0, that is, T"(sg) # 0 holds.
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Remark 5.4. By Theorem G, umbilical points never accumulate at any cuspidal
singular points of f. However, the quasi-umbilical points of f can accumulate, in
general. A concrete example of a cuspidal edge of order four with zero mean curva-
ture function whose quasi-umbilical points accumulate at a cuspidal edge singular
point is given in Akamine [1, Figure 4].

We give a family of cuspidal edges with order four whose mean curvatures are
bounded:

Example 5.5. We fix a real number a, and set
I'(s) := (coss,sins, s),
n(s) := —(cos s,sin s, 0) (s eR),
t3
a(t) =2, y(t) = ‘"; (0 € {1,—1}, v:=(0,0,1)),

where |t is a sufficiently small number. Then f(s,t) := I'(s) + z(t)n(s) + y(t)v
gives a light-like cuspidal edge along I', which satisfies

t2
(5.8) Bl = 1 (t2 —4o), Ft = —aot?, GF =+¢*—ad?t!
and
1 28
(5.9) Ap=t'(—a® — o) +1° (CLQU + 4> - aT.
Moreover, we have (cf .(1.2), (1.3) and (1.4))
act? (012 — 2) at? (ot2 — 2)

) ) N:_
4 2

In particular, f is of order four if a® +o # 0. By (1.14), (5.8), (5.9) and (5.10), the
mean curvature function H* and the Gaussian curvature are given by

(5.10) L=- M =12

"
Kt (s,t) = SAZ (8 (a*o +1) — 12a°t* + 6a’ot"* — a2t6),
L

atb

H'(s,t) = £ ————r
(S, ) 8|AL|3/2

( (8a* + 140) — t* (8a%0 + 3) + 2a2t4).
Consequently, the Gaussian curvatrue is unbounded and the mean curvature func-
tion is bounded. Moreover, if o = 1, then f is of convex type and time-like at (s, 0)
satisfying K¥ > 0 (cf. Figure 3, left). If o = —1 and a® + ¢ is positive (cf. Figure 3,
center), then f around t = 0 is of concave type and time-like satisfying K < 0.
If % + o is negative, f is space-like, and o = —1, that is, f is of concave type (cf.
Figure 3, right). In this case, the Gaussian curvature of f is positive.

By the above discussions, we can observe that cuspidal edges along a light-like
curve cannot change their causal type if their order is less than or equal to four.
However, if the order is greater than four, such a cuspidal edge exists:

Example 5.6. We fix a real number 3, and set
I'(s) := (cos s,sins,s), n(s):= —(coss,sins,0) (s €R).
Consider the cuspidal edge given by f(s,t) :=I'(s) — z(t)n(s) — y(t)v, where
t2 g3 ¢t
t) = — ==
41
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for sufficiently small [¢|(> 0). The coefficients of the first fundamental form of f
are computed as

1 1
(5.11) Ef = 11t2 (t*+4), Ft= 5zt2(6 —1),

1
Gl = 1752 (4- B> — 28t +14).

Since
2
Ap=(1- ’%)t‘L + §t5 + O(t9),
by setting 8 = 2, f gives a cuspidal edge of order 5 at each point of I'. This f
changes its causal type along I". Moreover, we have

B _t2 _ B —t2
(5.12) L:?(t+2)(t2+2)2, M =t? N:T(t+1)(t2+2).

Using(1.14), (5.11) and (5.12), we obtain
16(—24 + 32t — 3612 + 2413 — 18t* + 815 — 35 +17)
t5(—16 + 16t — 162 + 83 — 4t* +¢5)2 ’

gL 16+ 240 4 8% — 4de® 4 44t* — 325 + 16t° — 617 + ¢
N 2[t[5/2| — 16 + 16t — 16t2 + 813 — 44 + 15[3/2

Kl =—

In particular, K and H are both unbounded near (s,t) = (s, 0).

In a joint work with Yamada, the fourth author [21] introduced the concept
of “maxfaces” as a canonical class of space-like zero mean curvature surfaces with
admissible singular points. Similarly, Takahashi [18] and Akamine [1] defined “min-
faces” as a class of time-like zero mean curvature surfaces with admissible singular
points. In addition, Akamine [1] showed essentially the same assertion as in Theo-
rem G for cuspidal edges on maxfaces and minfaces. The following assertion implies
Theorem G is a generalization of it.

Proposition 5.7. Generalized cuspidal edges on mazfaces or on minfaces are light-
like cuspidal edges of order four.

Proof. Let f be a maxface (resp. a minface). As shown in the proof of [4, Theorem
2.4] (resp. the two line before the equation (8) in [1]), the (Euclidean) area density
function A of a maxface (resp. a minface) is a positive function multiple of

(5.13) 1—|g|*  (resp. 1 —g1g2),

where g (resp. g1 and g) is one of a pair of Weierstrass data of f, which corresponds
(resp. correspond) to the Gauss map of f. We set Ay := ELGE — (FL)2. If fis a
maxface, its first fundamental form is given by (cf. [4, (2.1)]) ds? = (1 — |g]?)?|w|?.
Thus Ay is a positive function multiple of (1 —|g|?)%. On the other hand, if f is a
minface, it holds that (cf. [1, Proof of Fact 4.2] where f, X g f, is given)

W1Wo
fuxpe fo=—=(1—0192)(91 — 92, =1 — 9192, —91 — 92),

2
where we remark that the signature of L? in [1] is (— + +), which is different from
the one in this paper. So, we have

(2)1&)2
fuXr fo= T(l —9192)(91 — 92, —1 — 9192, 91 + 92),
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which implies

AL = <fu XL fv7fu XL f'u>L
~2 2
= w14w2 (1- 9192)2((91 —92)’+ 1+ g192)° — (1 + 92)2)
~2 2
= w1w2(1 —g192)*.

4

So Ay is a positive function multiple of (1 — g1g2)*. Regarding (5.13), in both of
two cases, Ay, is a positive function multiple of (A¥)?. On the other hand, if (s, )
is an admissible coordinate system of f, we have (AF);(p) # 0, since f is a cuspidal
edge singular point. So we obtain the conclusion. O

APPENDIX A. A REPRESENTATION FORMULA FOR CUSPS

Definition A.1. Let ¢ : I — R? be a C*°-map defined on an open interval I in
R containing the origin 0 € R. We say that c(t) has a generalized cusp at t = 0 if
c satisfies ¢/(0) = 0 and ¢”(0) # 0. We remark that ¢”(0) is determined up to a
positive constant if we change the parameter of c. Moreover, ¢”(0) points in the
cuspidal direction, that is, it points in the direction where the image of c exists.
We say that c(¢) has a cusp at t = 0 if ¢”/(0) and ¢”’(0) are linearly independent.

We set

g ._ det(c"(0), ¢”'(0))
e (0)[3”
which is called the cuspidal curvature of ¢ at ¢t = 0, where
lajg:=+va-a (a € E?).
The (Euclidean) curvature <% (t) of ¢ at t # 0 is given by
d t / 1
(1) = U 0).70)
|’ (0)I%

The function

sE(t) = /0 ¢/ (0)| gt

gives the signed-arc-length of c(¢) from ¢ = 0. As in [14], it holds that

(A1) B = 2[2}135 KE(t)\/]sE(1)].

Moreover, the following formula is known:

Fact A.2 (Shiba-Umehara [14]). Let u(t) be a C°°-function defined on an open
interval I containing 0 € R. If we set

(A.2) c(t) ::/0 u(cos A(u), sin A(u))du, A(t) ::/0 w(u)du,

then c is a generalized cusp at t = 0 in R%. In particular, t = 0 is a cusp if and
only if u(0) # 0. Conversely, any map germs of a generalized cusp in R? can be
obtained by (A.2) up to motions in E*. Moreover, the coefficients {11;}2, of the
Taylor expansion of u satisfying

2,9 | H3,3
gives the series of invariants for generalized cusps in E2. In particular, 2ug coin-

cides with Tg.

[L(t) ~ o + Nlt +
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This formula is slightly different from the original one in [14] but is essentially
the same, and the proof of the formula (A.2) is given in the appendix of [8] and in
the book [16].

Remark A.3. Let kP(t) be a C>°-function defined on an open interval I containing
0 € R. If we set

(A.3) c(t) ::/0 (cos A(u), sin A(u))du, 0(t) ::/O wP (u)du,

then c is a regular curve with arc-length parameter at t = 0 in E2? whose curva-
ture function is k¥. Conversely, a regular curve with arc-length parameter can be
obtained by this formula up to motions in E2. So Fact A.2 can be considered as
an analogue of this classical formula in E2. The parameter ¢ of ¢ in the formula
(A.3) is called a normalized half-arc-length parameter of ¢ (see [16, Appendix B] for
details).

In the plane L?, we can construct a similar representation formula as follows:
We denote by (, ) the Lorentzian inner product of L2.

Definition A.4. A generalized cusp of c(t) at t = 0 is said to be space-like (resp.
time-like) if ¢ (0) is space-like, that is, (c”(0),c”(0)), > 0 (resp. time-like, that is,
(c"(0),¢"(0)), <0).

If ¢ is a space-like (resp. time-like) cusp, then ¢'(¢) (¢ # 0) is a space-like
(resp. time-like) vector for each sufficiently small |¢|(> 0). By the transformation
(z,y) — (y, ), the generalized space-like cusps become generalized time-like cusps,
so we only consider here generalized space-like cusps:

We set . o
L ._ det(c"(0),¢"(0))
T = 5/3
" (0)[1]
which is called the cuspidal curvature of ¢ at ¢t = 0, where

)

la|r :==1/(a,a), (a€L?).

The (Lorentzian) curvature x”(t) of ¢ at t # 0 is given by

! 1
KL(t) _ det(c Eo)a(; (0))
lc’(0)[7,
The function

sL(t) = /0 /(0 dt

gives the signed-arc-length of c(t) from ¢ = 0 in 2. By imitating the argument in
[14], it holds that

(A.4) b =2v2 lim KE(t)\/|sE(t)].

Proposition A.5. Let u(t) be a C*®-function defined on an open interval I con-
taining 0 € R. If we set

(A.5) c(t) ::/0 u(cosh A(u), sinh A(w))du, At) ::/0 p(u)du,

then c is a space-like generalized cusp at t = 0 in L2. In this situation, t =
0 is a cusp if and only if u(0) # 0. Conversely, any map germs of space-like
generalized cusp can be obtained by this formula up to motions in 2. In particular,
the coefficients {1, }32, of the Taylor expansion of u satisfying

&tQ H3

() ~ po + pt + 5 +§t3+---
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gives the series of geometric invariants of the generalized cusps in 2. In particular,
2uo coincides with Tp,.

Proof. We denote by (,),, Which is the Lorentzian inner product on L2. For a
vector a € R?, we set |a|;, := /[ (a,a), |. Let c(t) be a curve given in the formula

of Proposition A.5. If we set
_ (coshf(t)
e(t) := (sinh 9(15))’

then we have c'(t) = te(t). Thus

__ (sinh6(t)
n(t) = <cosh 0(t)>
gives a smooth unit normal vector field along c. So ¢ gives a generalized cusp at
t = 0. The (Lorentzian) arc-length parameter of ¢ satisfies

t t t2
= / Ic/ (u)|Ldu = / |uldu = sgn(t)—
0 0 2
In particular, we have

(A.6) t =sgn(s)v/2]s|.

Then, ¢”(t) = e(t) + tu(t)n(t) and the curvature function satisfies
det(c/(t),e" (1) 2pu(t) det(e(),n(t)  pu(t)

AN wO="omr - P RCR

By this with (A.6), we have

(A.8) u(t) = K5OV (it 4 0).

By (A.4), we have X (0) := 7L/2. Thus, t = 0 is a cusp if and only if uZ(0) # 0.
Conversely, let c(t) (t € I) be a space-like generalized cusp at t = 0 in L2
defined on an open interval I containing 0 € R. Since ¢ = 0 is a cusp, the arc-

length s(t fo |/ (t)|dt of the curve c is not smooth at ¢ = 0. However (cf [16,
Proposltlon B.2.1])
(A.9) v(t) = sgn(t)\/|2s(t)|

is a C°°-function on I satisfying v/(t) > 0. In fact, w(t) := (1/t)c/(¢) is a vector-
valued C*°-function of ¢ even at ¢t = 0. Since w(0) # 0, the absolute value ¥(t) :=
|W( )|z is also C*>-differentiable. By [16, (B.8) and Proposition A.4], we have
= t/VU(t), where U is a C*°-function of ¢ given by ¥ fo uth(tu)du. Since
( ) #0 (cf [ , (A.2)]), v(t) is C*°-differentiable at t = O So Wwe can use v as a
new parameter of c around the cusp, which is called the normalized half-arc-length
parameter of c. By L’Hopital’s law, we have

/ . 2|s(t)| s(t)
v'(0) = }gr(l)sgn(t)i "

t—>0
Ny os@] @] _ [<"(0)lc
- }5%7 Tleso 28 | 2 >0,

and so v can be taken as a new parameter of c¢. Since c(v) has a cusp at v = 0,
there exists a smooth unit normal vector field n(¢) along c. We the take a smooth
normal vector field e(v) along ¢ such that (e(v),n(v)) gives an orthonormal frame
field satisfying det(e(v),n(v)) =1 for each v € I.

Since c(t) has a cusp at ¢t = 0, the direction of the unit normal vector n(t)
changes from the right side of the curve c(t) to the left side, or from the left side of
c(t) to the right side, just at t=0. There exists a smooth unit tangent vector field
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e(t) along ¢, which change direction with respect to ¢ at ¢ = 0. So, by changing
n(v) by —n(v), we may assume that e satisfies

B CS(S) lf s > O,
(A.10) e(s) = {_CS(S) if s <0,

where ¢, := dc/ds. Since v?/2 = sgn(s)s, we have

ey (v) = cs(v)sy(v) = (sgn(v)e(v))(sgn(v) (v*/2)u) = ve(v).
By (A.10), n(v) is the left-ward unit normal vector field of ¢ if v > 0. By the Frenet
equation, we have

e,(v) = es(v)s,(v) = (sgn(v)n(v)n(v)) (sgn(v)v2/2>v = k(v)vn(v).

We set p(v) := k(v)v, which can be extended as a smooth function of v. By
definition, e, = un holds, and wu(v) coincides with the function defined by (A.7)
(by setting ¢ := v). Since n, is perpendicular to n, we can write n,(v) = a(v)e(v),
and

a=mn,-e=(n-e),—n-e,=-n-e, = L.
Consequently, we obtain the formula

0 0 0
(c(v).e(v),n(v)), = (c(v),e(v),n(@) v 0 p) |,
0 wl) O

which can be considered as a linear ordinary differential equation when we think
w(v) is a known function and c(v), e(v), n(v) are unknown vector valued functions.
By replacing v by t, the curve given in the formula of Proposition A.5 gives a
solution of this equation. Then, the uniqueness of the solution with an initial value
condition implies that any generalized cusp can be represented as the formula in
Proposition A.5 up to a orientation preserving motion in L2. U

Definition A.6. In this paper, we call the function u(t) appeared in the formulas
(A.2) and (A.5) the p-function associated with the germ of cusp c.

APPENDIX B. SPECIAL COORDINATE SYSTEMS FOR GENERALIZED CUSPIDAL
EDGES

In this section, we show the following:

Proposition B.1. Let f(s,t) (s € I, |[t| < €) be a generalized cuspidal edge along
a regular curve T : I — R3, where I is an open interval. Suppose that there exist
vector fields a1 (s) and ay(s) along T such that T'(s), ai(s), ax(s) are linearly inde-
pendent in R for each s € I. Then, for each so € I, there exist a local diffeomor-
phism germ (u,v) — (s(u,v),t(u,v)) defined on a sufficiently small neighborhood
(s0,0) such that
(1) s(u,0) =wu and t(u,0) =0 for each u,
(2) f is written in the form
fop(u,v) =T(u) + 2(u,v)ai(u) + y(u, v)as(u),
where x(u,v) and y(u,v) are C*°-functions defined on a neighborhood of
(507 0)7 and

(3) the map v — (x(u,v),y(u,v)) is a generalized cusp as defined in Appen-
diz A.

If {a;(s), as(s)} spans the plane orthogonal to I''(s) in E3, almost the same
result was proved in [8, Lemma 3.2]. The above statement can be seen as a gener-
alization of this, but the proof is different.
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Proof. Without loss of generality, we may assume that I contains 0 and set sg := 0.
Consider the map defined by

®:R*x 15 (x,y,2) — I(2) 4+ za;(2) + yas(z) € R3.

Since I(0), a;(0), az(0) are linearly independent, ® gives a diffeomorphism defined
on a neighborhood of the origin in R3. Since I'(s) = f(s,0) holds, g(s,t) :=
®~1 o f(s,t) satisfies g(s,0) = (0,0,s) for sufficiently small |s|. Then we can
apply the argument given in [16, Page 105] (at which only the fact that f is a
generalized cuspidal edge is needed until the final argument given in [16, Page 106]).
We can take an admissible local coordinate system (see Definition 1.4) (u,v) —
(s(u,v),t(u,v)) such that s(0,0) = ¢(0,0) = 0 and

g(u,v) = (z(u,v),y(u,v),u),  z(u,0) =vau,v), y(u,v) =v*B(u,v),

where o and 3 are C*°-functions defined on a neighborhood of the origin in R%. So
we have

fu,v) = ®(v2a(u,v),v?B(u,v),u) = T'(u) + v?a(u, v)a; (u) + v?B(u, v)as (u).
Since f is a generalized cuspidal edge, we have
0 7é fvv(ua O) = 2a(u7 O)al (u) + 2ﬁ(u7 O>a2(u)7

which implies that (z,(u,0), 4 (u,0)) # 0, and v — (z(u,v),y(u,v)) gives a
generalized cusp for sufficiently small |v|. O

APPENDIX C. UMBILIC POINTS ON A WAVE FRONT IN L3

Consider a wave front f : U — R3, where U is a domain of (R?;u,v). Since
cuspidal edge singular points appear on wave fronts, this fits the setting of this
paper. If we think R? = E3, umbilical points never accumulate at cuspidal edge
singular points of f (cf. [16, Corollary 5.3.3]). As an analogue of this fact, for
R3 = L3, we show the following:

Proposition C.1. If p is a space-like or time-like cuspidal edge singular point,
then umbilical points of f never accumulate at p.

As we have mentioned at the end of Section 1, we do not know whether umbilical
points can accumulate at a light-like cuspidal edge singular point or not. To prove
the proposition, we first consider an immersion f : U — L3 and assume that U
consists only of space-like points or only of time-like points. Then we can take a unit
normal vector field v7 : U — 13 of f. Define two 3 x 3 matrices by P; := (fu, fo, V")
and Py := (v, vy, 7). By setting,

EL FL Lt M
I:= (FL GL)7 I = (ML NL>7

W := I7I coincides with the matrix given in (1.15). Then, by (1.9), we have that
(P YT Py = —(P{ E3P1) "' (P{ E3P)

(T o\ '/m o\ (I o\ (W 0

\0 &1 0 +1/) \ 0 £1) \0 =£1)°
So we obtain the following Lorentzian version of the Weingarten formula
(Cl) (1/5, VUL) = _(fuva)W'

Lemma C.2. Let f : U — L3 be a wave front, and p € U its singular point at
which f is space-like or time-like. Consider the family of parallel surfaces of f given
by ft:= f+tvk (t € R), where v¥ is the unit normal vector field of f. Then for
sufficiently small t # 0, p is a reqular point of ft.
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Proof. The proof is parallel to the case of R® = E3, see [16, page 65]. O

Proposition C.3. Let f : U — L3 be a wave front and p € U a regular point which
is space-like or time-like. Then the parallel surface f (t # 0) has a singular point

at p if and only if 1/t coincides with the principal curvature of f at p.
Proof. Since v* is a unit vector field, (v*), and (v*), are perpendicular to v*. So

v is a common unit normal vector field of f¢ (t € R). By (C.1), we have

(ft)u = fu +tV£ = fu(I"I'tW)? (ft)v = fu +thL = fU(I+tW>

and

(C2) (s () = (s £ (2.

Thus, p is a singular point of f* if and only if det(I + tW) = 0, that is, 1/t is an
eigenvalue of the matrix W, proving the assertion. O

Corollary C.4. If p is an umbilical point of f, then it is also an umbilical point
of ft unless 1/t coincides with the principal curvature of f.

Proof of Proposition C.1. Suppose that there exists a sequence of umbilics {py }$2,
of f on U converging to p. By Lemma C.2, we can choose t # 0 so that p is a regular
point of ft. Then there exists a positive integer N so that each py (k > N) is an
umbilical point of f*. Since p is the limit of {px}$2 ;, p itself is an umbilical point of
ft. Since f = (f*)~%, the value —1/t must coincides with one of the two principal
curvature of f* at p. Moreover, by (C.2), (fu, fo) = ((f9), % (f), ) vanishes at p,
which contradicts the fact that the Jacobi matrix is of rank one at p. O

If f is a generalized cuspidal edge, then umbilical points may accumulate at a
singular point:

Example C.5. We set I'(u) := (u,u? u*), and consider a map f(u,v) = I'(u) +
vI"(u) (u,v € R), which is the map given in [4, Example 1.13]. As pointed out
in [4], 0 := (0,0) is a cuspidal cross cap singular point of f. In L3, the origin o
is a space-like singular point, and the second fundamental form vanishes along the
v-axis. Since (0,v) (v # 0) are regular points of f, they are umbilics of f which

accumulate at the singular point o.
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