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Abstract

We show a formula for curvatures of curves in a semi-Euclidean space (or pseudo-
sphere) with respect to Frenet-Serre type frame in terms of volumes. We also
investigate versality of height unfolding and distance squared unfolding for a curve.
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Introducion

We consider curves in a semi-Euclidean space Rn
q , i.e., vector spaces with pseudo inner

product with index (n − q, q). We construct Frenet-Serre type frame along the curve
and define their curvatures as an analogy to Euclidean case. We present a formula for
curvatures in terms of volumes ( Theorem 2.2) and discuss limiting behaviour of curvatures
for a 1-parameter family of curves (Remarks 2.5). We also consider a frame with respect
to a pseudo-sphere

M(c) = {x ∈ Rn
q : ⟨x,x⟩ = c},
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and define curvatures using this frame. This notion is useful to investigate a curve in a
pseudo-sphere. We present a formula for curvatures in terms of volumes (Theorem 2.6).
When c ̸= 0, it is possible to define curvatures κ̂i (i = 1, . . . , n− 1) constructing a frame
with respect to M(c). When c = 0, the analogy is not possible. But we also show that
we can define “higher order curvatures” κ̂i (i = 4, . . . , n − 1) for a non-degenerate curve
γ : (−ε, ε) →M(0), even though κ̂1 and κ̂2 are not defined (Remark 2.9).

In the last section, we investigate versality of height unfolding and distance squared
unfolding for a curve in Rn

q or M(c). We conclude Propositions 3.3, 3.6, 3.8, 3.10, 3.13,
3.14, 3.15, which assert that the height unfoldings, e.g., is versal for a generic curve in
several contexts. They lead to criteria of singularity types of bifurcation and discriminant
sets of these unfoldings.

1 Semi-Euclidean space

Let V denote a real n-dimensional vector space endowed with non-degenerate bilinear
form ⟨ , ⟩. That is, there is a basis e1, . . . , en of V so that

⟨x,y⟩ = x1y1 + · · ·+ xpyp − xp+1yp+1 − · · · − xnyn

where x = x1e1 + · · ·+ xnen, y = y1e1 + · · ·+ ynen. Remark that

⟨ei, ej⟩ =


1 (i = j ≤ p),

−1 (i = j > p),

0 (i ̸= j).

We often denote (V, ⟨ , ⟩) by Rn
q where q = n − p. We call Rn

q semi-Euclidean space.
Consider the pseudo-sphere defined by

Mp(c) = {x ∈ V : ⟨x− p,x− p⟩ = c}

and we call it by the pseudo-sphere centered at p ∈ V with radius
√

|c|.
We identify the tangent space TpV of the vector space V at p with the vector space V

and consider the pseudo-inner product of the tangent space induced by this identification.

We say that a non zero vector v ∈ V is


space-like if ⟨v,v⟩ > 0,

light-like if ⟨v,v⟩ = 0,

time-like if ⟨v,v⟩ < 0.

1.1 Pseudo-volumes

We define k-dimensional pseudo-volume Volk(a1, . . . , ak) of the parallelotope generated
by a1, . . . , ak by

Volk(a1, . . . , ak)
2 =

∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak⟩

...
. . .

...
⟨ak, a1⟩ . . . ⟨ak, ak⟩

∣∣∣∣∣∣∣ .
We assume that
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• Volk(a1, . . . , ak) is a non-negative real number if Volk(a1, . . . , ak)
2 ≥ 0,

• Volk(a1, . . . , ak) is a pure imaginary number with positive imaginary part if Volk(a1, . . . , ak)
2 <

0.

Lemma 1.1. Set aj = aj,1e1 + · · ·+ aj,nen, j = 1, . . . , n. Then

Volk(a1, · · · , ak)
2 =

∑
j1<···<jk

(−1)k−r

∣∣∣∣∣∣∣
a1,j1 · · · ak,j1
...

...
a1,jk · · · ak,jk

∣∣∣∣∣∣∣
2

: r = min{i : ji ≤ p}

Proof.

Volk(a1, · · · , ak)
2

=det

a1,1 · · · a1,p −a1,p+1 · · · −a1,n
...

...
...

...
ak,1 · · · ak,p −ak,p+1 · · · −ak,n


a1,1 · · · ak,1

...
...

a1,n · · · ak,n


=

∑
j1<···<jk

det

a1,j1 · · · a1,jq −a1,jq+1 · · · −a1,jk
...

...
...

...
ak,j1 · · · ak,jq −ak,jq+1 · · · −ak,jk


a1,j1 · · · ak,j1

...
...

a1,jk · · · ak,jk


=

∑
j1<···<jk

(−1)k−r

∣∣∣∣∣∣∣
a1,j1 · · · ak,j1
...

...
a1,jk · · · ak,jk

∣∣∣∣∣∣∣
2

: r = min{i : ji ≤ p}

This shows that, if a1, . . . , ak are linearly dependent, then the pseudo-volume Volk(a1, . . . , ak)
is zero.

1.2 Pseudo-orthonormal projections

Lemma 1.2. Let a1, . . . , ak be vectors of V with Volk(a1, . . . , ak) ̸= 0. Let W be the
linear span of a1, . . . , ak and W⊥ denote its pseudo-orthogonal space. Define a linear map
π : V → V by

π(v) =

∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak⟩ a1

...
. . .

...
...

⟨ak, a1⟩ . . . ⟨ak, ak⟩ ak

⟨v, a1⟩ . . . ⟨v, ak⟩ v

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak⟩

...
. . .

...
⟨ak, a1⟩ . . . ⟨ak, ak⟩

∣∣∣∣∣∣∣
for v ∈ V .

Then π is the pseudo-orthogonal projection onto W⊥.
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Proof. If v = aj, then each term in the numerator is zero and we obtain π(v) = 0. This
means π|W = 0.

If v ∈ W⊥, then we obtain that

π(v) =

∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak⟩ a1

...
. . .

...
...

⟨ak, a1⟩ . . . ⟨ak, ak⟩ ak

0 . . . 0 v

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak⟩

...
. . .

...
⟨ak, a1⟩ . . . ⟨ak, ak⟩

∣∣∣∣∣∣∣
= v.

This means π|W⊥ is the identity, and we complete the proof.

We set Wk = ⟨a1, . . . , ak⟩R. Let πk : V → W⊥
k be the pseudo-orthogonal projection.

Set
Vk = Volk(a1, a2, . . . , ak) = det(⟨ai, aj⟩i,j=1,...,k)

1/2.

We set V0 = 1, by convention.

Lemma 1.3. Assume that Vk ̸= 0 for k = 1, . . . , n. Let us put

bk =
1

|VkVk−1|
b̃k where b̃k =

∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak−1⟩ a1

...
. . .

...
...

⟨ak−1, a1⟩ . . . ⟨ak−1, ak−1⟩ ak−1

⟨ak, a1⟩ . . . ⟨ak, ak−1⟩ ak

∣∣∣∣∣∣∣∣∣ .
Then b1, . . . ,bn form a pseudo-orthonormal basis so that

⟨a1, . . . , ak⟩R = ⟨b1, . . . ,bk⟩R, k = 1, . . . , n.

Proof. Since

⟨ai, b̃k⟩ =

{
0 i = 1, 2, . . . , k − 1,

Vk
2 i = k,

we have

⟨b̃k, b̃k⟩ =

∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak−1⟩ ⟨a1, b̃k⟩

...
. . .

...
...

⟨ak−1, a1⟩ . . . ⟨ak−1, ak−1⟩ ⟨ak−1, b̃k⟩
⟨ak, a1⟩ . . . ⟨ak, ak−1⟩ ⟨ak, b̃k⟩

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
⟨a1, a1⟩ . . . ⟨a1, ak−1⟩ 0

...
. . .

...
...

⟨ak−1, a1⟩ . . . ⟨ak−1, ak−1⟩ 0
⟨ak, a1⟩ . . . ⟨ak, ak−1⟩ Vk

2

∣∣∣∣∣∣∣∣∣
=Vk−1

2Vk
2.

This completes the proof.

Let W be a subspace generated by linearly independent vectors a1, . . . , ak.

We say that the subspace W is


space-like if Volk(a1, . . . , ak)

2 > 0,

light-like if Volk(a1, . . . , ak)
2 = 0,

time-like if Volk(a1, . . . , ak)
2 < 0.

This notion does not depend on the choice of basis a1,. . . ,ak.
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Lemma 1.4. The following conditions are equivalent.

• The restriction of the non-degenerate bilinear form ⟨ , ⟩ to W is degenerate.
• W is light-like.

2 Frames along curves

Let a1, . . . , an denote a frame defined on a curve γ(t). We define KA by

d

dt
A = KAA where A = t(a1 . . . an).

If a1, . . . , an form a pseudo-orthonormal frame, then ⟨ai, aj⟩ = 0 if i ̸= j and ⟨ai, ai⟩ = εi.
So we have

0 =
d

dt
⟨ai, aj⟩ = ⟨ d

dt
ai, aj⟩+ ⟨ai,

d

dt
aj⟩ = εjK

A
i,j + εiK

A
j,i.

Lemma 2.1. Let a1, . . . , an and b1, . . . ,bn denote two frames defined along γ(t). We
assume that A = PB where A = t(a1 . . . an), B = t(b1 . . . bn) and P is a regular
matrix. We define KA, KB by d

dt
A = KAA, d

dt
B = KBB. Then we obtain

KA = PKBP−1 +
dP

dt
P−1.

Proof. Since KAPB = KAA = d
dt
A = d

dt
(PB) = dP

dt
B + P dB

dt
= dP

dt
B + PKBB, we have

KAP =
dP

dt
+ PKB.

Multiplying P−1 from the right, we obtain the result.

2.1 Frame in Rn
q

We assume that Vk = Volk(
dγ
dt
, d

2γ
dt2
, . . . , d

kγ
dtk

) ̸= 0 for k = 1, 2, . . . , n. We consider pseudo-
orthonormal frame a1, a2, . . . , an so that

⟨a1, . . . , ak⟩R =
⟨dγ
dt
, . . . ,

dkγ

dtk

⟩
R
, k = 1, 2, . . . , n− 1.

and ⟨a1, . . . , an⟩R = Rn
q . We have

ak =
ãk

|Vk−1Vk|
, ãk =

∣∣∣∣∣∣∣∣∣
⟨dγ
dt
, dγ
dt
⟩ . . . ⟨dγ

dt
, d

k−1γ
dtk−1 ⟩ dγ

dt
...

. . .
...

...

⟨dk−1γ
dtk−1 ,

dγ
dt
⟩ . . . ⟨dk−1γ

dtk−1 ,
dk−1γ
dtk−1 ⟩ dk−1γ

dtk−1

⟨dkγ
dtk
, dγ
dt
⟩ . . . ⟨dkγ

dtk
, d

k−1γ
dtk−1 ⟩ dkγ

dtk

∣∣∣∣∣∣∣∣∣ (k = 1, . . . , n− 1)

and

an =
ãn

|⟨ãn, ãn⟩|1/2
, ãn =

∣∣∣∣∣∣∣
⟨dγ
dt
, e1⟩ . . . ⟨dn−1γ

dtn−1 , e1⟩ e1
...

. . .
...

...

⟨dγ
dt
, en⟩ . . . ⟨dn−1γ

dtn−1 , en⟩ en

∣∣∣∣∣∣∣ .
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We remark that Vn
2 = (−1)q|dγ

dt
d2γ
dt2

. . . dnγ
dtn

|2 and |dγ
dt

d2γ
dt2

. . . dnγ
dtn

| = σ|Vn| where σ =

sign |dγ
dt

d2γ
dt2

. . . dnγ
dtn

|.
Now we define the curvatures κk (k = 1, . . . , n) by

d

ds

a1
...
an

 =


0 ε2κ1 0 . . . 0

−ε1κ1 0 ε3κ2
. . .

...

0 −ε2κ2 0
. . . 0

...
. . . . . . . . . εnκn−1

0 . . . 0 −εn−1κn−1 0


a1

...
an



where εi = ⟨ai, ai⟩.
Let ki, i = 1, . . . , q, be positive integers with 1 ≤ k1 < k2 < · · · < kq ≤ n, We say that

γ is a curve of type (k1, . . . , kq), if

Vkj−1
2Vkj

2 < 0 (j = 1, . . . , q), or, equivalently εi =

{
1 (i ̸∈ {k1, . . . , kq}),
−1 (i ∈ {k1, . . . , kq}),

since εi = sign⟨ãi, ãi⟩ = sign(Vi−1
2Vi

2).

Theorem 2.2. Then we have

εi+1κi = εi
|Vi−1Vi+1|
|V0Vi2|

(i = 1, . . . , n− 2), εnκn−1 = εn−1σ sign(Vn
2)

|Vn−2Vn|
|V1Vn−1

2|
.

Remark 2.3. It is also possible to show a similar formula for curves in Euclidean space.
It was obtained in Gluck’s paper [3]. The authors did not know Gluck’s paper [3], when
they first showed Theorem 2.2.

We first see the following

Lemma 2.4. ⟨ãn, ãn⟩ = Vn−1
2 and ⟨dnγ

dtn
, ãn⟩ = (−1)qσ|Vn|.

Proof. Since

⟨ãn, ei⟩ = (−1)n+i⟨ei, ei⟩Mi, Mi =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

⟨dγ
dt
, e1⟩ . . . ⟨dnγ

dtn
, e1⟩

...
...

⟨dγ
dt
, ei−1⟩ . . . ⟨dnγ

dtn
, ei−1⟩

⟨dγ
dt
, ei+1⟩ . . . ⟨dnγ

dtn
, ei+1⟩

...
...

⟨dγ
dt
, en⟩ . . . ⟨dnγ

dtn
, en⟩

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

for i = 1, . . . , n, we have

⟨ãn, ãn⟩ =

∣∣∣∣∣∣∣
⟨dγ
dt
, e1⟩ . . . ⟨dn−1γ

dtn−1 , e1⟩ ⟨ãn, e1⟩
...

. . .
...

...

⟨dγ
dt
, en⟩ . . . ⟨dn−1γ

dtn−1 , en⟩ ⟨ãn, en⟩

∣∣∣∣∣∣∣ =
n∑

i=1

⟨ei, ei⟩Mi
2 = Vn−1

2.
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We also have

⟨dnγ
dtn

, ãn

⟩
=

∣∣∣∣∣∣∣
⟨dγ
dt
, e1⟩ . . . ⟨dnγ

dtn
, e1⟩

...
. . .

...

⟨dγ
dt
, en⟩ . . . ⟨dnγ

dtn
, en⟩

∣∣∣∣∣∣∣ = (−1)q
∣∣∣dγ
dt

· · · d
nγ

dtn

∣∣∣
and we completes the proof.

Proof of Theorem 2.2. Since κi = ⟨ d
ds
ai, ai+1⟩ for i = 1, . . . , n− 2, we obtain

κi =
⟨ d

ds
ai, ai+1

⟩
=

⟨ d

ds

ãi

|Vi−1Vi|
,

ãi+1

|ViVi+1|

⟩
=
⟨( d

ds

1

|Vi−1Vi|

)
ãi,

ãi+1

|ViVi+1|

⟩
+
⟨ 1

|Vi−1Vi|
d

ds
ãi,

ãi+1

|ViVi+1|

⟩
=

1

|Vi−1Vi
2Vi+1|

dt

ds

⟨ d
dt
ãi, ãi+1

⟩
(since ⟨ãi, ãi+1⟩ = 0)

=
1

|Vi−1Vi
2Vi+1|

1

|⟨γ′, γ′⟩|1/2

∣∣∣∣∣∣∣∣∣
⟨dγ
dt
, dγ
dt
⟩ . . . ⟨dγ

dt
, d

i−1γ
dti−1 ⟩ 0

...
. . .

...
...

⟨di−1γ
dti−1 ,

dγ
dt
⟩ . . . ⟨di−1γ

di−1t
, d

i−1γ
dti−1 ⟩ 0

d
dt
⟨diγ
dti
, dγ
dt
⟩ . . . d

dt
⟨diγ
dti
, d

i−1γ
dti−1 ⟩ ⟨di+1γ

dti+1 , ãi+1⟩

∣∣∣∣∣∣∣∣∣
(since ⟨d

jγ

dtj
, ãi+1⟩ = 0, j = 1, 2, . . . , i− 1)

=
1

|V1Vi−1Vi
2Vi+1|

Vi−1
2Vi+1

2

=sign((Vi−1
2Vi

2)(Vi
2Vi+1

2))
|Vi−1Vi+1|
|V1Vi2|

= εiεi+1
|Vi−1Vi+1|
|V1Vi2|

We also have that

κn−1 =
⟨ d

ds
an−1, an

⟩
=

⟨ d

ds

ãn−1

|Vn−2Vn−1|
,

ãn

|Vn−1|

⟩
=

⟨ 1

|Vn−2Vn−1|
d

ds
ãn−1,

ãn

|Vn−1|

⟩

=
1

|Vn−2Vn−1
2|

1

|⟨γ′, γ′⟩|1/2

∣∣∣∣∣∣∣∣∣
⟨dγ
dt
, dγ
dt
⟩ . . . ⟨dγ

dt
, d

n−2γ
dtn−2 ⟩ 0

...
. . .

...
...

⟨dn−2γ
dtn−2 ,

dγ
dt
⟩ . . . ⟨dn−2γ

dtn−2 ,
dn−2γ
dtn−2 ⟩ 0

d
dt
⟨dn−1γ
dtn−1 ,

dγ
dt
⟩ . . . d

dt
⟨dn−1γ
dtn−1 ,

dn−2γ
dtn−2 ⟩ ⟨dnγ

dtn
, ãn⟩

∣∣∣∣∣∣∣∣∣
=(−1)q

sign(Vn−2
2)|Vn−2|

|V1Vn−1
2|

σ|Vn| = (−1)qσ sign(Vn
2)
εn−1εn|Vn−2Vn|

|V1Vn−1
2|

which completes the proof.

As a consequence, we have, for i = 1, 2, . . . , n− 2,

εi+1κ1κ2 · · ·κi = ε1
|V2|

|V1V12|
|V1V3|
|V1V22|

|V2V4|
|V1V32|

· · · |Vi−1Vi+1|
|V1Vi2|

= ε1
|Vi+1|

|V1i+1Vi|

and εnκ1κ2 · · ·κn−1 = σε1 sign(Vn
2) |Vn|

|V1
nVn−1| .
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Remark 2.5. Assume that Vi = tei(vi +O(t)), vi ̸= 0, for i = 1, . . . , n. Then

|κi| = |t|ei−1+ei+1−2ei−e1

(
|vi−1vi+1|
|v1vi2|

+O(t)

)
.

We denote ei and vi by ei(γ) and vi(γ) respectively when we want to mention the curve
γ(t). Let us consider a family of curves γa(t) with parameter a ∈ (−δ, δ). If ei = ei(γa)
(i = 1, . . . n− 1) do not depend on a, then we have

lim
a→0

lim
t→0

te1+2ei−ei−1−ei+1κi(γa(t)) = lim
t→0

lim
a→0

te1+2ei−ei−1−ei+1κi(γa(t)).

Arc length parameter Let s be the arc length parameter, that is, the parameter s
with ds = |V1|dt. Then we have s = |v1|

e1+1
te1+1 + o(t). Next let us denote derivative by s

by ′. Then |⟨γ′, γ′⟩| ≡ 1, and consider the derivative of ⟨γ′, γ′⟩ ≡ ±1 by s. Then we have

⟨γ′, γ′′⟩ = 0, ⟨γ′, γ′′′⟩+ ⟨γ′′, γ′′⟩ = 0, ⟨γ′, γ(4)⟩+ 2⟨γ′′, γ′′′⟩+ ⟨γ′′, γ′′′⟩ = 0, . . .

and obtain that V1
2 = 1, V2

2 = ⟨γ′′, γ′′⟩, V32 = ⟨γ′′, γ′′⟩⟨γ′′′, γ′′′⟩ − ⟨γ′′, γ′′′⟩2 − ⟨γ′′, γ′′⟩3,

V4
2 =

∣∣∣∣∣∣∣∣
1 0 −⟨γ′′, γ′′⟩ −2⟨γ′′, γ′′′⟩ − ⟨γ′′, γ′′′⟩
0 ⟨γ′′, γ′′⟩ ⟨γ′′, γ′′′⟩ ⟨γ′′, γ(4)⟩

−⟨γ′′, γ′′⟩ ⟨γ′′′, γ′′⟩ ⟨γ′′′, γ′′′⟩ ⟨γ′′′, γ(4)⟩
−2⟨γ′′, γ′′′⟩ − ⟨γ′′, γ′′′⟩ ⟨γ(4), γ′′⟩ ⟨γ(4), γ′′′⟩ ⟨γ(4), γ(4)⟩

∣∣∣∣∣∣∣∣ .
Taylor expansion Let γ : (−ε, ε) → Rn

q be a curve whose Taylor expansion is

∞∑
i=0

ci
i!
ti = c0 + c1t+

1

2
c2t

2 +
1

3!
c3t

3 + · · · , ci ∈ Rn
q .

Since djγ
dtj

=
∑∞

i=j
ci

(i−j)!
ti−j, we have

⟨dj1γ
dtj1

,
dj2γ

dtj2

⟩
= ⟨cj1 , cj2⟩+ (⟨cj1+1, cj2⟩+ ⟨cj1 , cj2+1⟩)t+ · · · j1, j2 = 1, 2, . . .

and obtain

Vk
2 = |⟨cj1 , cj2⟩+ (⟨cj1+1, cj2⟩+ ⟨cj1 , cj2+1⟩)t+ · · · |j1,j2=1,2,...,k.

In particular,

V1
2 =⟨γ, γ⟩ = ⟨c1, c1⟩+ 2⟨c1, c2⟩t+ (2⟨c1, c3⟩+ ⟨c2, c2⟩)t2 + · · ·

V2
2 =

∣∣∣∣⟨γ′, γ′⟩ ⟨γ′, γ′′⟩
⟨γ′′, γ′⟩ ⟨γ′′, γ′′⟩

∣∣∣∣ = ∣∣∣∣⟨c1, c1⟩ ⟨c1, c2⟩
⟨c2, c1⟩ ⟨c2, c2⟩

∣∣∣∣
+

(∣∣∣∣⟨c1, c2⟩ ⟨c1, c2⟩
⟨c1, c3⟩ ⟨c2, c2⟩

∣∣∣∣+ ∣∣∣∣⟨c1, c1⟩ ⟨c1, c3⟩+ ⟨c2, c2⟩
⟨c2, c1⟩ 2⟨c2, c3⟩

∣∣∣∣)t+ · · ·
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2.2 Frame with respect to M(c).

We assume that V̂k = Volk+1(γ,
dγ
dt
, . . . , d

k−1γ
dtk−1 ) ̸= 0 for k = 1, . . . , n. We consider pseudo-

orthonormal frame b1, . . . ,bn so that

⟨b1, . . . ,bk⟩R =
⟨
γ,
dγ

dt
, . . . ,

dk−1γ

dtk−1

⟩
R
, k = 1, . . . , n− 1,

and ⟨b1, . . . ,bn⟩R = Rn
q . We have

bk =
b̃k

|V̂kV̂k−1|
, b̃k =

∣∣∣∣∣∣∣∣∣
⟨γ, γ⟩ ⟨γ, dγ

dt
⟩ . . . ⟨γ, dk−2γ

dtk−2 ⟩ γ

⟨dγ
dt
, γ⟩ ⟨dγ

dt
, dγ
dt
⟩ . . . ⟨dγ

dt
, d

k−2γ
dtk−2 ⟩ dγ

dt
...

...
. . .

...
...

⟨dk−1γ
dtk−1 , γ⟩ ⟨dk−1γ

dtk−1 ,
dγ
dt
⟩ . . . ⟨dk−1γ

dtk−1 ,
dk−2γ
dtk−2 ⟩ dk−1γ

dtk−1

∣∣∣∣∣∣∣∣∣ ,
for k = 1, . . . , n− 1, and

bn =
b̃n

|b̃n|
, b̃n =

∣∣∣∣∣∣∣
⟨γ, e1⟩ ⟨dγ

dt
, e1⟩ . . . ⟨dn−2γ

dtn−2 , e1⟩ e1
...

...
...

...

⟨γ, en⟩ ⟨dγ
dt
, en⟩ . . . ⟨dn−2γ

dtn−2 , en⟩ en

∣∣∣∣∣∣∣ .
We set V̂0 = 1, by convention. We remark that V̂ 2

n = (−1)q|γ dγ
dt

d2γ
dt2

. . . dn−1γ
dtn−1 |2 and

|γ dγ
dt

d2γ
dt2

. . . dn−1γ
dtn−1 | = σ̂|V̂n| where σ̂ = sign |γ dγ

dt
d2γ
dt2

. . . dn−1γ
dtn−1 |.

Now we define the curvatures κ̂k (k = 1, . . . , n− 1) by

d

ds

b1
...
bn

 =


0 ε̂2κ̂1 0 . . . 0

−ε̂1κ̂1 0 ε̂2κ̂2
. . .

...

0 −ε̂2κ̂2 0
. . . 0

...
. . . . . . . . . ε̂nκ̂n−1

0 . . . 0 −ε̂n−1κ̂n−1 0


b1

...
bn



where ε̂i = sign⟨bi,bi⟩.
Let ki, i = 1, . . . , q, be positive integers with 1 ≤ k1 < k2 < · · · < kq ≤ n. We say that

γ is a curve of type (k1, . . . , kq) with respect to M(c) if

V̂ 2
i−1V̂

2
i < 0 (i = k1, . . . , kq), or, equivalently ε̂i =

{
1 (i ̸∈ {k1, . . . , kq}),
−1 (i ∈ {k1, . . . , kq}),

since ε̂i = sign⟨b̃i, b̃i⟩ = sign(V̂ 2
i−1V̂

2
i ).

Theorem 2.6. We have

ε̂i+1κ̂i =
ε̂i|V̂i−1V̂i+1|
|⟨γ′, γ′⟩1/2V̂ 2

i |
(i = 1, . . . , n− 2), ε̂nκ̂n−1 =

ε̂n−1σ̂ sign(V̂
2
n )|V̂n−2V̂n|

|⟨γ′, γ′⟩1/2V̂ 2
n−1|

.

The proof is similar to that of Theorem 2.2. A similar statement to Lemma 2.4
becomes as follows.
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Lemma 2.7. ⟨b̃n, b̃n⟩ = V̂ 2
n−1 and ⟨dnγ

dtn
, b̃n⟩ = (−1)qσ̂|V̂n|.

As a consequence, we have, for i = 1, 2, . . . , n− 2,

ε̂iκ̂1κ̂2 · · · κ̂i =
ε̂1

|⟨dγ
dt
, dγ
dt
⟩|i/2

|V̂0V̂2|
|V̂ 2

1 |
|V̂1V̂3|
|V̂ 2

2 |
|V̂2V̂4|
|V̂ 2

3 |
· · · |V̂i−1V̂i+1|

|V̂ 2
i |

=
ε̂1

|⟨dγ
dt
, dγ
dt
⟩|i/2

|V̂i+1|
|V̂1V̂i|

,

and ε̂nκ̂1κ̂2 · · · κ̂n−1 =
σ̂ε̂1 sign(V̂ 2

n )

|⟨ dγ
dt

, dγ
dt

⟩|
n−1
2

|V̂n|
|V̂1V̂n−1|

.

Remark 2.8. Assume that |⟨γ′, γ′⟩|1/2 = tê0(v̂0+O(t)), v̂0 ̸= 0, V̂i = têi(v̂i+O(t)), v̂i ̸= 0,
for i = 1, . . . , n. Then

|κ̂i| = |t|êi−1+êi+1−2êi−ê0

(
|v̂i−1v̂i+1|
|v̂0v̂2i |

+O(t)

)
.

Let us consider a family of curves γa(t) with parameter a ∈ (−δ, δ). If êi (i = 0, 1, . . . n−1)
do not depend on a, then we have

lim
a→0

lim
t→0

tê0+2êi−êi−1−êi+1κ̂i(γa(t)) = lim
t→0

lim
a→0

tê0+2êi−êi−1−êi+1κ̂i(γa(t)).

Taylor expansion Let γ : (−ε, ε) → Rn
q be a curve whose Taylor expansion is

∞∑
i=0

ci
i!
ti = c0 + c1t+

1

2
c2t

2 +
1

3!
c3t

3 + · · · , ci ∈ Rn
q .

Since djγ
dtj

=
∑∞

i=j
ci

(i−j)!
ti−j, we have⟨dj1γ

dtj1
,
dj2γ

dtj2

⟩
= ⟨cj1 , cj2⟩+ (⟨cj1+1, cj2⟩+ ⟨cj1 , cj2+1⟩)t+ · · · j1, j2 = 0, 1, 2, . . .

and obtain

V̂ 2
k = |⟨cj1 , cj2⟩+ (⟨cj1+1, cj2⟩+ ⟨cj1 , cj2+1⟩)t+ · · · |j1,j2=0,1,...,k−1.

2.3 Curves in M(c).

In order to investigate a curve in M(c), c ̸= 0, it is natural to use the frame with respect
to M(c). If we consider a curve γ : (−ε, ε) →M(c), we have

⟨γ, γ⟩ = c⟨
γ,
dγ

dt

⟩
= 0⟨

γ,
d2γ

dt2

⟩
+
⟨dγ
dt
,
dγ

dt

⟩
= 0⟨

γ,
d3γ

dt3

⟩
+ 3

⟨dγ
dt
,
d2γ

d2t

⟩
= 0⟨

γ,
d4γ

dt4

⟩
+ 4

⟨dγ
dt
,
d3γ

d3t

⟩
+ 3

⟨d2γ
d2t

,
d2γ

d2t

⟩
= 0

10



· · ·

and

V̂k+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c 0 −⟨dγ
dt
, dγ
dt
⟩ −3⟨dγ

dt
, d

2γ
dt2

⟩ · · · ⟨γ, dkγ
dtk

⟩
0 ⟨dγ

dt
, dγ
dt
⟩ ⟨dγ

dt
, d

2γ
dt2

⟩ ⟨dγ
dt
, d

3γ
dt3

⟩ . . . ⟨dγ
dt
, d

kγ
dtk

⟩
−⟨dγ

dt
, dγ
dt
⟩ ⟨d2γ

dt2
, dγ
dt
⟩ ⟨d2γ

dt2
, d

2γ
dt2

⟩ ⟨d2γ
dt2
, d

3γ
dt3

⟩ · · · ⟨d2γ
dt2
, d

kγ
dtk

⟩
−3⟨dγ

dt
, d

2γ
dt2

⟩ ⟨d3γ
dt3
, dγ
dt
⟩ ⟨d3γ

dt3
, d

2γ
dt2

⟩ ⟨d3γ
dt3
, d

3γ
dt3

⟩ · · · ⟨d3γ
dt3
, d

kγ
dtk

⟩
...

...
...

...
. . .

...

⟨dkγ
dtk
, γ⟩ ⟨dkγ

dtk
, dγ
dt
⟩ ⟨dkγ

dtk
, d

2γ
dt2

⟩ ⟨dkγ
dtk
, d

3γ
dt3

⟩ · · · ⟨dkγ
dtk
, d

kγ
dtk

⟩

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1/2

.

We remark that

V̂ 2
1 =c,

V̂2
2
=c

⟨dγ
dt
,
dγ

dt

⟩
,

V̂3
2
=c

(⟨dγ
dt
,
dγ

dt

⟩⟨d2γ
dt2

,
d2γ

dt2

⟩
−

⟨dγ
dt
,
d2γ

dt2

⟩2
)
−
⟨dγ
dt
,
dγ

dt

⟩3

,

V̂4
2
=

∣∣∣∣∣∣∣∣∣
c 0 −⟨dγ

dt
, dγ
dt
⟩ −3⟨dγ

dt
, d

2γ
dt2

⟩
0 ⟨dγ

dt
, dγ
dt
⟩ ⟨dγ

dt
, d

2γ
dt2

⟩ ⟨dγ
dt
, d

3γ
dt3

⟩
−⟨dγ

dt
, dγ
dt
⟩ ⟨d2γ

dt2
, dγ
dt
⟩ ⟨d2γ

dt2
, d

2γ
dt2

⟩ ⟨d2γ
dt2
, d

3γ
dt3

⟩
−3⟨dγ

dt
, d

2γ
dt2

⟩ ⟨d3γ
dt3
, dγ
dt
⟩ ⟨d3γ

dt3
, d

2γ
dt2

⟩ ⟨d3γ
dt3
, d

3γ
dt3

⟩

∣∣∣∣∣∣∣∣∣ .
We thus conclude that

κ̂1 =sign(V̂ 2
2 )

|V̂2|
|⟨γ′, γ′⟩|1/2|V̂ 2

1 |
= sign(c⟨γ′, γ′⟩) |c⟨γ′, γ′⟩|1/2

|⟨γ′, γ′⟩|1/2|c|
= sign(c⟨γ′, γ′⟩) 1

|c|1/2

κ̂2 =sign(V̂ 2
1 V̂

2
3 )

|V̂1V̂3|
|⟨γ′, γ′⟩|1/2|V̂ 2

2 |

=sign(cV̂ 2
3 )

|c|1/2|c(⟨γ′, γ′⟩⟨γ′′, γ′′⟩ − ⟨γ′, γ′′⟩2)− ⟨γ′, γ′⟩3|1/2

|⟨γ′, γ′⟩|3/2|c|

=sign(cV̂ 2
3 )

(
|c(⟨γ′, γ′⟩⟨γ′′, γ′′⟩ − ⟨γ′, γ′′⟩2)− ⟨γ′, γ′⟩3|

|⟨γ′, γ′⟩3c|

)1/2

=sign(cV̂ 2
3 )

∣∣∣∣⟨γ′′, γ′′⟩⟨γ′, γ′⟩2
− ⟨γ′, γ′′⟩2

⟨γ′, γ′⟩3
− 1

c

∣∣∣∣1/2
|κ̂3| =

|V̂2V̂4|
|⟨γ′, γ′⟩|1/2|V̂ 2

3 |
=

|c|1/2|V̂4|
|c(⟨γ′, γ′⟩⟨γ′′, γ′′⟩ − ⟨γ′, γ′′⟩2)− ⟨γ′, γ′⟩3|

|κ̂4| =
|V̂3V̂5|

|⟨γ′, γ′⟩|1/2|V̂ 2
4 |

Remark 2.9. Let γc : (−ε, ε) → M(c) be a family of curves for c ∈ (−δ, δ) with γ0 = γ.
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So we have V̂i(γc(t))
2 = O(c) when c→ 0 for i = 1, 2. This means that

lim
c→0

|κ̂i(γc(t))| =


∞ (i = 1, 2)

0 (i = 3)
|V̂i−1V̂i+1|

|⟨γ′,γ′⟩1/2V̂ 2
i |

∣∣∣
c=0

(4 ≤ i ≤ n− 1)

assuming ⟨γ′, γ′⟩ ≠ 0, V̂i ̸= 0. This implies even for a curve in the light cone M(0), we

can define the notion of curvature κ̂i for i ≥ 4, whenever ⟨γ′, γ′⟩ ̸= 0 and V̂i−1 ̸= 0.

3 Height functions, distance squared functions and

unfoldings

For x = (x1, . . . , xn), y = (y1, . . . , yn) we consider the inner product defined by

x · y = x1y1 + · · ·+ xnyn.

We consider the semi-Euclidean space with this inner product and denote it by (Rn
q , · )

Set Sn−1 = {y ∈ Rn
q : y · y = 1}. We consider the map

gc :M(c) \ {0} → Sn−1, x =
n∑

i=1

xiei 7→
1√∑n
i=1 xi

2
x.

We remark that

Im gc =


S+ (c > 0) S+ = {y ∈ Sn−1 : ⟨y,y⟩ > 0}
S0 (c = 0) where S0 = {y ∈ Sn−1 : ⟨y,y⟩ = 0}
S− (c < 0) S− = {y ∈ Sn−1 : ⟨y,y⟩ < 0}

When c ̸= 0, the inverse is defined by

Im gc →M(c) \ {0}, y 7→
√
|c|√

|⟨y,y⟩|
y.

So M(c), c > 0, is isomorphic to S+, and M(c), c < 0, is isomorphic to S−.

Remark 3.1. Consider Lorentz transformations

R2
1 → R2

1, x 7→ y = Px, P =

(
cosh θ − sinh θ
− sinh θ cosh θ

)
.

Remark that y1
2+y2

2 = (x1
2+x2

2) cosh 2θ−2x1x2 sinh 2θ. So the definition of Sn−1 (and
thus S±) does depend on the inner product x · y.

Let γ : (−ε, ε) → X be a curve in X = Rn
q or M(c). We define height function by

hy(t) = ⟨γ(t),y⟩ for y ∈ Rn
q . We consider the height unfoldings

H : (X × P, (0,y0)) → R, (t,y) 7→ hy(t)− u0,
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Ĥ : (X × P × R, (0,y0, u0)) → R, (t,y, u) 7→ hy(t)− u,

where P = Rn
q , M(c), Sn−1, S+, S−, S0, T

c
xM(c). Here

T c
xM(c) = {y ∈ Rn

q : ⟨y,x⟩ = 0, ⟨y,y⟩ = c}.

We remark that

d

dt
hy(t) =

⟨
y,
dγ

dt

⟩
= 0,

d2

dt2
hy(t) =

⟨
y,
d2γ

dt2

⟩
= 0

defines a subspace in Rn
q , which we call the binormal space. So the bifurcation set of H

BH =
{
y ∈ P :

d

dt
hy(t) =

d2

dt2
hy(t) = 0

}
is the intersection of the union of binormal spaces with P . The discriminant of H

DH =
{
y ∈ P : hy(t)− u0 =

d

dt
hy(t) = 0

}
is the intersection of the union of normal spaces with P and hy(t) = u0.

For a curve γ : (−ε, ε) → Rn
q , we also consider the distance squared function

ϕy(t) = −1

2
⟨y − γ(t),y − γ(t)⟩

for y ∈ Rn
q , and the distance squared unfoldings

Φ : (R× Rn
q , (0,y0)) → R, (t,y) 7→ ϕy(t)− u0, and

Φ̂ : (R× Rn
q × R, (0,y0, u0)) → R, (t,y, u) 7→ ϕy(t)− u.

We remark that the bifurcation set of Φ

BΦ =
{
y ∈ Rn

q :
d

dt
ϕy(t) =

d2

dt2
ϕy(t) = 0

}
is the focal set of γ. The discriminant of Φ

DΦ =
{
y ∈ Rn

q : ϕy(t)− u0 =
d

dt
ϕy(t) = 0

}
is the tube of γ.

Let TP denote the tangent space of P at y. We remark that at y = (y1, . . . , yn) with
y1 ̸= 0

TP =


TyRn

q =
⟨

∂
∂y1
, . . . , ∂

∂yn

⟩
R P = Rn

q

TyM(c) =
⟨
⟨ei, ei⟩yi ∂

∂y1
− ⟨e1, e1⟩y1 ∂

∂yi
: i = 2, . . . , n

⟩
R P =M(c)

TyS
n−1 =

⟨
yi

∂
∂y1

− y1
∂
∂yi

: i = 2, . . . , n
⟩
R P = Sn−1, S+, S−

and, at a point y = (y1, . . . , yn) with y1 ̸= 0, yp+1 ̸= 0,

TyS0 =
⟨
yi

∂

∂y1
− y1

∂

∂yi
, i = 2, . . . , p; yj

∂

∂yp+1

− yp+1
∂

∂yj
, j = p+ 2, . . . , n

⟩
R
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and, at a point y = (y1, . . . , yn) ∈ T c
xM(c) with x1y2 − x2y1 ̸= 0 the tangent space of

T c
xM(c) is spanned by

wi =
1

⟨e1, e1⟩

∣∣∣∣x2 y2
xi yi

∣∣∣∣ ∂∂y1 − 1

⟨e2, e2⟩

∣∣∣∣x1 y1
xi yi

∣∣∣∣ ∂∂y2 +
1

⟨ei, ei⟩

∣∣∣∣x1 y1
x2 y2

∣∣∣∣ ∂∂yi (i = 3, . . . , n).

Set VP = ⟨vhy : v ∈ TP ⟩R. Since hy(t) =
∑n

s=1⟨es, es⟩ysγs(t), we have

VP =



⟨γi⟩R P = Rn
q⟨

⟨e1, e1⟩yiγ1 − ⟨ei, ei⟩y1γi
⟩
R P = Sn−1, S+, S−⟨

⟨e1, e1⟩⟨ei, ei⟩(yiγ1 − y1γi)
⟩
R = ⟨yiγ1 − y1γi⟩R P =M(c)⟨

yiγ1 − y1γi, i = 2, . . . , p; yjγp+1 − yp+1γj, j = p+ 2, . . . , n
⟩
R P = TyS0⟨∣∣∣∣x2 y2

xi yi

∣∣∣∣γ1 − ∣∣∣∣x1 y1

xi yi

∣∣∣∣γ2+∣∣∣∣x1 y1

x2 y2

∣∣∣∣γi : i = 3, . . . , n

⟩
P = T c

xM(c)

Consider the linear map ψP : Rn
q → Rn

q defined by ψP (z) = YPz where

YP =



⟨e1, e1⟩y2 −⟨e2, e2⟩y1 . . . 0
...

...
. . .

...

⟨e1, e1⟩yn 0 . . . −⟨en, en⟩y1

 P = Sn−1, S+, S−

y2 −y1 . . . 0
...

...
. . .

...

yn 0 . . . −y1

 P =M(c)



y2 −y1 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
...

yp 0 · · · −y1 0 0 · · · 0

0 0 · · · 0 yp+2 −yp+1 · · · 0
...

...
...

...
...

. . .
...

0 0 · · · 0 yn 0 · · · −yp+1


P = S0



∣∣∣∣x2 y2

xi yi

∣∣∣∣ −
∣∣∣∣x1 y1

xi yi

∣∣∣∣ ∣∣∣∣x1 y1

x2 y2

∣∣∣∣ . . . 0

...
...

...
. . .

...∣∣∣∣x2 y2

xi yi

∣∣∣∣ −
∣∣∣∣x1 y1

xi yi

∣∣∣∣ 0 . . .

∣∣∣∣x1 y1

x2 y2

∣∣∣∣

 P = T cM(c)

Then

KerψP =


⟨y∗⟩R P = Sn−1, S+, S−

⟨y⟩R P =M(c)

⟨y′,y′′⟩R P = S0

⟨x,y⟩R P = T c
xM(c)

where y∗ = (⟨e1, e1⟩y1, . . . , ⟨en, en⟩yn), y′ = (y1, . . . , yp, 0, . . . , 0), y
′′ = (0, . . . , 0, yp+1, . . . , yn).
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3.1 Height function and unfoldings

Let γ : (−ε, ε) → Rn
q be a curve whose Taylor expansion is

c0 + c1t+
1

2
c2t

2 +
1

3!
c3t

3 + . . . , ci ∈ Rn
q .

Assume that X = Rn
q .

Proposition 3.2. The following conditions are equivalent.
(i) There is y so that hy(t) is Ak singularity at t = 0.
(ii) rank(c1, c2, . . . , ck) < rank(c1, c2, . . . , ck, ck+1).

Proof. Since
dj

dtj
hy =

⟨djγ
dtj

,y
⟩
, j = 1, 2, . . . ,

we have that hy(t) is Ak singularity at t = 0 if

dhy
dt

(0) =
d2hy
dt2

(0) = · · · = dkhy
dtk

(0) = 0,
dk+1hy
dtk+1

(0) ̸= 0.

This is equivalent that⟨djγ
dtj

(0),y
⟩
= 0, j = 1, . . . , k,

⟨dk+1γ

dtk+1
(0),y

⟩
̸= 0.

Such y exists if and only if

rank
(dγ
dt
, . . . ,

dkγ

dtk

)
(0) < rank

(dγ
dt
, . . . ,

dkγ

dtk
,
dk+1γ

dtk+1

)
(0),

which completes the proof.

Proposition 3.3. Assume that X = Rn
q , P = Rn

q ,M(c) or that X = (Rn
q , · ), P =

Sn−1, S+, S−, S0. If hy0(t) has Ak singularity at t = 0, then the following conditions are
equivalent.

(i) The unfolding H is Raug-versal.

(ii) The unfolding Ĥ is Raug-versal.

(iii) The unfolding Ĥ is R-versal.

(iv) The unfolding Ĥ is K-versal.
(v) rank(c1, c2, . . . , ck−1) = k − 1 (when P = Rn

q ).
rank(y∗

0, c1, c2, . . . , ck−1) = k (when P = Sn−1, S+, S−).
rank(y0, c1, c2, . . . , ck−1) = k (when P =M(c), c ̸= 0).
rank(y′

0,y
′′
0 , c1, c2, . . . , ck−1) = k + 1 (when P = S0).

Remark 3.4. The unfolding

H : R×M(c) → R, (t,y) 7→ ⟨γ(t),y⟩

is Raug-versal if and only if the unfolding

R× S± → R, (t,y) 7→
√

|c|√
|⟨y,y⟩|

⟨γ(t),y⟩

15



is Raug-versal, since M(c), c ̸= 0, is isomorphic to S+ or S−. This may not be equivalent
to the Raug-versality of the unfolding

H : R× S± → R, (t,y) 7→ ⟨γ(t),y⟩.

Proof. We may assume that y0,1 ̸= 0 when P = Sn−1, S+, S−, M(c); y0,1 ̸= 0 and
y0,p+1 ̸= 0 when P = S0. The unfolding H is Raug-versal, if and only if

Et =
⟨dhy
dt

⟩
Et
+ VP + ⟨1⟩R + ⟨tk+2⟩Et .

Since ∂Ĥ
∂u

= −1, this is equivalent that the unfolding Ĥ is Raug-versal, and R-versal. The

unfolding Ĥ is K-versal if and only if

Et =
⟨dhy
dt

, hy

⟩
Et
+ VP + ⟨1⟩R + ⟨tk+2⟩Et .

These two conditions are equivalent, since⟨dhy0

dt
, hy0

⟩
Et
= ⟨tk, tk+1⟩Et =

⟨dhy0

dt

⟩
Et
.

Thus the condition is equivalent that

Et = VP + ⟨1⟩R + ⟨tk⟩Et .

that is, rankAP = k − 1 where

AP =

{
(c1, . . . , ck−1) P = Rn

q

YP (c1, . . . , ck−1) P =M(c), Sn−1, S+, S−, S0

Let W = ⟨c1, . . . , ck−1⟩R. Since

rankAP =dim(ψP (W )) = dimW − dim(W ∩KerψP )

=dim(W +KerψP )− dimKerψP

we have the result.

If this holds, then the bifurcation set BH is locally diffeomorphic to the bifurcation
set of a Raug-versal unfolding of Ak singularity with the same number of parameters.

Proposition 3.5. The following conditions are equivalent.
(i) There is y so that h−1

y (0) is Ak singularity at t = 0.
(ii) rank(c0, c1, c2, . . . , ck) < rank(c0, c1, c2, . . . , ck, ck+1).

Proof. We have that h−1
y (0) is Ak singularity at t = 0 if

hy(0) =
dhy
dt

(0) =
d2hy
dt2

(0) = · · · = dkhy
dtk

(0) = 0,
dk+1hy
dtk+1

(0) ̸= 0.
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This is equivalent that⟨djγ
dtj

(0),y
⟩
= 0, j = 0, 1, . . . , k,

⟨dk+1γ

dtk+1
(0),y

⟩
̸= 0.

Such y exists if and only if

rank
(
γ,
dγ

dt
, . . . ,

dkγ

dtk

)
(0) < rank

(
γ,
dγ

dt
, . . . ,

dkγ

dtk
,
dk+1γ

dtk+1

)
(0),

which completes the proof.

Proposition 3.6. Assume that X = Rn
q , P = Rn

q ,M(c) or that X = (Rn
q , · ), P =

Sn−1, S+, S−, S0, and that hy0(t) has Ak singularity at t = 0. Then the following conditions
are equivalent.

(i) The unfolding H is R-versal.
(ii) The unfolding H is K-versal.
(iii) rank(c0, c1, . . . , ck−1) = k (when P = Rn

q )
rank(y∗

0, c0, c1, . . . , ck−1) = k + 1 (when P = Sn−1, S+, S−)
rank(y0, c0, c1, . . . , ck−1) = k + 1 (when P =M(c))
rank(y′

0,y
′′
0 , c0, c1, . . . , ck−1) = k + 2 (when P = S0).

Proof. We assume that y0,1 ̸= 0. We use the same notation as the proof of Proposition
3.3.

Then the unfolding H is R-versal if and only if

Et =
⟨dhy
dt

⟩
Et
+ ⟨vhy|y=y0 : v ∈ TP ⟩R + ⟨tk+2⟩Et .

The unfolding H is K-versal if and only if

Et =
⟨dhy
dt

, hy

⟩
Et
+ ⟨vhy|y=y0 : v ∈ TP ⟩R + ⟨tk+2⟩Et .

These two conditions are equivalent, since⟨dhy
dt

, hy

⟩
Et
= ⟨tk, tk+1⟩Et =

⟨dhy
dt

⟩
Et
.

Thus this versality is equivalent to the condition:

Et = ⟨vhy(t)|y=y0 : v ∈ TP ⟩R + ⟨tk⟩Et .

The remaining proof is similar to that of Proposition 3.3.

If H (resp. Ĥ) is K-versal, then the discriminant sets DH and DĤ is locally diffeo-
morphic to the discriminant set of a K-versal unfolding of Ak singularity with the same
number of parameters.
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3.2 Distance squared function and unfoldings

Let γ : (−ε, ε) → Rn
q be a curve whose Taylor expansion is

c0 + c1t+
1

2
c2t

2 +
1

3!
c3t

3 + . . . , ci ∈ Rn
q .

We first remark that

dj

dtj
ϕy =

⟨djγ
dtj

,y − γ(t)
⟩
− φj(t), j = 1, 2, . . .

where φ1(t) = 0 and φj+1(t) = d
dt
φj(t) + ⟨djγ

dtj
, dγ
dt
⟩ (j = 1, 2, . . . ). We set φ0(t) = 0, by

convention. We remark that

φ0(0) =φ1(0) = 0

φ2(0) =⟨c1, c1⟩
φ3(0) =3⟨c1, c2⟩
φ4(0) =3⟨c2, c2⟩+ 4⟨c1, c3⟩
φ5(0) =10⟨c2, c3⟩+ 5⟨c1, c4⟩
φ6(0) =10⟨c3, c3⟩+ 15⟨c2, c4⟩+ 6⟨c1, c5⟩
φ7(0) =35⟨c3, c4⟩+ 21⟨c2, c5⟩+ 7⟨c1, c6⟩

. . .

We set γ̃(j)(t) = (d
jγ
dtj

(t), φj(t)).

Proposition 3.7. The following conditions are equivalent.
(i) There is y so that ϕy is Ak singularity at t = 0.
(ii) rank(γ̃(1), γ̃(2), . . . , γ̃(k))(0) < rank(γ̃(1), γ̃(2), . . . , γ̃(k+1))(0), and

rank(γ̃(1), γ̃(2), . . . , γ̃(k))(0) = rank(c1, c2, . . . , ck).
In particular, if rank(c1, c2, . . . , ck+1) = k+1, there is y so that ϕy(t) is Ak singularity at
t = 0.

Proof. Now we have that ϕy is Ak singularity at t = 0 if

dj

dtj
ϕy(0) = 0, (j = 1, 2, . . . , k),

dk+1

dtk+1
ϕy(0) ̸= 0.

Such y exists if and only if

rank(γ̃(1), γ̃(2), . . . , γ̃(k))(0) < rank(γ̃(1), γ̃(2), . . . , γ̃(k+1))(0)

rank(γ̃(1), γ̃(2), . . . , γ̃(k))(0) = rank(c1, c2, . . . , ck)

and we complete the proof.

Proposition 3.8. Assume that ϕy0 has Ak singularity at t = 0. Then the following
conditions are equivalent.

(i) The unfolding Φ is Raug-versal.

(ii) The unfolding Φ̂ is R-versal.

(iii) The unfolding Φ̂ is K-versal.
(iv) rank(c1 c2 . . . ck−1) = k − 1.
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Proof. The unfolding Φ is Raug-versal if and only if

Et =
⟨dϕy

dt

⟩
Et
+
⟨∂ϕy

∂y1

∣∣∣
y=y0

, . . . ,
∂ϕy

∂yn

∣∣∣
y=y0

⟩
R
+ ⟨1⟩R + ⟨tk+2⟩Et

Since ∂Φ̂
∂u

= −1, this is equivalent that the unfolding Φ̂ is R-versal. This also is equivalent

that the unfolding Φ̂ is K-versal, since⟨ d
dt
ϕy, ϕy

⟩
Et
= ⟨tk, tk+1⟩Et =

⟨ d
dt
ϕy

⟩
Et
.

This condition is equivalent to the condition:

Et = ⟨γ1(t)− y1, . . . , γn(t)− yn⟩R + ⟨1⟩R + ⟨tk⟩Et = ⟨γ1(t), . . . , γn(t)⟩R + ⟨1⟩R + ⟨tk⟩Et .

This means that any polynomial in t of degree k − 1 without constant term can be
expressed as a linear combination of γ1(t)− γ1(0), . . . , γn(t)− γn(0) modulo tk.

If this holds, then the bifurcation set BΦ is locally diffeomorphic to the bifurcation set
of a Raug-versal unfolding of Ak singularity with the same number of parameters.

Proposition 3.9. The following conditions are equivalent.
(i) There is y so that ϕ−1

y (0) is Ak singularity at t = 0.
(ii) rank(γ̃(0), γ̃(1), . . . , γ̃(k))(0) < rank(γ̃(0), γ̃(1), . . . , γ̃(k+1))(0), and

rank(γ̃(0), γ̃(1), . . . , γ̃(k))(0) = rank(c0, c1, . . . , ck).
In particular, if rank(c0, c1, . . . , ck+1) = k + 2, there is y so that ϕ−1

y (0) is Ak singularity
at t = 0.

Proof. The function ϕy is Ak singularity at t = 0 if and only if

ϕy(0) =
dϕy

dt
(0) =

d2ϕy

dt2
(0) = · · · = dkϕy

dtk
(0) = 0,

dk+1ϕy

dtk+1
(0) ̸= 0.

This is equivalent that⟨djγ
dtj

(0),y − γ(t)
⟩
= 0, j = 0, 1, . . . , k,

⟨dk+1γ

dtk+1
(0),y − γ(t)

⟩
̸= 0.

rank(γ̃(0), γ̃(1), . . . , γ̃(k))(0) < rank(γ̃(0), γ̃(1), . . . , γ̃(k+1))(0)

rank(γ̃(0), γ̃(1), γ̃(2), . . . , γ̃(k))(0) = rank(c0, c1, c2, . . . , ck)

and we complete the proof.

Proposition 3.10. Assume that ϕ−1
y0
(0) has Ak singularity at t = 0. Then the following

conditions are equivalent.

(i) The unfolding Φ is R-versal.
(ii) The unfolding Φ is K-versal.
(iii) rank(c0 c1 . . . ck−1) = k.
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Proof. The unfolding Φ is R-versal if and only if

Et =
⟨dϕy

dt

⟩
Et
+
⟨∂ϕy

∂y1

∣∣∣
y=y0

, . . . ,
∂ϕy

∂yn

∣∣∣
y=y0

⟩
R
+ ⟨tk+2⟩Et .

The unfolding Φ is K-versal if and only if

Et =
⟨ d
dt
ϕy, ϕy

⟩
Et
+
⟨∂ϕy

∂y1

∣∣∣
y=y0

, . . . ,
∂ϕy

∂yn

∣∣∣
y=y0

⟩
R
+ ⟨tk+2⟩Et .

These two conditions are equivalent, since⟨ d
dt
ϕy, ϕy

⟩
Et
= ⟨tk, tk+1⟩Et =

⟨ d
dt
ϕy

⟩
Et
.

Thus this versality is equivalent to the condition:

Et = ⟨γ1(t), . . . , γn(t)⟩R + ⟨tk⟩Et .

This means that any polynomial in t of degree k − 1 can be expressed as a linear combi-
nation of γ1(t),. . . , γn(t) modulo tk.

If Φ (resp. Φ̂) is K-versal, then the discriminant set DΦ (resp.DΦ̂) is locally diffeo-
morphic to the discriminant set of a K-versal unfolding of Ak singularity with the same
number of parameters.

3.3 Height unfolding for a curve in M(c)

Let γ : (−ε, ε) → X =M(c) be a curve whose Taylor expansion is

c0 + c1 +
1

2
c2t

2 +
1

3!
t3 + · · · , ci ∈ Rn

q .

If γ(t) ∈M(c) and y ∈M(c′), then

ϕy(t) = −1

2
⟨y − γ(t),y − γ(t)⟩ = ⟨y, γ(t)⟩ − c+ c′

2
= hy(t)−

c+ c′

2

where hy(t) = ⟨γ(t),y⟩, and the height function with y ∈ M(c′) is exactly the distance
squared function.

We consider the height unfolding

Φ :(R× T c
xM(c), (0,y0)) → R, (t,y) 7→ hy(t)− u0,

Φ̂ :(R× T c
xM(c)× R, (0,y0, u0)) → R, (t,y, u) 7→ hy(t)− u.

We also consider the distance-squared unfolding

Ψ :(R×M(c′), (0,y0)) → R, (t,y) 7→ ϕy(t)− u0,

Ψ̂ :(R×M(c′)× R, (0,y0, u0)) → R, (t,y, u) 7→ ϕy(t)− u.

By Propositions 3.2, 3.5, we have the followings
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Proposition 3.11. The following conditions are equivalent.
(i) There is y ̸= 0 so that ϕy(t) is Ak singularity at t = 0
(ii) rank(c1, c2, . . . , ck) < rank(c1, c2, . . . , ck, ck+1).

Proposition 3.12. The following conditions are equivalent.
(i) There is y ̸= 0 so that ϕ−1

y (0) is Ak singularity at t = 0
(ii) rank(c0, c1, c2, . . . , ck) < rank(c0, c1, c2, . . . , ck, ck+1).

Proposition 3.13. Assume that c ̸= 0. Assume that ϕy(t) (y ̸= 0) has Ak singularity at
t = 0. Then the following conditions are equivalent.

(i) The unfolding Φ is Raug-versal.

(ii) The unfolding Φ̂ is Raug-versal.

(iii) The unfolding Φ̂ is R-versal.

(iv) The unfolding Φ̂ is K-versal.
(v) rank(x,y0, c1, c2, . . . , ck−1) = k + 1.

Proof. We show that (i) ⇐⇒ (v). The equivalence to the other conditions is shown in
a similar way and we omit the details. Set P = T c

xM(c) and assume x1y2 − x2y1 ̸= 0
Remark that Φ is Raug-versal, if and only if

Et =
⟨dϕy

dt

⟩
+ VP + ⟨tk+2⟩Et

Since
⟨∂ϕy

∂t

⟩
= ⟨tk⟩, this is equivalent that the matrix

A =

∣∣∣∣∣∣
x1 y1 cj,1
x2 y2 cj,2
xi yi cj,i

∣∣∣∣∣∣


i=3,...,n; j=1,...,k−1

is of rank k − 1. Remark that A = YP (c1, . . . , ck−1). Set W = ⟨c1, . . . , ck−1⟩R. Since

rankA =dim(ψP (W )))− dimW − dimKerψ

=dim(W +KerψP )− dimKerψP = rank(x,y, c1, . . . , ck−1)− 2

we have the result.

The case c = 0 is similar when we assume that x and y are linearly independent.

Proposition 3.14. Assume that ϕy(t) (y ̸= 0) has Ak singularity at t = 0. Then the
following conditions are equivalent.

(i) The unfolding Ψ is Raug-versal.

(ii) The unfolding Ψ̂ is Raug-versal.

(iii) The unfolding Ψ̂ is R-versal.

(iv) The unfolding Ψ̂ is K-versal.
(v) rank(c1, c2, . . . , ck−1) = k − 1.

Proof. We only show (i) ⇐⇒ (v), since the other part is similar to the proof of Lemma
3.3. By Lemma 3.2, ϕy(t) has Ak singularity at t = 0, if and only if

y(c1 c2 . . . ck ck+1) = (0 . . . 0 l), l ̸= 0
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Then Ψ is Raug-versal if and only if

Et =
⟨dϕy

dt

⟩
+ VP + ⟨1⟩R + ⟨tk+2⟩Et .

We assume that y1 ̸= 0. Since ⟨dϕy

dt
⟩ = ⟨tk⟩, this condition is equivalent that the matrix

AP is of rank k − 1. Because ⟨y, ci⟩ = 0 for i = 1, . . . , k, we have

Y1(c1 c2 . . . ck−1) =

(
0
A

)
, where Y1 =


y1 y2 . . . yn
y2 −y1 . . . 0
...

...
. . .

...
yn 0 . . . −y1

 ,

and, by detY1 = y1
n−2

∑n
i=1 yi

2 ̸= 0, we thus obtain rank(c1 . . . ck−1) = rankA.

If Ψ is Raug-versal, then the bifurcation set BΨ is locally diffeomorphic to the bifurca-
tion set of a Raug-versal unfolding of Ak singularity with the same number of parameters.
This leads to criteria of singularity types of focal set of curves.

Proposition 3.15. Assume that ϕy0

−1(0) (y0 ̸= 0) has Ak singularity at t = 0. Then the
following conditions are equivalent.

(i) The unfolding Φ is R-versal.
(ii) The unfolding Φ is K-versal.
(iii) rank(c0, c1, c2, . . . , ck−1) = k.

Proof. Similar to that of Lemma 3.6.

If Φ (resp. Φ̂) is K-versal, then the discriminant set DΦ is locally diffeomorphic to
the discriminant set of a K-versal unfolding of Ak singularity with the same number of
parameters. This leads to criteria of singularity types of tubes of curves.
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