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Cuspidal edge

γ(s) a regular space curve in R3

s: arc length parameter
t, n, b: Frenet framet ′

n′

b′

 =

 0 κ 0
−κ 0 τ
0 −τ 0

t
n
b


Consider the map

f : R2, 0 → R3, 0

with Taylor expansion

γ(s) + f 2(s)
t2

2
+ f 3(s)

t3

6
+ · · · , f k ∈ ⟨n,b⟩R



Arc length parameter

f (s, t) = γ(s) + f 2(s)
t2

2
+ f 3(s)

t3

6
+ · · · , f k ∈ ⟨n,b⟩R

Assume that f 2 ̸= 0. We can assume that t2/2 is an arc length
parameter. i.e.,

⟨ft , ft⟩ = t2

Proof: Since ft = tT , T ̸= 0,

arc length =

∫ t

0
t|T |dt = t2 × u, u: unit

We are done replacing t
√

u/2 by t.



Frame with respect to singular surface

f (s, t) = γ(s) + f 2(s)
t2

2
+ f 3(s)

t3

6
+ · · · , f k ∈ ⟨n,b⟩R

Consider the frame defined by

a1 =t
a2 =f 2

a3 =a1 × a2

We define θ by n = cos θa2 + sin θa3. Thena1

a2

a3

 =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

t
n
b





Differential geometric invariants

f (s, t) = γ(s) + f 2(s)
t2

2
+ f 3(s)

t3

6
+ · · · , f k ∈ ⟨a2, a3⟩R

f k = aka2 + bka3, k = 2, 3, . . .

In particular, a2 = 1, b2 = 0.
The condition ⟨ft , ft⟩ = t2 decides ak inductively.

a3 = 0, a4 = −2b23, . . .

We thus obtain the differential geometric invariants of cuspidal
edge:

κ, τ, θ, b3, b4, . . .

cuspidal edge ⇐⇒ b3(0) ̸= 0
⇐⇒ (f ,ν) : R2, 0 → R3 × S2 embedding

cuspidal cross-cap ⇐⇒ b3(0) = 0, b′3(0) ̸= 0



Curvatures at cuspidaledge

K =
1

t

(
b3κ sin θ

2
+

[
κ
(b4 sin θ

3
− b23 cos θ

4

)
− (τ − θ′)2

]
t + O(t2)

)
,

H =
1

t

(
b3
4

+
(b4
6

+
κ sin θ

2

)
t + O(t2)

)
the principal curvatures are given by

κ1 =κ sin θ − b23κ cos θ + 4(τ − θs)
2

2b3
t + O(t2),

κ2 =
1

t

(b3
2

+
b4
3
t +

2(τ − θs)
2

b3
t2 + O(t3)

)
.



Several geometric invariants for cuspidal edge were already defined.

▶ normal curvature κν and singular curvature κs (K. Saji,
M.Umehara and K. Yamada)

▶ cuspidal curvature κc (L.Martins K. Saji, M.Umehara and
K. Yamada)

▶ cusp-directional torsion κt and edge inflectional curvature κi
(K. Saji and L.Martins)

κs =κ cos θ,

κν =κ sin θ,

κc =b3,

κt =τ − θ′,

κi =κτ cos θ + κ′ sin θ.



Swallowtail
f : (R2, 0) → (R3, 0), (u, v) 7→ f (u, v), C∞

f (u, v) = g0(u) + g1(u)v + g2(u)
v2

2
+ · · ·

Assume that

▶ Σ(f ) = {v = 0}
▶ f (Σ(f )) is of multiplicity 2

▶ df |Σ(f ) is rank 1

The curve
Σ(f ) → f (Σ(f )), (u, 0) 7→ f (u, 0)

has order 2, and
we may assume that u2/2 is arc-length parameter.



Swallowtail

Since f (u, v) = g0(u) + g1(u)v + g2(u)
v2

2 + · · · , we have

df |Σ(f ) = (fu, fv )|v=0 = (g ′
0(u), g1(u))

Because g ′
0(0) = 0, g1(0) ̸= 0, we may assume that

|g1(u)| =1, g ′
0(u) =ug1(u).

Now we assume that

g1(u) =

1
0
0

+

a1,1
b1,1
0

 u +

a1,2
b1,2
c1,2

 u2

2
+ · · · .

We have

1 =⟨g1, g1⟩ = 1 + 2a1,1u + (a1,2 + 2a21,1 + b21,1)u
2 + · · ·

Claim: a1,k is determined by the lower terms inductively.



Since g ′
o = ug1,

g0 =

u2/2
0
0

+

 0
b1,1
0

 u3

3
+ · · ·

So 2-jet of f = g0 + g1v + g2v
2/2 + · · · isu2/2

0
0

+

 v
b1,1uv

0

+

a2,0
b2,0
c2,0

 v2

2



Changing (u, v) by (u + pv , v + v(q0u + q1v)), the 2-jet becomesu2/2
0
0

+

v + (p + q0)uv
b1,1uv

0

+

p2 + 2q1 + a2,0
b1,1p + b2,0

c2,0

 v2

2

We can send blue parts to zero for suitable choice of q0 and q1.
If b1,1 ̸= 0, then we can send red part to zero for suitable choice of
p.
If b1,1 ̸= 0, we showed that 2-jet reduces tov + u2/2

b1,1uv
c2,0v

2/2





Since 1-jets of fu and fv are u
b1,1v
0

 ,

 1
b1,1u
c2,0v


we have

⟨fu, fu⟩ =u2 + b21,1v
2 + · · ·

⟨fu, fv ⟩ =u + b1,1uv + · · ·
⟨fv , fv ⟩ =1 + b21,1u

2 + c22,0v
2 + · · ·



Swallowtail

Thm: If b1,1 ̸= 0, then we can choose (u, v) so that

⟨fu, fu⟩ =u2 + v2φ2

⟨fu, fv ⟩ =u + O(m + 1)

⟨fv , fv ⟩ =1

i.e., ds2 = φ du2 + (u du + dv)2 + O(m + 1).
Setting

f =
m∑

k=0

gk
vk

k!
+ O(vm+1), gk =

m∑
i=0

(
ak,i
bk,i
ck,i

)
ui

i !
+ O(um+1),

the coefficients ak,i (k ≥ 1), bk,i (k ≥ 2) are determined by the
lower order terms inductively.



We obtain differential geometric invariants:

b1,1 b1,2 b1,3 . . .
c1,2 c1,3 · · ·

c2,0 c2,1 c2,2 c2,3 · · ·
c3,0 c3,1 c3,2 c3,3 · · ·
...

...
...

...

φ = b1,1 + b1,2u +
c2,0(c2,0 − c1,2)

2b1,1
v + O(2)

K = −2φv + vφvv

vφ
+ O(m)



Criterion of singularity type and the limiting normal
curvature κν, the normalized cuspidal curvature µc , and
the limiting singular curvature τs

f swallowtail ⇐⇒ c2,0 − c1,2 ̸= 0
⇐⇒ (f ,ν) : R2, 0 → R3 × S2: embedding

L.Martins, K. Saji, M.Umehara, and K. Yamda define

▶ the limiting normal curvature κν ,

▶ the normalized cuspidal curvature µc , and

▶ the limiting singular curvature τs

for swallowtail. We have that

κν = −c2,0, µc =
c1,2 − c2,0

b21,1
, τs = 2b1,1.



Remark on g 0, g 1, g 2

Recall that f = g0(u) + g1(u)v + g2(u)
v2

2 + · · · ,

{
g ′
0 = ug1,

|g1| = 1
.

If 1 + O(m) = ⟨fv , fv ⟩ = ⟨g1, g1⟩+ ⟨g1, g2⟩v + · · · , then we have

⟨g ′
0, g1⟩ =u⟨g1, g1⟩ = u

⟨g ′
0, g2⟩ =u⟨g1, g2⟩ = O(um)

⟨g ′
1, g1⟩ =1

2⟨g1, g1⟩′ = 0

⟨g ′
0, g

′
0⟩ =u2⟨g1, g1⟩ = u2

⟨g ′
0, g

′
1⟩ =u⟨g1, g

′
1⟩ = 0

and thus

⟨fv , fv ⟩ =⟨g1, g1⟩+ 2⟨g0, g1⟩v + · · ·
⟨fu, fv ⟩ =⟨g ′

0, g1⟩+ (⟨g ′
0, g2⟩+ ⟨g ′

1, g1⟩)v + · · ·
=u + O(v2)

⟨fu, fu⟩ =⟨g ′
0, g

′
0⟩+ 2⟨g ′

0, g
′
1⟩v + (⟨g ′

0, g
′
2⟩+ ⟨g ′

1, g
′
1⟩)v2 + · · ·

=u2 + v2φ2.



Proof
Assume that

f =

v
0
0

+

 u2/2
b1,1uv

c2,0v
2/2

+ H3 + · · ·+ Hk−1 + Hk + Hk+1

+

 0
b1,1v

2Pk−2

0

+ O(k + 2)

where Hi are homogeneous of degree i and Pk−2 is a homogeneous
of degree k − 2. Changing (u, v) by (u+ vPk−1, v + vQk), we have

f =

v
0
0

+

 u2/2
b1,1uv

c2,0v
2/2

+ H3 + · · ·+ Hk−1 + Hk + Hk+1

+

 0
b1,1v

2Pk−2

0

+

uvPk−1 + vQk

b1,1v
2Pk−1

c2,0vQk

+ O(k + 2)



fu =

 u
b1,1v
0

+ (H3)u + · · ·+ (Hk−1)u + (Hk)u + (Hk+1)u

+

 0
b1,1(v

2Pk−2)u
0

+

(uvPk−1 + vQk)u
(b1,1v

2Pk−1)u
c2,0(vQk)u

+ O(k + 1)

fv =

1
0
0

+

 0
b1,1u
c2,0v

+ (H3)v + · · ·+ (Hk−1)v + (Hk)v + (Hk+1)v

+

 0
b1,1(v

2Pk−2)v
0

+

(uvPk−1 + vQk)v
(b1,1v

2Pk−1)v
c2,0(vQk)v

+ O(k + 1)



Look at the degree k part of ⟨fv , fv ⟩ (degree < k part is not
changed)

[⟨fv , fv ⟩]k =2[⟨e1,Hk+1⟩+ uvPk−1 + vQk ]v

+ 2b21,1u(v
2Pk−2)v +

k∑
i=2

⟨(Hi )v , (Hk+2−i )v ⟩

=2
[
⟨e1,Hk+1⟩+ uvPk−1 + vQk + b21,1uv

2Pk−2

]
v

+
k∑

i=2

⟨(Hi )v , (Hk+2−i )v ⟩

= 2
[
⟨e1,Hk+1⟩+ uvPk−1 + vQk + b21,1uv

2Pk−2 + Rk+1

]
v

whee Rk+1 is a polynomial so that

(Rk+1)v =
1

2

k∑
i=2

⟨(Hi )v , (Hk+2−i )v ⟩.



[⟨fv , fv ⟩]k is

2
[
⟨e1,Hk+1⟩+ uvPk−1 + vQk + b21,1uv

2Pk−2 + Rk+1

]
v

We can choose Rk+1 so that

v divides ⟨e1,Hk+1⟩+ Rk+1.

Thus we can choose Qk so that [⟨fv , fv ⟩]k = 0.



Look at the degree k part of ⟨fu, fv ⟩ (degree < k part is not
changed)

[⟨fu, fv ⟩]k = [⟨Hk+1, e1⟩+ uvPk−1 + vQk ]u

+ b21,1[u(v
2Pk−2)u + v(v2Pk−2)v ] +

k∑
i=2

⟨(Hi )u, (Hk+2−i )v ⟩

=[⟨Hk+1, e1⟩+ uvPk−1 + vQk ]u

+b21,1kv
2Pk−2 +

k∑
i=2

⟨(Hi )u, (Hk+2−i )v ⟩

= b21,1v
2[kPk−2 − (uPk−2)u] +

k∑
i=2

⟨(Hi )u, (Hk+2−i )v ⟩ − (Rk+1)u

Can choose Pk−2 so that this is zero.



Gauss curvature and mean curvature

K =
1

v

[c2,0(c2,0 − c1,2)

b21,1

+
(3c2,0b1,2(c2,0 − c1,2)

b311
+

c2,0c1,3 + c2,1c1,2 − 7
2c2,0c2,1

b21,1

)
u

−
(c22,0(c2,0 − c1,2)

2

b41,1
− b1,2c2,0c2,1

2b31,1

−
c22,1 − 2c2,0c2,2 − 4c1,2c3,0 + 6c2,0c3,0

4b21,1
+ c22,0

)
v + O(2)

]
,

H =
1

v

[c2,0 − c1,2
2b21,1

+
(3b1,2(c1,2 − c2,0)

2b31,1
+

5c2,1 − 2c1,3
4b21,1

)
u

+
(−c2,0(c1,2 − c2,0)

2

2b41,1
+

b1,2c2,1
4b31,1

+
c3,0 − c2,2

4b21,1
− c2,0

)
v + O(2)

]
.



Asymptotic expansion of several invariants nearby
swallowtail

The asymptotic expansions of κ, τ , θ, b3 are given as follows:

κ =
1

|u|

[
b1,1 + b1,2u +

(
b1,3 + b31,1 +

c21,2
b1,1

)u2
2

+ O(u3)
]
,

τ =
1

u

[ c1,2
b1,1

+
b1,1c1,3 − 2b1.2c1,2

2b21,1
u

+
(2c1,2(3b21,2 − c21,2)

b31,1
− 3(b1,3c1,2 + b1,2c1,3)

b21,1
+

c1,4
b1,1

− 2b1,1c1,2
)u2
2

+ O(u3)
]
,

cos θ =− 1 +
c22,0
b21,1

u2

2
− c2,0(b1,2c2,0 − b1,1c2,1)

b31,1
u3 + O(u4),

b3 =
−1

|b1,1u|
1
2

[
2(c1,2 − c2,0)

b1,1
+
[5c2,1 − 2c1,3

b1,1
+

b1,2(c2,0 − c1,2)

b21,1

]
u + O(u2)

]
.
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Thank you very much for your attention.


