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Cuspidal edge

7(s) a regular space curve in R3
s: arc length parameter
t, n, b: Frenet frame

t 0 « O t
n|l=-« 0 7 n
b 0O -7 0 b

Consider the map
f:R%2,0—R3,0
with Taylor expansion

2 t3

1)+ Fa(s) g+ Fa(s) o, Fue (m b



Arc length parameter

t2 t3
f(s,t) =~(s) + fz(s)? + fg;(s)E +---, frenb)p

Assume that f» # 0. We can assume that t2/2 is an arc length
parameter. i.e.,

(fe. fe) = £
Proof: Since f, =tT, T #0,

t
arc length —/ t|T|dt = t2 x u, u: unit
0

We are done replacing t\/u/2 by t.



Frame with respect to singular surface

t2 £3
f(s,t) =(s) +fals)5 +Fa(s) g+, Fuc(nbie
Consider the frame defined by
a; =t
ar :f2

a3 =ajp X ap

We define 6 by n = cosfa; + sinfaz. Then

a 1 0 0 t
a| =10 cosf —sind n
as 0 sinf cosf b



Differential geometric invariants

2 t3

f(s,t) :7(5)+f2(5)%+f3(5)€ +---,  fre(azas3r

f,.=akar+ beas, k=23,...
In particular, a =1, bp = 0.
The condition (f;, f;) = t? decides aj inductively.

a3 =0, a4:—2b§,

We thus obtain the differential geometric invariants of cuspidal
edge:
K, T, 0, b3, ba, ...

cuspidal edge < b3(0) #0
< (f,v) :R%,0 — R3 x S? embedding
cuspidal cross-cap <= b3(0) =0, b5(0) # 0



Curvatures at cuspidaledge

1/ bsksinf bysind b%cosﬁ
K_t( 2 jﬂ"( 3 4

_1/bs by  ksind 5
fﬁw<4+<6+ ; y+ou0

the principal curvatures are given by

)—u—aﬂt+m90,

b3k cos B + 4(1 — 0s)?

K1 =kKsinf — T t + O(t?),
H2-?<?+?t+b73t +O(t ))



Several geometric invariants for cuspidal edge were already defined.

» normal curvature «, and singular curvature ks (K. Saji,
M. Umehara and K. Yamada)

» cuspidal curvature k. (L. Martins K. Saji, M. Umehara and
K.Yamada)

» cusp-directional torsion x;: and edge inflectional curvature «;
(K. Saji and L. Martins)

Ks =K COS 0,

Ky =Ksin @,
Rc :b37

/
Rt =T — 0 y

ki =KkT cos O + K'sin 6.



Swallowtail
f:(R%,0)— (R%0), (u,v)— f(u,v), C*®
2
v
f(u,v) = go(u) + g1(u)v +g2(u)? +
Assume that
» 3(f)={v=0}
» f(X(f)) is of multiplicity 2
> dfs(f) is rank 1
The curve
X (f) — f(2(f)), (u,0) — f(u,0)

has order 2, and
we may assume that u?/2 is arc-length parameter.



Swallowtail

2

Since f(u,v) = go(u) + g1(v)v + go(u)%5 + -, we have
df|5(ry = (fu: fu)lv=0 = (g0(u), g1 (1))
Because g(0) = 0, g;(0) # 0, we may assume that
g1 ()] =1, go(u) =ugy(u).

Now we assume that

1 a1 a2\ 2
gi(u)=10)+ b1 |u+|bip]| =+
2
0 0 C172

We have
1=(gq1,81) =1+2a11u+ (a2 + 23%,1 + bil)u2 + e

Claim: a; 4 is determined by the lower terms inductively.



Since g, = ugy,

u?/2 0 3
u
go=| 0 )+ |ba) 5+
0 0

So 2-jet of f = go +g1v+gv2/2+--- is

u2/2 v 82,0 2
0 + | brauv | + | bopo

v
0 0 2.0 2



Changing (u, v) by (u+ pv,v + v(qou + g1v)), the 2-jet becomes

u?/2 v+ (p+ qo)uv p? +2q1 + azp 2
0 |+ b1 uv + | bap+bo | 5
2

0 0 ©,0

We can send blue parts to zero for suitable choice of qg and ¢;.
If b11 # 0, then we can send red part to zero for suitable choice of

p.
If b11 # 0, we showed that 2-jet reduces to

v+ u?)2
b171UV
C270V2/2



Since 1-jets of f, and £, are

u 1
biiv |, by u
0 ooV

we have

(fu, fu) =P + bI V> + - -
(fy,fy) =u+ by uv+---

(f,,f,) =1+ bflu2 + c2270v2 4.



Swallowtail

Thm: If by 1 # 0, then we can choose (u, v) so that

(fu, fu) =’ + v2g02
(fu, )y =u+ O(m+1)

(fy, f,) =1
ie., ds> = pdu® + (udu+ dv)? + O(m +1).
Setting
F=3 g + o CS () Y 4 g
—;gkk!+ (v, gk_¥ o T (™),

the coefficients ay ; (k > 1), by, (k > 2) are determined by the
lower order terms inductively.



We obtain differential geometric invariants:

bi1 bip bi3

€12 Qg3

@o @1 G2 @3
G30 €31 G332 C33

C C — C
o =Db11+ bou+ czo(c20 = c12) v+ 0(2)
2b171
2
K— — v+ Vo 4 O(m)

v



Criterion of singularity type and the limiting normal
curvature k,, the normalized cuspidal curvature p, and

the limiting singular curvature 7

f swallowtail <= o —c12 #0
<~ (f,v):R% 0 — R3 x S2: embedding

L. Martins, K. Saji, M. Umehara, and K. Yamda define

» the limiting normal curvature k,,
> the normalized cuspidal curvature p., and
> the limiting singular curvature 75

for swallowtail. We have that

C12 — C2p0
Ky = —C0, Hc= T2 Ts = 2by 1.
1,1



Remark on gy, &1, &5
v2 g6 = ugy,
Recall that f = go(u) + g1(u)v + go(u)%5 +---, g =1
811 =
If 14+ O(m)=(f,,f,) =(81,81) + (&1,82)v + -+, then we have

(80-81) =u(g1,81) =u

(80:82) =u(g1,82) = O(u™)
(g1.81) =5(g1,81) =0
(g0
(g0

and thus
<fV7 fV> :<g17g1>
(fu, ) =(80, &1)
=u+ O(v
(fu, fu) =(80. 80) + 2(80, 81)v + ({80, &%) + (81, 81> + -+
=u? + v2g02.

2(go g1)v + -
(

+
+ ((g0.82) + (g1.81))v + -
%)



Proof

Assume that

v u?/2
f= 0]+ b171uv + H3+ -+ He1 —|—Hk—|—Hk+1
0 C270V2/2
0
+ | b11Vv?Pro | + O(k +2)
0

where H; are homogeneous of degree i and P,_» is a homogeneous
of degree k — 2. Changing (u, v) by (u+ vPx_1, v + vQx), we have

v u?/2
f=/10|+ [ briuv | +H3+ -+ He_1 |+ Hi + Hisa
0 C270V2/2
0 uvPr_1 + vQx

+ bl,l V2Pk,2 + b171 V2Pk,1 + O(k + 2)
0 2,0V Qk



fu= (bl,w) + (H3)u + -+ (Hk=1)u |+ (Hi)u + (Hik41)u
0

0 (uvPr—1 + vQk)y
+ | bri(V2Pr2)u | + | (B1avPPii)y | + O(k+1)
0 c2.0(vQk)u

1 0
fv = (0) + (b1,1U) + (H3)y + -+ + (Hk-1)v |+ (Hk)v + (Hkt1)v

0 ooV

0 (uvPir—1 + vQk)y
+ [ b1a(vV2Pr2)y | + | (b1av?Pio1), | + O(k+1)
0 c2.0(vQk)v




Look at the degree k part of (f,,f,) (degree < k part is not
changed)

[(fv, f)]k =2[(e1, Hikq1) + uvPi_1 + vQi]y
K

+2b1 1u(v Pk 2 +Z I 2 Hk+2 I)V)
i=2
=2 [(el, Hicr1) + uvPio1 + vQi + bS juv Py o)

+Z IV) Hk+2 I)V>

=2 [(e1, Hiy1) + uvPy_1 + vQx + b 1uv®Pr_o + Ricy1] ,

whee Ry is a polynomial so that

(Resa)y = ;D(Hi)v, (Hir2-i)v)-



[, £k s
2 [(e1, His1) + uvPr_1 4+ vQi + biluv2Pk—2 + Rit1] ,
We can choose Ry so that
v divides (e1, Hx11) + Ri+1.

Thus we can choose Qy so that [(f,, f,)]x = 0.



Look at the degree k part of (f,, f,) (degree < k part is not
changed)

[(fu, )]k = [(Hi+1, €1) + uvPr—1 + vQilu
k

b 1[u(v?Pi—2)u + v(vV?Pi-2)o] + Y ((Hi)u (Hira—i)v)
i=2

=[(Hk+1,€1) + uvPr_1 + vQi]u

k
+b3 1 kv P2+ > ((Hi)u, (Hira—i)v)
i=2
k
= b7 V2 [kPi—2 — (uPi—2)u] + D _{((Hi)u (Hia2—i)v) = (Rics1)u
i=2

Can choose Pj_» so that this is zero. ]



Gauss curvature and mean curvature

1 [Cz,o(cz,o —c12)

K=-
v bf 1
7
<3C2,0b1,2(62,0 —c12) L ©0013 +oic12 — §C2,0C2,1)u
3 3
byy b1 4
2 2
_(Cz,o(CZO —c12) _ bipepen
7 3
bi 4 2b7 4
2
1 — 20002 — 412030 + 6020030 )
- > +¢c30)v+0(2)],
4p '
1.1
H 1 [Cz,o —C1p (3b1,2(C1,2 — o) 501 — 2C1’3)u
v 2bf 1 Zb{’ 1 4b% 1

—co(ci2 — @0)?  bi2c1 o — 02
_|_ ( 9 9 9 ’ ) + ) ) — > _|_ O 2 :|‘
2b% + 4b3 452, 20)v+0(2)



Asymptotic expansion of several invariants nearby
swallowtail

The asymptotic expansions of k, 7, 6, bs are given as follows:

2
K= I |{b11+b12u+<b13+b11+C12>%+O(U3)]7

- 1 [61,2 biiciz—2biaci

u b1,1 2bi1
2c12(3b%, — ¢ 3(by3cio + bioc c u?
( ( 13,2 1,2) . ( 1,3 1,22 1,2 1,3) +£ —2b1,1c172>—
b7 bi b1 1 2
+ 0]
o u? b —b
cost = — 14 20 v oo 1’2C2’2 1L1C21) 3 +o(ub),
b1,1 2 b1,1
-1 2(c1o— ¢ 5¢1 — 2¢ bio(cg—c
_ [ ( 1,2 2,0) 4 [ 2,1 1,3 + 1,2( 2,(2J 1’2)}u—|— O(u2)].
|b1,1u|2 bl,l bl,l b171



TS L R

Thank you very much for your attention.



