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Bifurcation prorlem

t0 descrire gifurcation of solutions to
certain Nonlinear differential equation.
Example:

u'+Asinu=0, wu(0)=u(r)=0

where uis a function on [0, 7.



Bifurcation prorlem

This proelem comes rack to Euler.

The function u =0 is clearly a solution
(trivial solution).

When )\ #£ n?, u =0 is the only solution
Nnears’y trivial solution By inverse function
theorem.

When \ = n?, Euler’s critical load, the
solution Bifurcate and Bifurcation is
pitchfork Bifurcation



Set up

Let L: X — X Be a linear self-adjoint
operator of a Hilgert space X. We
iInvestigate the rifurcation of solutions
of the nonlinear equation

SN\, u)=Lu—Au+h(\u)=0, ueX, (1)

where h()\, u) € CY(R x X, X), h(),0) = 0,
hu(X,0) = 0.
So ¢(\, u) =0 has trivial solution.



We call (\*,0) a Bifurcation point, i£ for
any Neigheorhood U of (1%, 0), there exists
(N, u) € Uso that &(\,u) =0, u #0.

H is well-known that i£ (1%, 0) is a
Bifurcation point, then \* is an elgenvalue
of L ie, V- = Ker(L — X\*/) is non zero.
Set m = dimg V-



I# m=1,and h()\, u) = ax(\)u* + o(u¥),
ak(\*) # 0, then the Bifurcation is
descrired By

(N <tk JU— 0. Nl (2)

and the Bifurcation of solutions is
decided Ry k and a, as shown in the
following figures.

Transcritical Sugceritical Superoritical
Bifurcation Bifurcation Bifurcation
(k is even). (k is odd, a < 0). (k is odd, a > 0).



AMBRrosetti’s result

A. Amerosetti, Branching points £or a class of
variational operators, Journal dAnalyse Mathématique
76 (1998), 321-335.

Let E e a Hilgert space and consider the equation

Lu+Hw)=XMu, uvu€eE (3)

where L: E — Eis linear and H € C}(E,E) is such that
H(0) =0, H'(0) = 0. Let i € R Be an eigenvalue of finite
muttiplicity of L and set Z = Ker[ul — L], where | denotes
the identity map in E.
- (A L e L(E,E) is a symmetric Fredholv operator
with index zero.
- (A)) There exists a functional h € CK(E,R), for
some k > 3, such that H(u) = h'(u). Moreover
h(0) = K (0) = A"(0) = 0.
- (A3) there exists an inteaer k > 3 and Z such that
DIR(0)=0 =1 .. k—1 and DXA(0)[5] £ 0.



AmpBrosetti’s result (continued)

For ze Z, set

ez %th(O)[z]k.

Let T denote the Boundary of the unit gall in Z. Let
M := maxt ax, m:=minT ok

and let { € T, resp. n € T, e such that ax(§) = M, resp.
ak(n) = m. We assume
- (A)) kM and km are not eigenvalues of the matrix
D?ay(€), resp. D?ay(n).
Suppose that (A, (Ay), (A3), (A)) hold and let
i Be an isOlated eigenvalue of finite multiplicity of L
Then p is a eranching point of (.



Lyapunov-Schmidt reduction

Let L: X — X Be a self-adjoint operator
of a Hilgert space X, and let

{1, oV, w1, Wy, ...} Be an orthonomal
Rasis Of X with the following conditions:
- X=VaW,
where

V = Ker(L — X\*I) = span{vy, va, ...,V },
W is the closure of span{wy, ws, ...}
with LWJ = )\J'Wj, )\j 7é A



Lyapunov-Schmidt reduction
(conrtinued)

Recall that ®(\, u) = Lu— Au+ h(\, u),

V is the \"-eigenspace Of L

W is complementary surspace to V.
X=VoeW

let P: X =V, Q: X — W denote the
Projections.

Setting u=v+w,veV, we W.
{POCD()\, v+ w) =0,

S\, u)=0
QO(\, v+ w) =0



Lyapunov-Schmidt reduction
(conrtinued)

Set v=xvi+ -+ XpVm
Since

De(Qo®(\, v+ w))|r=0) = LE — A€

Llw cannot have \* as an aaenvalue and
Q-P(\, v+ w) =0 defines w as a function
of X and xi,...,Xm, BY IMPlicit function
theorem.

We denote this function W(A xq, ..., Xn)
So

P-®(\, xqvi + -+ + XV + W(A\, x1, ..., xm)) =0




Bifurcation equation
Eor-r=m7-m

'Ei(>\7X17 S 7Xm) —

Vi*(cb()\axlvl + o XmVm + W()\axla 200 7Xm)))

SN\ u)=0,u=xvy + -+ + XV + W
<

P®(\, xqvi + -+ + XV + W(A\, x1, ..., xm)) =0

~

— FAx,...,xn) =0, i=1....m.



Bifurcation model
Assumwe that
h(A, u) = ak(N)u* + o(u"),  ak(\) #0

Assume that there exists a linear
function ¢ : X — R, such ‘tka‘t vix = ¢(vx),

v e V* x € X. In many case ¢(u) = [, u.
Set FF=(M=-XAx+H, (i=1,. m) where
i ak()\*)

i d(P(u) ), P(u) = xqvi+ -+ 4 XmVim

i RHS is not constant on x2+---+x2 = 1.



1£ ¢(P(u)<™) is constant on x+---+ x4 =L

&5 *)2 OO P(u 2|/VJ' 2 as * .
GLy Bl 4 2Bg(P(u)') (k=2),
H(x) = j=1

2105) (P (u)+?) (k > 3).

We say the set Z defined By F; =0
(i=1,...,m)in R xR is the eifurcation
wmodel often determined ry the initial
Nnonlinear term.



We have
F=(F,...,Fp) :RxR™ = R" (A x)— F(\ x)

We say that our Bifurcation model is
NnoN-decenerate if

- the restriction of Hto S is a8 Morse
function, and

-0 is 8 reaular value of the restriction
of H+to S.

Here S is the sphere defined By
Sox? = k' + 1 where k' is the dearee of H.
i=1



k' is even Several transcritical
Bifurcations take place at the Bifurcation
point (A*,0).

We say such a Bifurcation
Pluritranscritical Bifurcation (or
multi—transceritical gifurcation).

%A
Pluritranseritical

Bifurcation
(k" is even)




k" is odd The real Branches of each
Nnon—trivial solution stay In the reaion
A<\ or A >\ We call them
Plurisuscritical (or mutti-susariticad Bifureation,
plurisupereritical (or mukti-supereriticald Bifurcation,
Mixed critical Bifurcation, respectively.

N, N,
B R S

Plurisurcritical Plurisupereritical Mixed critical
Bifurcation Bifurcation Bifurcation
(k" is odd) (k" is odd) (k" is odd)




Theorem. [# the equation (1) is
Nnon-decenerate, then the Bifurcation
equations F; =0 (i=1,...,m) are
eQuivalent to the rifurcation model

m

FF=0. i=1,...,m,

that Is, there I1s 8 homeomorphism germ
= (R xR7, (A%,0)) = (R xR, (A%, 0)),

Preservina the hyperplane defined By
A=\, with Z(F1(0)) = F1(0).



Characterization of non-deaeneracy

The system (1) is non-degenerate i$ and
only i$ the followina conditions (i) and (ii)
hold.

(i) Any irreduciele component of F; =0
(i=1,...,n) is not in the hyperplane
defined By \ = \*, that is,

{A =X H, = “Haaste

(ii)) F[;=0 (i =1,..., m) debines curves with
an isolated singularity at (A%, 0), that is,
rank(x;, 0;;(A" — A) + Hy) = m i F =0
(i=1,...,n) except (\*,0)



Dirichlet proelem on square Q = [0, 7]
Au+ Au+ h(u,N) =0, ulpo =0

Eigenvalues of —A are a° + b?,
a,b=1,2,..., (With eigenfunction
sin assin bt) that is,

2.5,5,8,10,10,13,13, 17,17, 18, 20, 20, 25, 25,
26,26, 29, 29,32, 34, 34,37, 37, 40,40, 41, 41, 45, 45,
,52,52,53,53,58,58,61, 61, 65, 65, 65, 65,

Many eigenvalues are of multiplicity 2,
since a° + b* = b* + 2>



k =3 Assume that k=3 and \* is an
eigenvalue of —A with multiplicity 2 Then

the Bifurcation model is non-decenerate
with

3 2
H = E7T6a3()\*)(3xf + 8x2x3 + 3x7)



Thick line is a
Quater of the unit
circle



Thick line is a
Quater of the unit
cirecle

Thin lines are levels of
H.



Thick line is a
Quater of the unit
cirecle

Thin lines are levels of
H.



Plurisuperceritical gifurcation of type (19)



Collision of rifurcations




=75

The Bifurcation is

(b_,by) =(1,9) i# as(\*) >0
(b_,b.)=1(9,1) i# as(\*) <0

gusll s
(32)"a5(\)

A378o%0. | 4
(X2 + y?)[E=2LE + 3x3y7

[x646ry6 + %x2y2(x2 +y2) —|—45x3y3]

x—x2y2 44
L+ y?) =7 + 522y

b=2aor
a=2b
b=3a or
a=3b

(otherwise).



k=2 Assume that k=2 and \* = a°+ b’ is

an eigenvalue of —A with multiplicirty 2

£ abis 0dd (ea. \* = 10 = 1% + 3?9, then the

Blfurcation model is non-decenerate with
H 1 ab

16a,(\*)  27ab T 42t — 172202 1 46+

and (b_, b;y) = (4,4) transcritical.

(x*+y°) (x+y)




I# abis even (ea. \* =5 =12+ 22), then
#(p(x)?) = 0 and this is decenerate case.

H = —8"’?3“ )(16 ’b%)? 264 38Y) )(3(x2+y2)2—|—2x
70
where

L Paxy
(G+BZ =) (@b —p?)(a+B)2 ) (a—B)* —q

B

1 2 2 2
Pq ( (4az—p2)(4b2—q2% r (432—q2};(4b2_p2) ) >
)
2 2CTR DBl |2
p=1(2), 4=1(2) P S el

£ a+bis even: and
X2 2 2
(E— Z ((4azfp2)(4b2,q2) A (432*q2};(4b27p2))
P=1(2),a=1(2) (p? + g2 — a2 — b2)p2q?

2pgxy 2
T Z (((a+b)2—P2)((a—b) )((a+b) —qz)((a—b)z—qz))
P2+ q?—a2— b2 ?
p=0(2),q=0(2)

£ a+ bis odd.

2y2)



Approximations of (16a%h%)2G are aiven By
the following tagle:

\* (16a%6%)?G (b—, bs)
5 =12 + 22 —0.437133(x? + y?)? + 0.21458x2y? 1,9)
13 =22 32 —0.296234(x2 + y?)Z + 0.160728x2y? 1,9)

(

(

17 =12 + 4% | —0.112539(x? + y?)? + 0.638932x%y? (

—0.111457(x2 + y?)? — 0.512649x2y? (

—0.207558xy(x? + y?)

25 = 32 + 42 0.526489(x2 + y2)? — 0.331983x2y? (
29 = 22 4 52 —0.12589(x2 + y?2)? + 0.614737x2y? (5,5)

(

(

(

(

(

20 =22 +42

37 =12+ 6% | —0.0548666(x2 + y?)? + 0.215801x2y>
40— 22 + 62 —0.0595494(x? + y?)% — 0.158775x°y?
40.0276499xy (x2 + y2)
41 = 42 + 52 0.0254434(x? + y?)? — 0.311271x%y?
45 =32 1 62 | —0.00459484(x2 + y?)2 — 0.126777x°y?
—0.22101(x2 + y?)? + 0.106694x2y?
+0.185669xy (x2 + y2)

52 = 42 + 62




k=4 N=a+b*ab=12 ... withm=2
I# ab is even, then ¢(P(u)) = 0.
I£ ab is ©dd, we have

H 1 o
162a,(\*)  152ab 5
% 322%b%xy (x3 + y3)
(4a%> — b?)(16a — b?)(a% — 4b?)(a> — 16b2)

+ 4ab(5b% — 2a%)(5a° — 2b)x%y?(x + y)
9(4b% — a2)(9a2 — 4b2)(a + 2b)(4a2 — b2)(9b2 — 432)(2a + b)’

(b-,by) =(4,4) i#
N = 10, 26,34, 58,74, 82,90, 106, 122, 146
(b_,b,) = (6,6) i# \* =178



Is

50. Note that 50 = 12+ 72 = 2 x 52 Here is

the data for Bifurcation model.

k S JT (xsinssin 7t + ysin 7ssin t + zsin 5ssin 5t)F1ds dt

(b—a b+)

25(x% 4y 374 26250 24y
2 £ (X"'y)(M_TW)"‘?Z(zougx)’_X19y

+11536029 (X + y)z2 e z3

(CRY)

3 %(3()(4 +y4+z4)+8(xzy2+><222 +y222))

(1,27)

a4 a4 2 2
x*4+y*  99964xy(x*+y?) 421500766 2,2
7(x+y) ("53¢ 13996125 103077212655 X Y ")
Jr(16307(><“+y") 790130684xy (x> +y?) + 4049858x2y2
4 % 1081575 (1 73%6)1375 946785675
15625(x“+y*)  58360350722xy \_2

+2(x + y) (= 53767 N 135847622628 )7

+2(19531250Xy 42189(x%+y' )) 3y 390625(xty) 4 | 4975

97357689 3044275 1247103 3125

(8,8)

1536

+72x2y% 22 — Oxy(x + y)z3

5 | 5x2 (5(x°‘ +y°+2°) +27(:*(y? + 22) + YA (x> + 22) + 22 (x* + y?)

)

(1,27)

Here b_ (resp. b)) is the numper of

semi-Branches, with A < \, (resp. A > \,).




Convex hull of 26 nontrivial solutions




Neumann proelem on sauare [0, 7]?
Au+ Au+ h(u,\) =0, Dyulopg =0
The eigenvalues of —A are
M=a+b, ab=012,...,
that is,
0,1,1,2,4,4,5.5.8.9.9,10, 10, 13, 13, 16, 16, 17, 17,

18,20, 20, 25, 25, 25, 25, 26, 26, 29, 29, 32, 34, 34, 36, 36,
37,37,40,40, 41,41, 45,45 49, 49, 50,50, 50, . . .



Neuman proglem on [0, 7]

(m, k) = (2,3) Similar to Dirichlet with

(m, k) = (2,3).

(m7 k) — (27 5)
(a, b) H/as(\") (b, by
W) (X2 + ¥?)(10x* + 53x°y? + 10y*) )
(1,3) | = 5x +27x%y? + 9x3y3 + 27x%y* +5y%) | (1,9)
(1,4) 512(x + y2)(5x* + 22x%y? + 5y%) (1,9)
(2,3) =5 (2 + y2)(5x* + 22x%y? + 5y*) (1,9)
(2,4) =25 (x> + y?)(10x* 4 53x2y? + 10y*) (1,9)




Rectanale Q = [0, /1] x [0, lomr] with
(m, k) =(2,3)

X = <%)2+ (?—5)2, bi=1,2, ...

H = C(3x* + 8x°y? + 3y*)

b1\ 2 by 2

A*:<—> <—) T oY
o) "\g

H = C(3x* +8x%y? +3y*) i# b #0

H = C(x* 4+ 4x?y* + y*) i# some b; = 0.



Main conclusion

The following Bifurcation is common £or
nonlinear Dirichlet (Neuman) proelems
wWith m=2. L

—0
_—e

N~
e
Not hiltop rifurcatioin!

-




Thank you very much
£or your attention
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