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Introduction
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Introduction

Let y € R3 called a viewpoint. And we call the line £ which is through
viewpoint and f(x) the viewline to f(x).

A central projection of a regular surface f(x) from y to a zz,-plane is
defined as the following map

m: (R%,0) x (R%,y) — (R%,m(0,y)), (x,y) = my(x)
where
w09 = ([ + - e
() () + (L= t(x, )y, ) )
. <y7 e3>
)= 1T e

We regard 7 as the central projection unfoldings with parameters y.

and e, e, e3 : canonical basis of R3.
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Preliminary (differential geometry 1/2)

Let consider a parametrized regular surface
f: (R?,0) — (R3,£(0,0)) : (x1,x) — £(0,0) 4+ x1u + xov + Q(x)w

where u, v, w : orthonormal frame of R3 and

1
Qx) := Zk>2Hk(X17X2)7 Hi(x1, x2) := Z ajjxi'x’.

i+j=k il j1
We set the first and second fundamental quantities of the regular surface f
E:= <fX17 f><1>7 F:= <fX17 fX2>v G = <f><2> fX2>a
L= <fX1X1’n>’ M= <fX1X2’n>’ N := <fX2X2’n>

where n is the unit normal vector

fiy f
|f | and the Gauss curvature

LN — M?

EG — F2°

e If K > 0 at x, we call a point f(x) elliptic point.

e If K =0 at x, we call a point f(x) parabolic point.
e If K <0 at x, we call a point f(x) hyperbolic point.

K =
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Preliminary (differential geometry 2/2)

We set the second fundamental quantities of f

L:= (fys,n), M= (fix,,n), N := (firx, ).

Definition

(dx1, dx2) is an asymptotic direction of f at xp if the second
fundamental form

Il = Ldx? + 2M dxydxs + N dx3

vanishes at xg.

| A

Definition

We call a line in R3 which is generated by an asymptotic direction of f at
Xp an asymptotic direction line of f at xp.
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Example (asymptotic line and asymptotic direction line)

3
Let f(x) = (x1,x2, X1 X2 + %1) The origin is a hyperbolic point.
e Asymptotic lines are curves in f (orange curve and purple line).

e Asymptotic direction lines are curves in R3 (red and purple lines).
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Preliminary (Singularity theory 1/2)

Let £ : (R™ 0) — (R", f(0)) be smooth map germs.
We set Jf(x) a Jacobi matrix of f. Then, the origin is

e regular point < rank Jf(0) = min(m, n),
e singular point < rank Jf(0) < min(m, n).

Definition (A-equivalence)

Let f; : (R™,0) — (R", f;(0)) (i =1,2) denote smooth map germs.
If there exist diffeomorphism germs ¢ and v so that the following diagram
commutes

R™ 0 —— R",£(0)

fi and f, are A-equivalent (f; ~4 f).
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Preliminary (Singularity theory 2/2)

Let T A.(f) denote tangent space of f
TA(f) = tf(0m) +wf(0,) C O(f)
with  tf: 0, - 0(f):E—dfof and wf:0,—60(f):n—nof.

We define the 4.-codimension of f by

0(f)

cod(Ae, ) := dimg TA(F)'

Definition (A- (infinitesimal) versal unfolding)

Let F: (R™ x R¥,0 x 0) — (R", F(0,0)) be an unfolding of f with
parameters y. Then, F is A- (infinitesimal) versal unfolding if

k
TAL(f) + ZRg—;(x, 0) = 6(f).
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Criteria of singularity of a central projection

We consider criteria of singularity type of 7, whose A.-codimension
< 3 and versality of each of them.

Theorem
(1) Let A(x1,x2) be Jacobian of m, := m(x,y).
Then, the following two condition (i), (ii) are equivalent.
(i) A(0,0)=0
(ii) the viewline is contained in the tangent space of f at the origin.
(2) (x1,x2) = (0,0) is a singular point of m,
T, at 0 is A-equivalent to fold (x1,x3)
&> the viewline is not an asymptotic direction line.
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Singularity type of a central projection at elliptic point

We assume that viewline from viewpoint y is contained in tangent space

of f at 0.
Then, if f is elliptic at 0, a central projection w has fold singularity at 0 for

any viewpoint y.

(") f does not have any asymptotic direction at elliptic point.

W!/(I)

.
X j’\\,\

Figure: a central projection of a sphere ([7])
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Singularity type of a central projection at hyperbolic point

We assume that a9 = 0, a11 # 0 and y — f(0) = p1 £, (0) i.e. fis
hyperbolic at 0 and £ is an asymptotic direction line of f at 0.

The criteria of singularity types of 7, whose A.-codimension < 3
([2], [4]) and versality of each of them are the following table in this case.

‘ type ‘ c ‘ d ‘ I ‘ position of y ‘ criteria of versality ‘
cusp 0 3 2 always
(x1, x1%0 + x23)
swallowtail 1 4 3 always
(x1, x1%2 + X3)
butterfly 2 | 7 | 4 | not h-focal ([2]) the flecnodal curve
(x1, x10 + x5 £ x3) is not singular
elder butterfly 317 | 4 h-focal ([2]) the flecnodal curve
(x1, x1%2 + X3) is not singular and y is
not in a special position.
unimodal 3 8 5 not one of two not versal
(x1, 310 + X8 £ x5 + ax3) special positions

¢ : Ac-codimension, d : A-determinacy order, [/ : order of contact with
L for f at 0 in criteria.
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Singularity type of a central projection at hyperbolic point

We assume that a9 = 0, a11 # 0 and y — f(0) = p1 £, (0) i.e. fis
hyperbolic at 0 and £ is an asymptotic direction line of f at 0. Then,

y is h-focal &

(48as0 a7o a11% — 35a60° @112 + 42a21 aso ae0 a11 — 1680a31 aso? a1 +
2205a5;2 3502)p12 + (—84as agp a112 + 252ap1 asg? ai1) p1+ 756a502 a112 =
0.
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Goose series singularities of a central projection at

parabolic point

We assume that ayp = a11 =0, agx # 0 and y — f(0) = p; £, (0)
i.e. f is parabolic at 0 and £ is an asymptotic direction line of f at 0.

‘ type ‘ c ‘ d ‘ I ‘ additional criteria ‘ criteria of versality ‘
lips (x1,%3 + X2x2) 1 3 | 2 | Govyisl-storder contact with S always
or and p; is more (resp. less) than
beaks (x1,>3 — x2x2) the curvature radius of G oy
goose 2 4 | 2 | Goris2-nd order contact with S | f is not flat umbilic
(xl,x23 + xfxz) i.e. agp #0
ugly goose 3 5 2 | Go~is 3-rd order contact with S | f is not flat umbilic
(x1,55 £ x§x2) i.e. ap #0
type 16 3153 f(0) is 1-st or more order not versal
(x1, x5 + x3x2) red subparabolic of f and
y is not in a special position

G : (R2,0) — (52,G(0)), G(x1,x) = H%EQZ;;(;ZEZZ;II : the Gauss map of f.
v : the parabolic curve of f.

S : the characteristic surface defined by

p130221—|—R12§/6—|—RQZ§/24—Z3+1:O.
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Goose series singularities of a central projection at

parabolic point

S : the characterisitic surface defined by
p1ao2 z21 + R12§/6—|- R22§/24—23+1 =0

where
3

2
403 d30” — az1
Ry = NI
(312 asp — azi ) P1
and
._ 4.4 4_ 4
Ry := (3330 agy + S1a02 + 50)/830 ap2”,
S, =8 ( 3 -3 2 _ 3 +3 2) _ ( 4 _
1 := 8ap1(a21 a40 — 3a21° a30 331 — 413 30 ap1 a2 aso as1” aso
3 4 3 2 2
4ar1> a3p @31 + aos @30 — 4a13 ax1 a3p” + 6ax1° ax azo?),
. 2 22 2. 4
So 1= 3a302 (a12 @30 — a212)” + 3a032 a30* + 8ao3 a12 a1 a30°> —
3.0 2.2 2 4 6
14a93 a21> a30° — 36a12” a1” az0” + 64a12 az1” azg — 25ax1°.
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Goose series singularities of a central projection at

parabolic point

If £ is the 2-nd order contact with f at the origin (< azg # 0) and f is
not flat umbilic (< ag2 # 0) ,

: : ax a
@ G o~ is 1-st order contact with § < % »« L 30 92
P1 430 | ap1 ao
@ G o~y is 2-nd order contact with S <
kg 1 da3p dao1 1
- =— and Hs3(—a21,a30) # 5 Hayx (—a21,a30) p1-
o1 7m0 | w1 o (=21, 330) # 5 Hax (—a21, 330)

@ G o~y is 3-rd order contact with S <
ky _ 1 | @3 a2

1
0 | ay arp , H3(—a21,a30) = 3Hax (—a21,330) pr and

P1 aso

1
a30(Hsx, (—a21, as0)p1 — 3Ha(—a21, a30)) p1 # §(H4X1X1(_a21’ a30)p1 — 2Hs,, (— a1, a30))°.
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Gulls series singularities of a central projection at parabolic

point

We can assume that ayg = a11 = 0, agp as0 — 3a§1 #0 and
y — f(0) = p1 £,(0).

‘ type ‘ c ‘ d ‘ I ‘ additional criteria ‘ criteria of versality ‘
gulls 2 | 5 | 3 | f(0)is not red subparabolic of f | £ is the first order
(x1, %158 + x5 +3) and As-contact with C, 44 blue ridge
<& ap2 d40 — 3231 75 0
ugly gulls 3 7 | 3 | f(0) is not red subparabolic of f f is the first order
(x1, x1x2 + x5 + x3) and " Ag-contact with C, 44" or blue ridge

" As-contact with C, g9 and y | < ap2as0 — 33%1 #0

is not ug-focal”

type 12 3 | 6 | 4 | f(0)is not red subparabolic of f not versal

(x1,x12 + x5 + x5) and y is not one of two
special positions

Cy.d0 : a cone whose vertex is y in R3, direction of the central axis is d
in S2 and ungle is 6 in (0,1).
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Gulls series singularities of a central projection at parabolic

point

Cy.q0 : a cone whose vertex is y in R3, direction of the central axis is
d := (d1,d>,d3) in S? and ungle is @ in (0,1).

y : position of vertex
d : direction of central azis

We assume that L is the 3-rd order contact with f (< aszo =0, aso # 0)
and f is not red subparabolic (< ax1 # 0).
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Gulls series singularities of a central projection at parabolic

point
If f is the first order blue ridge (ao2 aso — 3a3; # 0), d» = 0 and
(302 asg — 33212) d3 y1 + ago di = 0, then fis

@ Ay-contact with C, 449 <

ACy = (3a21° aso+5a12 a20% —10ap1 a31 a40) p1—5aso (aso ko —3ax?) # 0.

@ Ag-contact with C, 49
< As-contact with C, 49 and y is not ug-focal
& AC, =0 and

ACe — 70 a40 AGs = Azp% + Alpl + Ao #0.

where

AC : non degenerate condition of Ax-contact and

A, A1 and Ag are expressed as using coefficients of f whose degrees
are 7 or less.
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Summary : versality of a central projection

Concerning the versality of singularity of 7, we get the following results.

’ type \ Ae-cod. \ A-det. ‘ versality ‘
swallowtail 1 4 always
butterfly 2 7 the flecnodal curve is not singular
elder butterfly 3 7 the flecnodal curve is not singular
and y is not in a special position
unimodal 3 8 not versal
lips 1 3 always
beaks 1 3 always
goose 2 4 f is not flat umbilic
ugly goose 3 5
gulls 2 5 f is the first order blue ridge
ugly gulls 3 7
(x1, %153 + x5 + x5 + x5) 3 6 not versal
(x1, %3 + xZx2) 3 5 not versal

Shuhei Honda (Saitama University) R> AR E i D January 21, 2021 23/29



@ References

Shuhei Honda (Saitama University)



References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

C. T.C. Wall, Geometric properties of generic differentiable manifolds, Lecture Notes in
Mathematics 597 (Springer, Berlin, 1977), 707-774.

O. A. Platnova, Projections of smooth surfaces, Journal of Soviet Mathematics, Volume
35 (1986), 2796—2808.

K. Saji, Criteria for singularities of smooth maps from the plane into the plane and their
applications, Hiroshima Math. J. Volume 40, Number 2 (2010), 229-239.

Yutaro Kabata, Recognition of plane-to-plane map-germs, Topology and its Applications
202 (2016) 216-238.

H.Sano, Y. Kabata, J. L. Deolindo Silva and T. Ohmoto, Classification of jets of surfaces in
projective 3-space via central projection, Bulletin of the Brazilian Mathematical Society,
New Series 48 (2017), 623-639.

S.lzumiya, M. C.R. Fuster, M. A.S. Ruas, F. Tari, Differential geometry from a singularity
theory viewpoint, J. Geom. Symmetry Phys., Volume 41 (2016), 101-103.

GeoGebra, Central projection of sphere, https://www.geogebra.org/m/bUCVFJI64

Shuhei Honda (Saitama University) > A < S ] 0D v i January 21, 2021 25/29



Appendix (definition of A-determinacy)

Definition (finitely .A-determined)

A germ f is said to be k-.A-determined if any g with jXg = j%f is
A-equivalent to f.The least integer k with this property is called the
degree of determinacy of f. A finitely A-determined germ is a
k-A-determined germ for some integer k.
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Appendix (definition of contact)

Definition

Let a(t) := (x1(t), x2(t)) be a regular plane curve and let 8 another plane
curve given as the zero set of a smooth function ® : R? — R. We say that
the curve a has (k + 1)-point contact (k-th contact) at tp with the curve
B if tg is a zero of order k of the function
g(t) = d(a(t)) = P(x(t), x2(t)), that is,

g(to) = g'(to) = -~ = g(to) = 0 and g™ (1) # 0

where g(?) denotes the itM-derivative of the function g.

V.

The curve a has (k + 1)-point contact (k-th order contact) at tp with j if
and only if the function g has an Ag-singularity x{‘“ + x3 at to.
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Appendix (ug-focal)

Ag-contact with C, 49

4 As-contact with C, 44 and y is not ug-focal
< AC, =0 and

ACs — 70 240 AGs = App? + A1p1 + Ay # 0.

where

Ay =

225a51° a40° a70-+(1575a217 a31 aa0° —945a21° a0 aso) a60— 1575a21° aao® as1+756a21° aso’ —
3150a212 @31 a40 aso” + (3150a21° as0? as1 — 1575a1 az» aso” + 4200ax a31° as?)aso —
5250ap; as1 aso° aa1 — 875a13 aso® + (2625ax a3 + 2625a2 a31) ase® — 1750a31° as®,

Ay = —70as (45a01> 240 ago — 81an1® aso® — 45a12 a1 as0” aso + 31512 as1 a0 aso —
225ay1% as0” as1 — 25a03 as0”* + 75a12 a31 as0” + 22501 ax as® — 300a21 a3 as?)

and

Ao = 3150a21 as0? (33212 aso + 5a12 40> — 10ap;1 a31 ag0).
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Example (contact with cones at parabolic point)

1.2 , 1.2 1.4
Let f(x):(xl,x2,§x2—|—§x1 X2 4 5z X1).
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