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Mixed polynomial

A Mixed polynomial is a linear comeination

voU
f = g Gl R, Gpp €L
v,v

of mixed monomials

xYx¥ ZXfl---X,'f")lel---)Tn”"

where
x=(X1,...,%), X=(X1,...,%)

(X; is the complex conjuaate of x;) and

v=(v1,...,Vn) €L, U= (01,...,Un) €ELI.



Maps defined By mixed
poOlynomial

A mixed polynomial f =3 ¢, 7xx" defines a map

C"—C, x+— Z o oXx’x”

which we also denote By f.

Pichon-Seade 2008: fg may admwit Milnor
fisration

M. Oka 20I0-: topoloay of sinaularities of mixed
polynomials usina toric maodifications



Motivation of today's talk

For polynomial-germ,

we consider Newrton polyhedrons

and construct a toric maodification using fan,
this provides a resolution of singularity
when the polynomial is non-decenerate with
respect toO its Newton polyhedron

What is the mixed counter part of this theory?
Today we seek a8 mixed analoay of this theory.



Today's story (conclusion)

INn a8 nutshell, for a mixed polynomial,

we consider a mixed Newton polyhedron

and then construct a mixed toric modification,

using mixed fan

It provides a mixed analogue Of a resolution of
singularity

under mixed Newton non-deceneracy condition.



Any real polynomial can Be expressed as a mixed
polynomial, since

Xi + X Xi + X
REPES , Imx; =
2 . 2

where i is the imaainary unit.

A pure polynomial is 8 linear comeination
z}ﬂﬂ G € €,
1 %4

Of pure monomials



For a mixed polynomial f = ZW G pX’x” we define
M (f) =co{v +U+RZ :c, 5 #0}.
For ac R", we define

{(a) =min{(a,v) : v e T ()},
V(a) ={v e [.(f) : (a,v) = {(a)}.
£ fis a pure polynomial, that is, v = 0 for all o,

these are usual data for a Newrton diaaram.
[# f is 8 mixed polynomial, [, (f) is

the arsolute Newton polyhedrons of f.
(called By radial Newton polyhedrons By M .Oka)



We consider the dual Newton diaaram
r*(f) = {[a] : a € RZ}

where [a] is the equivalence class Of a By the
eQuivalence relation defined ry

a~b = y(a)=~(b),

and, we take
a nonsinaular £an ¥, which is a8 sugdivisuon of *(f).
Then we have a toric modification

Ty . Mz — C".



Fan

Let Y denote a fan, that is, a finite collection of
rational polyhedral cones i R” with the following
proper-ties.

e |lf oY and 7is a face of 0,then 7 € L.
e lfo,deX thenond is a face of 0.

We assume that ¥ is nonsinaular, that is, each
o € ¥ Is generated Ry a part Oof Z-rasis of Z".
For a fan %,

Y(k):={oce€X:dimo =k}
For a cone o,

o(k) := {7 : k-dim. face of o}



Let a” = | : | Be a primitive intearal vector

-
a,

aenerating 1-cone 7 € ¥ (1).
Let G re the kernel of the aroup morphism

T (C*)z(l) — (C*)n7 (ZT)TGZ(l) — ( H ZTa/T)izl,...,n'

T€X(1)
For o € ¥(n), we set
Uo - {(UT)tauEZ Cz(l) H Uz 7& O}
7'go(1)
An element (z;).cxa) € G acts on U,, as

Ur — Uy, (Ur)re) > (20Ur) e (1),

UU

ceX(n

and thus on



Det of Ms — C"

We define
My =Us/G= | M,, M,=U,/G.

oex(n)
For o € ¥(n), setting
Vy = {(ur)r € Uy s up = 1,7 & o(1)},
we have an isomorphism:
cW=v, —M,
We have the following eonmutative diagram:
Us O (C*)Z(l) e (C*)"
l /G N
Ms cn




R esolution £or pure poly.

For pure poly. f =) ¢x",set
iy = Z c,x”.
vey

Remark that £, is 8 weiahted homoaeneous when
v is a face of I (f).
I£ f is noNn-decenerate, that is,

X(f) C{x - -x, =0}
for any compact face v of I (f), then

7 : Ms — C" provides a resolution of f.



Mixed weighted
homoageneous polynomial

We say that a mixed polynomial f is

a mixed weighted homogeneous polynomial
of weichkt (a, b) with dearee (¢, m),
it fis a C-linear comeination of x*x” with

(v+wv,a)="{ (v—r,b)=m. (1)



Property of mixed whpoly.

£ f is mixed wh, we have
m# 0= ¥(f) C f (0),

applyina Cauchy-Binet formula for

a1 b
Xlaxlf )Tlaxjf xn&(nf )71187,,,: 5’.1 —.b1 =
Xlaxlf 718711? x,,@xnf_' )T,,arnf a:,, [;n —
an —bn

lf
of

—mf



Newrton diagram for mixed
pOly.
£ f is 8 mixed polynomial, we have more "Newton

diaaram” (ie., mixed Newton diaaram).
For v =~(a), we set

LE,(f) = co{lv =& : v+ D € 7,65 # 0}
We consider
[ (f),LE,(f) (v : compact faces of I.(f))

as a countter part of Newrton polyhedra of f.



Mixed Newrton non-dec

We say that a mixed polynomial f is mixed Newton
NnoNn-decenerate £ the following conditions hold.

(8) For each compact face v of I (f), we have
T(£)N£70) € P x, =0} (2)

— gl
where f, = ZV—‘FDE’Y Cp o RO

() The polynomial £, is mixed wh. for each
compact face v of I (f).

As Oka, we say that a mixed polynomial f is
Nnon-decenerate if the condition (a3) arove holds.



Mixed fan

Let X Be a simplicial fan (ie., each o € ¥ is simplicial),
and let § re 8 map

Y(1) —2Z2"x2Z", 7+ (a",b").

We say that (L, ) is 8 mixed £an, if the following
conditions hold.
(i) {a” : 7 € £(1)}: a” 8 primitive cenerator of
T € X(1)
(i) {b" : 7 € 0(1)} orms a part of Z-Basis of 7"
foraloek
£ a” = b" for 7 € ¥(1), the mixed fan (L,[) is a
nonsinGaular £an mentioning primitive generators
a” for 7 € (1)



Let us define the aroup G as the kernel of the
GIroup MOrPpPhisw:

g (C)FD — (€7,

-/ Zr \bF
ez — (11 1217 (2)7)
Z i=1,...,n

762(1) ’ T‘ =llgooog

We clearly have

2762(1) aj log |z;| = 0,
> rexqybiargz, =0 (mod 2m).

For o € ¥(n), these equations can Be written as

(ZT)TGZ(l) € G — {

> afloglz,|=— 3 &f loglzr|,
T€a(1) T'do(1)

S blargz,=— S bl argzy (mod 27),
T€o(1) T'¢o(1)

and we concude that an element (z:).c,q) € G is
determined ry (ZT/)Tlgg(l).



We assuwie that (XL, [) is 8 mixed fan. We define
Us By

U u,, U, { Ur)res(1) € cr) . I ur# 0}.

o€x(n) T¢a(1)
We remark that (z;).exp) € G acts on U, By
(ZT)TEZ U — UU; (UT)TEJ(l) === (ZTUT)TGO'(].)7

and thus on Us.
We define the mixed toric manifold My ; By

Msp=Us/G= | ] M,, and M, = U,/G.

c€x(n)



Chart for Mzﬁ

Set
Vo = {(tr)resqy s up =1, 7' € o(1)}.
We conclude that the composition

V, cU, — U,/G =M,

is 8 semi-alaerraic homeomorphism. \We consider
this Map 38s 8 semi-alaerraic chart of a mixed toric
manifold My s, identifyina V, with C7M).



Alarraicity of My g

Prop.
Let (X, 3) denote a mixed fan. Then My 5 is a real
alaerraic manifold if

a=b" mod2 for 7eX(l).



Mixed toric modification (D

We assuwe that

(i) (X,0) is 8 mixed fan. Set 5(7) = (a’,b") for
e ()

(i) A fan ¥ is a suedivision of RL. In particular,
each a7, 7 € X(1),j=1,...,n,is non-neative.

(i) Forany T € (1) and j = 1,...,n, a] = 0 implies
b7 = 0.

Then the map 5 ; extends to the map

T

rex(1) =1,

ﬁngU):—>(C"

(Ur)rex) — (



Mixed toric modification ()

Since this map is G-invariant, 7y 5 induces the
natural map

T =Ty} : Mzﬁ — Cn, (3)

which we call the mixed toric modification defined
BY the mixed fan (X, 5).

*

Us O (C*)E® L (C*)

l /G N
Ms s cn

Thvi: The map ™ =7y 5 : My 3 — C" is proper.



We consider the Newton polyhedron I (f).
For acR" set

((a) =min{(a,v) : v € [ (f)}, and
(a) ={v e T (f) : (a,v) = ((a)}.

Define LE.(f) By
LE,(f)=co{lv —v:cs#0, v+ €} (4)

Let a” denote the primitive vector which
Generates 7 for 7 € Ly(1). Set

m(b") = min{(b",v) : v € LE,,)(f)}.

We can assume that m(b™) > 0, 7 € ¥(1), chanaing
the sian of b, i necessary.



Mixed analoay of Nnormal
QrossinG

We say a surset Z of C" is of semi-alzerraically
Normal erossing at z € Z

I$ there Is a semi-alaerraic coordinate system
(U, ), U an open neighrorhood of z, and a
semi-alaerraic homeomorphism

p:U— p(U) CC" centred at z,

sO that ZN U is the inverse imace of zero of a
pure monomial By .



Theorem

Let f Be a mixed polynomial,

which is mixed Newton non-decenerate,
and let (¥, ) denote a mixed £an as arove.
Then, for a mixed toric modification

T3 - Mzﬁ — Cn,

the sueset (fors 5) 1(0) in V, is Of semi-alaerraically
Normal erossing near 7 1(0).



Example f = x5 + x2x15 + X x12x + x3x73,

Ao (12110 . (12
(a)_<o 32 4 1)’(”)_(0 1
(=(0159110),m=(05450)

1
it

0
1 Y

1
2



Example f = x3x; + x2x16 + X2 X12x + x{ xi*.

A {12110y . (10110
(")—<o3241)’(b)—(01101)’
£=(0159110), m=(03 4 30) and
=1

(€1,€2,€3,€4) ,—1,—11). Thus we ostain the dual
araph

since bt = —b° + b2, B> = b + b*, b® = b2 — b*



Thank you very much for
your attentionl
Dziekujemy rardzo za uwaae!

Conaratulation on T1Oth
Birthday, Stanislaw!
Wish qood health

and cood maths!



