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Surfaces in R?
0 :R>— M= p(R?) CR3, C>®
E = <90u790u>a F= <90u7<PV>7 <90vv SDV>

G:
= <90uua’/>> M = <90uvvy>7 N = <90vvyy>

where v is 8 unit normal.
The first fundamental form

| = E du? + 2F dudv + G dv?
The second fundamental £orm

Il = Ldu?+2Mdudv + N dv?
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CherysheVv' net

A pseudosphere Is a surface with constant
neaative Gauss curvatures. We can assume that
they have Gauss curvature —1 up tO similarity
transformations.

For a surface with K = —1, we can take the
asywmptotic coordinate (u, v) with the following
fundamental forms:

| =du? + 2 cos ¢ du dv + dv?
Il =2sin ¢ du dv

where ¢ is the asymptotic anale.
Gauss-Coddazi equation Becomes sine-Gordon
equation:

Quy = SINQ
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Curvature coordinate

The curvature coordinate is given By

u-—+v u—v
X = = .
7 YT
The fundamenttal forms are
| = cos® g dx? + sin? g dy?
1
Il =3 sin¢ (dx* — dy?)

The principal curvatures are

tan ¢ and coté
2’ 2
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R.idae and flecnodal

Let v; denote a principal vector of a surface and
let x;, denote the corresponding principal
curvature Of a surface.

A point P on a surface is v-ridae i# vk (P) = 0.

A point P on a surface is flecnodal i$ there is a
line with at least 4 point contact with the
surface at P.
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1. The level sets Of ¢, k1 and Kk, contaning P are
eQual.

2. The differentials of the principal curvatures
are aiven as follows:

¢
S e i D
14 cos¢’ 2 1+ cos¢’
¢X . Py
Oxkp = —————— Jyhin = ——————.
"2 —1+ cos ¢ o2 —1 + cos ¢
AYe) (resp. 0,-ridae) is Given By

(resp. ¢, = 0). (A level of ¢ has a (or

vertical) tanaent.)

Flecnodal point on pseudosphere is Given By
o0, = 0. (ie., A level of ¢ has a diagonal (or
anti-diagonal) tanaent.)
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Backlu nd transformation

We say ¢ is Backlind transformation of ¢ if

(39) —aanf32, (250

where A =tanf/2 0 is in the next sheet. )
£ ¢ is a8 solution of sine-Gordon equation, so is ¢.

> —/\_15in¢J2r¢. (1)

{sol. of sine-Gordon} L1 {sol. of sine-Gordon}
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Geometric BT

We say N
M— M7 P ﬁv
Is gemetric BT, i
e The line pfis in T,M and also in T;M.
e d(p,p) is constant (= ).

e the unit normals v, and 75 has a8 constant
anale 0, that is (v,,5) = cosb.
Geometric BT petween K = —1 surfaces is Given
BY
cos&/Zn sin(;j/Qw
cos /27 " sing/27”

and it preserves Chekyshev's nets.

fﬁ:@%-r( ),r:sinﬁ
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Bianchi’s permutagility
£ ¢; (i =1,2) satisfies

<¢"+¢)u = \;sin u, <¢’ _ ¢>v = )\Tlsinm,

2 2 2 ' 2

and (N) satisfies

(/\2—)\1)tan01¢ = (/\2+)\1)tan ¢2;¢1,

then

o+ . . O—¢ d—d1\ _ 1.
( 2 >U_A2S'” D ( 2 >V_A2 SN

2 2

(«T)+¢1

<O+¢2> :Alsino_2¢2, (C)—¢2> :Al_lsin@—i_%,
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Soliton

0-soliton

¢=0

line

1-soliton 2-soliton
oy = 4tan 1 Au + A7tv) &= Nu—+ A\t
o S—(5
; e —1{ A1+ sinh 22—=<
Pr1, 2 = 4tan ()\;f/\i ' ek 51152>
2

Beltrami’'s pseudosphere

Dini’s pseudosphere

72 -soliton surfaces
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Singular [ocus Of ¢

Let ¢ : R? — R3 Be a Chevyshev net for a
pseudosphere with K = —1. Let ¢ denote the
asywmptotic anale. Then

| =du? + 2 cos ¢ du dv + dv?
Il =2sin ¢ du dv

Remark that the singular [ocus Of ¢ is defined Ry
Y:sing=0, e, ¢=knr, kel

For 2-soliton surface, we have k =0, +1.
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Criteria of singularities

Let C denote the curvature line throuah P whose
principal direction is null direction at P.

1. Assume that ¢ is nonsingular at P, ie., the
singular locus of ¢ Is nonsingular at P.
1.1 ¢ is cuspidal edae at P i£ and only i¥ ¥ and C
intersect transversely at P.
1.2 ¢ is swallowtail at P i and only i$ X has
2-point contact with C at P.
2. Assume that ¢ has a Morse sinaularity at P.
2.1 ¢ is cuspidal Beaks at P i$ and only if the
Hessian of ¢ is positive.
2.2 ¢ is cuspidal lips at P if and only if the Hessian
of ¢ is neaative.
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Flecnodal and ridae on a
7 -soliton surface

On pseudospheres, we have
O,~flecnodal line (¢, = 0),
0,~flecnodal line (¢, = 0),
((bx = 03,
(¢, =0)
and, on 2-soliton surfaces, they are
coshé& A A\

= —=, —, ; , respectively.
ZoshEl R 3

Here f,' = \iu+ V//\,', = 1,2
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When Ay —> A\ = )\,

1 7N

cosh ¢’
where £ = u+ A 1lv+cand n=u— 1w
The 0,~flecnodal, 0,~flecnodal, and
are defined By

dx = lim Oy = 4tan”
: NEAC s

ntanhé =1, —1, , , respectively.
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Classification of 2-soliton

The result in this section should compare the
classification of 2-soliton surfaces (Popov). They
show four types for aeneric 2-soliton surfaces.
The correspondence retween their cassification
and our results is summarized as follows:

Twe MM\ p fleenodal

| + 4+ exist

2 o — exist NOt exist
3 — 4+ not exists not exist not exist
o —  — NOtexists NOt exist

p=(-1)(A3-1)
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Breather surfaces

For A € C,with ReX #0, Im A # 0, we have

sinlm ¢ )

by = — dtan”t (cotar AN ——
PAx - coshRe ¢

where & = A\u+v/\
The 0,~flecnodal, 0,~flecnodal, and
are defined Ry

(tanhRe&)(tanIm¢)
tanarg A

— ]-a _]-7 )

respectively.
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