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{ag(s),a1(s),as(s)} be a frame field of R3 along I'(s) satisfying
(2.1) det(ag, aj, az) > 0.

We consider a symmetric bilinear form (, ) on R? defined by

(22) (a,-,, aj) = 6167} (Z._] = 07 1, 2),
where d; ; is Kronecker’s delta, and €¢,€1,€2 € {—1,1}. In the following calculation,
we assume that I'(s) is parametrized by arc-length with respect to the bilinear form
(, ), that is,
(T'(s),I'(s)) = £1 (sel)
is assumed. Moreover, we set
(2.3) ap(s) :=TI"(s).
There exists a 3 x 3 matrix K satisfying

(2'1) (36(8), a/1(5>7 al2('5)) = (aO(S)a al(s)? az(S))]C(S),
where I''(s) = ag(s) for each s € I and a) := da;/ds (i = 0,1,2). By (2.2), K can
be written in the following form

K=

J6-o0




C-a
Flo.€) = Tria) + X(ot) @ua) + Y7) @z(4)

(2.7) cosf#A +sinfB, Y = —sinfA + cos 8B,

m O (q) m 'j (g)
o . i\® i m+1 o FilS i m+1
(2.8) Z—” th+o@™+), B(s,t) =) -t O™,

i=0 i=0
where O(t™) is a function written as (s, t) using a C*™-function ¢ defined on a neighborhood
of (s,0). In this setting,
(2.9) ag(s) = ay(s) =0, ax(0) #0,

Bo(s) = Bi(s) = Ba(s) =0,
and @ is a C*°-function of one variable which vanishes identically if f is of type E, T, S; or S;. We
will use the following asymptotic expansion of a given smooth function u(s,t) with respect to ¢
pa(s) o, pials)
2! 3!

where pi(s) (s = 1,2,3) are smooth functions on I as follows: If we think of ¢ as lying in the
Euclidean plane E?, we can write (cf. Fact A.2)

Als,t Y fcosA(s, <
(2.11) (B((::;) :/ u(:(l;] :((: :;)du. /\(:ar,t)::/0 (s, u)du.

In this case, we have

(2.10) u(s,t) = po(s) + pa(s)t + 3+ 0(th) (sel),

o1oy (A _1(1\ 2 1/ 0 Y5 1/—po(s)*\,a, 1 [ —3po(s)ru(s) \,5 6
@18 (B(m)) = 2(o)t +3(uo<s>>’ +s( () )’ +3o(—m,<s)”+ug(s)>’ TEE)

and

(2.13) as=1 a3=0, a3= —3;[{;. a; = —12upptq,
Bs = 2u0, B1=3m, PBs=4(—pd+ ps).

On the other hand, if we think of ¢ as lying in the Lorentz-Minkowski plane L?, we can write (cf.

(A.5))

A A(s,t)\ _ [' (coshA(s,u) o
(2.14) (B(s.t)) _/0 ”(Sinll/\(s.u))d“' Als,t) .—/0 18, u)du.

In this case, we have

. A(s 1)\ _ P 3, Lipo(s)®\,a , 1 ( 3pe(s)m(s) \ 5 6
(2:15) (B(m)) = ( ’ *g(ms))’ 35 (m,.(s>3+u-.,(s))’ +0(),

which implies that
(2.16) a =1, az3=0, a;= 3;1;'),. as = 12pgp,,
By =2po, B1=3m, Bs=4uy+ ps).




2.2. Computation in the general setting. For the sake of simplicity, we write
S(s) := sinf(s), C(s) := cosf(s).

By (2.6), we set

50(—51:{1(" -+ EQNQS)&O + (£1829 — H')Sal + (Q - 60)Cas o
=ap+ 5 t
—€0f3 (€1K15 + €ak2C) ap + (B3(—16202 + 0')C + B35) a; + (B3(2 — 8')S + 33C)ay 3
6

-4

+0(t"),
(2.23)
fi = (a1C — Sag)t +

B3(Sa; + C'ag)t._, " (asC + B4S)a; + (—ayS + 34C)as £+ 0(th),
2 6
which imply that

}33 (‘EIKIS + &2
3

Ko C) 3

(2.24) (fss fs) = €0 — (€161C — £2K28)* —

(2.25) (fo: Jt) = —(' ( £2)8')t> +0(t )

(2.26) (fo, fo) = (, + &2 ;"2) t + (g0 — £2) B3CSt* + O (t*) .
Using them, we have
AL =¢o (EIC‘Q + EQSQ) 2 + go (61 — €2) ,‘33(75# +0 (fl)

and

(2.28) g = fs Xg fo = (Sa; + Cay)t + %(—C’al + Say)t® + O(t3).

19




We next compute the second derivatives of f, and have
(2.29) f., = a1K; + azky — § ((-:-.,,h-;, (- 260') + .eln'l)c i (KI (£20 — 2¢,8') — &5 2)S) apt?

+%((—Cﬁz!l(ﬂ—?ﬁ')—(}"—’_5olflﬁ'f)(,‘+( 0" + eocakika + €16 ,Q) ) 2

0" — goer1K1K9 + ¥ )C + ( — 290" + 07 + goe2k3 + 16202 ) S | agt? + O(t3),
(( Yo +( )s)

+ E-gﬁgb)au i ( ) — 9')5&1 EY (Q - 6")(.‘ag>t

—epf3 (e2k2C + £1K15) ag + (33 (0 —e1220)C + ,3;'15)&1
+ (_:5‘;(" + 33(Q2 — b")S)ag)f") + O(t?),
1 2
(231) f” = Ca1 — Sag + ;‘3;;(5&11 + Cﬂ'_))f + 5((0]0 + D’.|S)a] + (dlC - (1,|S)a-_,)t‘ + O(fg)
By (0.3) and (2.1), we have
(2.32) d%((s,0)) := —det(fg.f“.f”)} = —det(ay, k1a; + Kpay,Ca; — Say) = k1S + K, C.
t=0
Using (2.28) and (2.29), we have
(2.33)
~ ~ 3' » 2
L= (Sk; + Cra)t + 73 (=#1C + K2S) t°
1 s % : Y s . a3
+ 6 (—=fB4k1 + agke) C + (agky + Bakia) S |7 + ((-‘:’.152 1) Q8" — 0;1[\1 + EpE2k: )( St

1 . . 1 2
+ 5( . 2e0£1K1 K2 + Q,)les + 5( —-0" + 25089k 1Ko + E]V:'-_nQI)S'lS.

Similarly, using (2.28), (2.30), (2.31) and the relation C* + S* = 1, we have

(2.34) - ((Q((" +£1€252) —9) (2(1 — £162)Bs0CS + 3’)

e e oy
(2.35) N—%t +?t3+0(t4)




vaet
(%—ﬁﬁﬁ'yéim@/zafan ) %
BE Bz 0 B
£10.1) -BBA2UE

ads?> = E ou® + Z2Fdudr « G o™ 1274
BEm £fo -8 FHX
E:iz (Fk> Fizchty>, E=<chfd

n

2Lt o\ Bl 1m e b274 4 = ta ¢ 0
o F=zo 1228 (//"0/;, ) S€ o0 TE
A.:w(géf) = EB._ Fz = EG¢ = & = (7% 74:7

7p
A
frezo Ty |ovdldp)) =2 A geveric

£l bk ozz i wvdn 3 A TITE
E3 24 ?enen;//zea/ W,D/JJ ede kou? D =2,

12 21 % =3 & 68 ®
B vzocn 26\ L
%Y SL ¥

/
7 a7 A
i 7 ( bE ;j‘ / (= 2" ovdn 213
y =29° 5753/

F=0r)



( T/ XM %8 o0 590-9) /7
LAF <T?M,Z"m)>so z 73,

20 z2 W A lght - Ihe
ordw 7= 2 ovdr 7> g
7T £9) dadd

(Tt Fio) = o0
. P\ FA-20 A =2
™z

T = (¥0)). 4 ) (
/4

TLenir) [l le
1 - FEEI 220 3HIANTHL
€= Y18) , (@ =anis) , €3=(0,0.1)
yizo % #8880 nXz2AF3

fi0.7) = (0. 4) o XiaZ) &lo) + Yiat) mrs)

- , owb) (A
X= tosg 0i0) (B) Yo Lo wst) (4)

Av_ ? oS Al4. v _ct
N R



ccgz o 40 Fat) B zar 9292 7
T ta) w07 hobt_ Libe => H n #ER

HAER o (T )=z0 299 T3 L&

( T LE. £ T% a £24)
Fv -84 2t 1271 022
© ordir = 2
® Frdi H AR
@ bBuzdHIY K°n «. B a malz
100, -0 N TR
® ez /130872 9%
512048 20 HEXR
D wmblic g- walilic 13 §F 69"
¥ H'soa iz hH3s 0 Ffl

LD ramenfee 1 BY2I )
mnfee 22 BIXI

% RB1T: Bo@Lo -8 st tiz74 R
% = ovder 04 z°%H3 Czﬁ\"iﬁo‘s,



( Ordn -4 @22 YT 0 L-Z (7?)
0-,6% Boco mo f 3 BERE > 28

(%) fro.?) -8y st DX7248,

Jto) := ftao) [ ® (T.I") =o
(0.0) 13 IANCH 4 122117 ovdet F ¥ £J]
Smf=0 ¢:= Cosb

O & 13 % EwLno.
@ H NAR & 3kps = Tpto pi + 30p”
@ FEE niRZa . €4 (71905.

3%k T4 0 13

® Lazditz :a{k%o on—O~ 34
Z 17) b4 kg <0

® f\zElks o fk‘w & Ri>o
83 [R) b4 Kéi<o & r<o

@ K B# . o0 50 BE] 2 RS

TwF e 2o = ¥EH%
(% 20 F17")
@ K.- ouulsl/& p) Eﬁﬂ? \r;’g?'m [:mz_o))

ﬁ%h‘? o waxdnc = mwmbpe - B 93§58 b\
+0 33 ovdud o —RYMC 2= W2 71§z T 77 3.




Time-fike Ky >0 Tme—lhe Ky <0 Spae —Jike k>0
Ficure 3. Cuspidal edges of order four along a light-like helix, which is time-like
of convex-type (left), and time-like of concave-type (center) and space-like (right),
respectively. These are explained in Example 5.5.
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