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For n > 1, let U C R" be an open, bounded neighborhood of the origin
and let ¥ : U — R"*! be a smooth parametrization of the n-dimensional
submanifold S = X (U) of R™! - a hypersurface. Define

Ef(x) = /U eX O f(g)de.
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For n > 1, let U C R" be an open, bounded neighborhood of the origin
and let ¥ : U — R"*! be a smooth parametrization of the n-dimensional
submanifold S = X (U) of R™! - a hypersurface. Define

Ef(x) = /U eX O f(g)de.

Assume we have k such operators generated by the hypersurfaces
51, .., Sk. We assume the transversality assumption :

VO/(Nl(Cl), ey Nk(Ck)) > .

for all choices ¢; € X;(U;). Here by vol(Ny((1), .., Nk(Ck)) we mean the
volume of the k-dimensional parallelepiped spanned by the vectors

Nl(Cl)v ) Nk(Ck)'
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Multilinear restriction. Assuming that 51, .., Sx are transversal
hypersurfaces in R"T1, the following is conjectured to be true
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No curvature assumptions are needed ; in fact, curvature complicates
things.
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Multilinear restriction. Assuming that 51, .., Sx are transversal
hypersurfaces in R"T1, the following is conjectured to be true

I, Eifil TR < CMy | fill 2 quy-
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No curvature assumptions are needed ; in fact, curvature complicates
things.

Multilinear Kakeya. Given k families of tubes 71, .., Tx such that each
tube T € 7; has the property that its core makes an angle < 1 with
the vector e;. We allow tubes in the same family to be parallel. The
multilinear Kakeya conjecture is the following :

I Xy iy S M #TS

T, eTi

where # T; is the cardinality of the family of tubes T;.
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For k = n+ 1 the two estimates are "morally” equivalent, with the
nonlinear Kakeya being the weaker one : the nonlinear restriction implies
Kakeya, but Kakeya implies the nonlinear restriction with losses of R!
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Kakeya, but Kakeya implies the nonlinear restriction with losses of R!

For k < n+ 1, the Rademacher type argument does not allow for the
nonlinear Kakeya to be obtained from the nonlinear restriction ; however
one can obtain the nonlinear restriction from the nonlinear Kakeya.
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Kakeya, but Kakeya implies the nonlinear restriction with losses of R!

For k < n+ 1, the Rademacher type argument does not allow for the
nonlinear Kakeya to be obtained from the nonlinear restriction ; however
one can obtain the nonlinear restriction from the nonlinear Kakeya.

The original argument of Bennett, Carbery, Tao proves the nonlinear
Kakeya ; the later argument by Guth does the same.

loan Bejenaru (UCSD) Tokyo November 30, 2016

4/26



For k = n+ 1 the two estimates are "morally” equivalent, with the
nonlinear Kakeya being the weaker one : the nonlinear restriction implies
Kakeya, but Kakeya implies the nonlinear restriction with losses of R!

For k < n+ 1, the Rademacher type argument does not allow for the
nonlinear Kakeya to be obtained from the nonlinear restriction ; however
one can obtain the nonlinear restriction from the nonlinear Kakeya.

The original argument of Bennett, Carbery, Tao proves the nonlinear
Kakeya ; the later argument by Guth does the same.

B. provides another proof of the multilinear restriction estimate in a direct
manner ; most important it highlights improvements of the estimate when
localization is assumed.

loan Bejenaru (UCSD Tokyo November 30, 2016 4/26
|



The effect of small support.

Assume that X1 (suppfi) C B(H, 1), where B(H, i) is the neighborhood
of size u of the k-dimensional affine subspace 7. Assume that

IN1(C1) — T N1 (o) S 1, VC1 € Ta(suppfi), where my : R™! — H s the
projection onto . In addition assume that if N;,i = k+1,..,n+1isa
basis of the normal space H* to H, then Ny (C1),.., Ni(Ck), Nig1, s Noi1
are transversal for any choice (; € ¥;.
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The effect of small support.

Assume that X1 (suppfi) C B(H, 1), where B(H, i) is the neighborhood
of size u of the k-dimensional affine subspace H. Assume that

IN1(C1) — T N1 (o) S 1, VC1 € Ta(suppfi), where my : R™! — H s the
projection onto . In addition assume that if N;,i = k+1,..,n+1isa
basis of the normal space H* to H, then Ny (C1),.., Ni(Ck), Nig1, s Noi1
are transversal for any choice (; € ¥;.

In addition to transversality conditions, assume that f; satisfies the above.
Then for any € > 0, there is C(€) such that the following holds true

n+1

—k
2 RN ||l 2 quy-

Ina&ifil, < C(on

2
=1(B(O,R))
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A few ideas about proof - inspired by the argument of Guth.
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A few ideas about proof - inspired by the argument of Guth.

Given some 0 < § < 1 we split each domain U;, thus S; into smaller
pieces of diameter < §.
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A few ideas about proof - inspired by the argument of Guth.

Given some 0 < § < 1 we split each domain U;, thus S; into smaller
pieces of diameter < §. It suffices to prove the multilinear estimate for
such S;. Moreover, we can assume that the normals N,-(C,Q) = g.
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Given some 0 < § < 1 we split each domain U;, thus S; into smaller
pieces of diameter < §. It suffices to prove the multilinear estimate for
such S;. Moreover, we can assume that the normals N,-(C,Q) = g.

We define A(R) to be the best constant for which the estimate

INTEER] 2 g < AR [

holds true for all cubes @ of size R.
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A few ideas about proof - inspired by the argument of Guth.

Given some 0 < § < 1 we split each domain U;, thus S; into smaller
pieces of diameter < §. It suffices to prove the multilinear estimate for
such S;. Moreover, we can assume that the normals N,-(C,Q) = g.

We define A(R) to be the best constant for which the estimate

INLER 2, o) < AR

holds true for all cubes Q of size R.
Then we use an induction on scale argument to prove

A(6TIR) < CA(R)

where C is independent on 4 and R.
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Given some 0 < § < 1 we split each domain U;, thus S; into smaller
pieces of diameter < §. It suffices to prove the multilinear estimate for
such S;. Moreover, we can assume that the normals N,-(C,Q) = g.

We define A(R) to be the best constant for which the estimate

INTEER] 2 g < AR [

holds true for all cubes Q of size R.
Then we use an induction on scale argument to prove

A(6TIR) < CA(R)
where C is independent on 4 and R.

Induction combined with localization reduces the problem to a discreet
Loomis-Whitney inequality.
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A few ideas about proof - inspired by the argument of Guth.

Given some 0 < § < 1 we split each domain U;, thus S; into smaller
pieces of diameter < §. It suffices to prove the multilinear estimate for
such S;. Moreover, we can assume that the normals N,-(C,Q) = g.

We define A(R) to be the best constant for which the estimate

INTEER] 2 g < AR [

holds true for all cubes Q of size R.
Then we use an induction on scale argument to prove

A(6TIR) < CA(R)

where C is independent on 4 and R.

Induction combined with localization reduces the problem to a discreet
Loomis-Whitney inequality.
To keep localization in check, we use differential operators.
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The point is to bring the problem to a scale small enough, say 6%, where
the estimate is trivial.
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The point is to bring the problem to a scale small enough, say 6%, where
the estimate is trivial.

The same problem mentioned in the second lecture occurs here :
localization on the physical space collides with the frequency localization;;
we need to use the margin concept.
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The point is to bring the problem to a scale small enough, say 6%, where
the estimate is trivial.

The same problem mentioned in the second lecture occurs here :
localization on the physical space collides with the frequency localization;;
we need to use the margin concept.

The above proof sees no difference between k =n+1 and k < n+ 1.
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The point is to bring the problem to a scale small enough, say 6%, where
the estimate is trivial.

The same problem mentioned in the second lecture occurs here :
localization on the physical space collides with the frequency localization;;
we need to use the margin concept.

The above proof sees no difference between k =n+1 and k < n+ 1.

As for the result with localization, this require a careful definition of the
localization operators so as to not touch at all the frequency localization in
the direction where we have smallness.

loan Bejenaru (UCSD) Tokyo November 30, 2016 7/ 26



The point is to bring the problem to a scale small enough, say 6%, where
the estimate is trivial.

The same problem mentioned in the second lecture occurs here :
localization on the physical space collides with the frequency localization;;
we need to use the margin concept.

The above proof sees no difference between k =n+1 and k < n+ 1.

As for the result with localization, this require a careful definition of the
localization operators so as to not touch at all the frequency localization in
the direction where we have smallness.

The point is to bring the problem to a scale small enough, say 6!, where
the estimate is trivial by using L°° bounds in for £1f; in some directions :

nt+1—k
2

”51f1”L2L°o S 1%

~

1]l 2

loan Bejenaru (UCSD) Tokyo November 30, 2016 7/ 26



If Kk =n+1 the exponent p = 1 = % is sharp.

If k < n+1, then the exponent ¢ L is sharp in the generic case; if one
assumes curvature hypothesis, then it should improve.
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If Kk =n+1 the exponent p = % = % is sharp.

If Kk < n+1, then the exponent % is sharp in the generic case; if one
assumes curvature hypothesis, then it should improve.
Anticipated condition

VO/(Nl(Cl), . Nk((k)wSNj(Cj)V) >v>0 (1)
for any choices (; € S;,i =1, .., k, for any j € {1,.., k}, for any choice

¢ € Sj and for any choice of unit vector v in the tangent space of specific
n — k + 1-dimensional submanifolds S C S;.
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If Kk =n+1 the exponent p = % = % is sharp.

If Kk < n+1, then the exponent % is sharp in the generic case; if one
assumes curvature hypothesis, then it should improve.
Anticipated condition

VO/(Nl(Cl), . Nk((k)wSNj(Cj)V) >v>0 (1)

for any choices (; € S;,i =1, .., k, for any j € {1,.., k}, for any choice

¢ € Sj and for any choice of unit vector v in the tangent space of specific
n — k + 1-dimensional submanifolds S C S;.

Under such hypothesis the conjecture is that

I Eifillp@eny < CUNfill2(uy)-

for any p(k) < p < oo were p(k) = % < %
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If Kk =n+1 the exponent p = L = % is sharp.

If Kk < n+1, then the exponent k 7 is sharp in the generic case; if one
assumes curvature hypothesis, then it should improve.
Anticipated condition

VO/(Nl(Cl), . Nk((k)wSNj(Cj)V) >v>0 (1)

for any choices (; € S;,i =1, .., k, for any j € {1,.., k}, for any choice

¢ € Sj and for any choice of unit vector v in the tangent space of specific
n — k + 1-dimensional submanifolds S C S;.

Under such hypothesis the conjecture is that

I Eifill ey < CM il

for any p(k) < p < oo were p(k) = 2(217:}:”8 < 72

This conjecture is mostly open.
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(B.) If Si,i =1,..,k are k — 1-conical hypersurfaces and satisfy (1) then

I Eifille S My lIfil] 2

~

holds true for all p > p(k).
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(B.) If Si,i =1,..,k are k — 1-conical hypersurfaces and satisfy (1) then

k
M Eifillee S Tisallfill 2

holds true for all p > p(k).

Guth formulates a weaker version of the above conjecture and proves it for
subsets of the paraboloid using the polynomial partition method. He then
uses it to further improve the linear restriction theory in higher dimensions.

loan Bejenaru (UCSD) Tokyo November 30, 2016 9 /26



(B.) If Si,i =1,..,k are k — 1-conical hypersurfaces and satisfy (1) then

k
M Eifillee S Tisallfill 2

~

holds true for all p > p(k).

Guth formulates a weaker version of the above conjecture and proves it for
subsets of the paraboloid using the polynomial partition method. He then
uses it to further improve the linear restriction theory in higher dimensions.

Our proof is entirely analytical in nature. The k — 1-conical surfaces have
a simplified wave packet structure that reduces the geometry of the
problem. They have curvature in the necessary directions and they are flat
in the unnecessary directions.
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(B.) If Si,i =1,..,k are k — 1-conical hypersurfaces and satisfy (1) then

k
M Eifillee S Tisallfill 2

holds true for all p > p(k).

Guth formulates a weaker version of the above conjecture and proves it for
subsets of the paraboloid using the polynomial partition method. He then
uses it to further improve the linear restriction theory in higher dimensions.

Our proof is entirely analytical in nature. The k — 1-conical surfaces have
a simplified wave packet structure that reduces the geometry of the
problem. They have curvature in the necessary directions and they are flat
in the unnecessary directions.

To keep things simple, we sketch the argument for k = 3. At the end we
will highlight the obstacles that occur for k > 4.
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Given a surface S; we let N; = {N;({;) : ¢; € S;} be the set of normals at
S;. By dspanN; we denote the following subset of the classical span of N :

dspanNj = {aNy + BNg : Ny, Ng € Nj, o, 5 € R}.

dspan/N; is the set of linear combinations of two vectors in A;; it is not a
linear subspace.
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Given a surface S; we let N; = {N;({;) : ¢; € S;} be the set of normals at
S;. By dspanN; we denote the following subset of the classical span of N :

dspanNj = {aNy + BNg : Ny, Ng € Nj, o, 5 € R}.

dspan/N; is the set of linear combinations of two vectors in A;; it is not a
linear subspace.

With these notation in place, we claim the following result.

Lemma

For any N € dspanN7y and any N € N, N3 € N3 the following holds true
for all real numbers a, b, c :

|aN + bN + cNs| 2 max([al|N], [b], |c]). (2)

The statement is symmetric with respect to S1, S5, Ss.

4

The occurrence of |N| in max(|a||N|,|b|,|c|) is motivated by the fact that

vectors in dspan/N7 are not normalized, but vectors in N> and N3 are:
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Wave packet theory

The construction is sensitive to the 2-conical character of the hypersurface.
The construction of wave packets starts with defining two lattices :
L=r"17"ND, for frequencies, and L = rZ", on the spatial side. Here we
modify the frequency lattice £ to account for the 2-conical structure.
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Wave packet theory

The construction is sensitive to the 2-conical character of the hypersurface.
The construction of wave packets starts with defining two lattices :
L=r"17"ND, for frequencies, and L = rZ", on the spatial side. Here we
modify the frequency lattice £ to account for the 2-conical structure.
With x7 € L, &1 € L, define the tube

T:={(x,t) e R" xR :|x —x7 + Vp({7)t| < r}; denote by T the set of
such tubes. For T € T, define the cut-off {7 on R"*! by

)NCT(Xu t) = )NCD(XT—ch(f-,—)t,t;r)(X)'
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Wave packet theory

The construction is sensitive to the 2-conical character of the hypersurface.
The construction of wave packets starts with defining two lattices :
L=r"17"ND, for frequencies, and L = rZ", on the spatial side. Here we
modify the frequency lattice £ to account for the 2-conical structure.
With x7 € L, &1 € L, define the tube

T:={(x,t) e R" xR :|x —x7 + Vp({7)t| < r}; denote by T the set of
such tubes. For T € T, define the cut-off {7 on R"*! by

)NCT(Xu t) = )NCD(XT—ch(f-,—)t,t;r)(X)'

Let Q be a cube of radius R > 1 and ¢ be a free wave. For each T € T
there is a free wave ¢, with ¢ supported in a parallelepiped of size
roughly 1 x 1 x R™2 x ... x R™3. The map ¢ — ¢7 is linear and

6= ¢,

TeT
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and the following estimates hold true

sup  X7(xqg; tq)_NH@bTHiz(q) < rM(9)
T q€Q,(Q)

and
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and the following estimates hold true

sup  X7(xqg; tq)_NH@f)THiz(q) < rM(9)
T q€Q,(Q)

and

(z (s mqo,T¢T>) "< M),
qo T

provided that the coefficients mq, 7 > 0 satisfy

Y mgr=1, VTeT. (3)
qo
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Localization of the trilinear estimate.

Assume that X1 (suppfi) C B(H, 1), where B(H, i) is the neighborhood
of size u of the k-dimensional affine subspace 7. Assume that

IN1(C1) = T N1 ()| S 1, ¥C1 € Ta(suppfi), where my : R™! — H s the
projection onto H. In addition assume that if N;,i=k+1,..,n+1is a
basis of the normal space H* to H, then Ny (C1),.., Ni(Ck), Nig1, s Noi1
are transversal for any choice (; € ¥;.
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Localization of the trilinear estimate.

Assume that X1 (suppfi) C B(H, 1), where B(H, i) is the neighborhood
of size u of the k-dimensional affine subspace 7. Assume that

IN1(C1) = T N1 ()| S 1, ¥C1 € Ta(suppfi), where my : R™! — H s the
projection onto . In addition assume that if N;,i = k+1,..,n+1isa

basis of the normal space H* to H, then Ny (C1),.., Ni(Ck), Nig1, s Noi1
are transversal for any choice (; € ;.

Under these hypotheses the improved trilinear estimate states that :

=
[€1hEHEB B0,y < COr 2 rillfllzw)llBllew)lBllzw)- (4)
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Localization of the trilinear estimate.

Assume that X1 (suppfi) C B(H, 1), where B(H, i) is the neighborhood
of size u of the k-dimensional affine subspace 7. Assume that

IN1(C1) = T N1 ()| S 1, ¥C1 € Ta(suppfi), where my : R™! — H s the
projection onto . In addition assume that if N;,i = k+1,..,n+1isa
basis of the normal space H* to H, then Ny (C1),.., Ni(Ck), Nig1, s Noi1
are transversal for any choice (; € ¥;.

Under these hypotheses the improved trilinear estimate states that :

=
[€1hEHEB B0,y < COr 2 rillfllzw)llBllew)lBllzw)- (4)

We need the following version of this : assume g is a cube of size r and
that > r~! then

n—2
|E1F - Eafo - E3h311(q) < CE)F T r 2Ny ||RoEifill . (5)

Here ¥4 decays fast away from gq.
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The estimate says that inside g the main contributions come from &;f;
inside a dilate of g : consequence of the finite speed of propagation.
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The estimate says that inside g the main contributions come from &;f;
inside a dilate of g : consequence of the finite speed of propagation.

3 _ . _
The factor r~2 exhibits an apparent improvement : while in (4), the norms

of &;f; are measured along hyperplanes, in (5) the norms of &;f; are
measured on cubes of size r.
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The estimate says that inside g the main contributions come from &;f;
inside a dilate of g : consequence of the finite speed of propagation.

3 _ . _
The factor r~2 exhibits an apparent improvement : while in (4), the norms

of &;f; are measured along hyperplanes, in (5) the norms of &;f; are
measured on cubes of size r.

Finally, the condition ; > r~! is crucial in using the localization on the
physical side, without altering the localization at scale < p of X1(suppf).
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The estimate says that inside g the main contributions come from &;f;
inside a dilate of g : consequence of the finite speed of propagation.

3 _ . _
The factor r~2 exhibits an apparent improvement : while in (4), the norms

of &;f; are measured along hyperplanes, in (5) the norms of &;f; are
measured on cubes of size r.

Finally, the condition ; > r~! is crucial in using the localization on the
physical side, without altering the localization at scale < p of X1(suppf).

The proof goes as follows : we rephrase the original trilinear estimate with
estimates in terms of

1A EHE |11 < Cl)r u"™ My |IEfill 200,

where H; are hyperplanes transversal to N; and passing through q.
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3 _ . _
The factor r~2 exhibits an apparent improvement : while in (4), the norms

of &;f; are measured along hyperplanes, in (5) the norms of &;f; are
measured on cubes of size r.

Finally, the condition ; > r~! is crucial in using the localization on the
physical side, without altering the localization at scale < p of X1(suppf).

The proof goes as follows : we rephrase the original trilinear estimate with
estimates in terms of

1A EHE |11 < Cl)r u"™ My |IEfill 200,

where H; are hyperplanes transversal to N; and passing through q.
The localization machinery improves the left-hand side to ||{4&ifill12(21,)-
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The estimate says that inside g the main contributions come from &;f;
inside a dilate of g : consequence of the finite speed of propagation.

3 _ . _
The factor r~2 exhibits an apparent improvement : while in (4), the norms

of &;f; are measured along hyperplanes, in (5) the norms of &;f; are
measured on cubes of size r.

Finally, the condition ; > r~! is crucial in using the localization on the
physical side, without altering the localization at scale < p of X1(suppf).

The proof goes as follows : we rephrase the original trilinear estimate with
estimates in terms of

1A EHE |11 < Cl)r u"™ My |IEfill 200,

where H; are hyperplanes transversal to N; and passing through q.
The localization machinery improves the left-hand side to ||{4&ifill12(21,)-

. N : 1
We average in the direction of each N;, and obtain (r72)3 = r2.
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Proof of the main result

Main strategy - induction on scales. Define A(R) to be the best constant
in the estimate

|E1F - Eafa - E3h3]1r(B(x,R)) < ARl 21l 2 15| 2-
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Proof of the main result

Main strategy - induction on scales. Define A(R) to be the best constant
in the estimate

|E1F - Eafa - E3h3]1r(B(x,R)) < ARl 21l 2 15| 2-

Then one seeks to quantify the growth of A(R)

A(CR) < (14 c(R))A(R).
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Proposition

Let Q be a cube of size R > 1. Assume ¢; = Eif;, i € {1,2,3} have
positive margin. Then there is a free wave table ®1 = ®(¢1, ¢2, Q) on Q
with depth Cy such that the following properties hold true :

o= o (6)
9€2¢,(Q)
M(®) < M(0), (7)

and for any q',q" € Q¢,(Q),q' # q”

/ n—2 1
1D dagiall gy Se R™F FME M3 (¢7). (8)
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This "morally” suffices ; the following estimate is trivial

(a") < R3epld)
|3 ¢2¢3||L§(Q) S Rz ¢2¢3HL<§°L§(Q)
3

S R3[4 oo 1200y D2l 150 12(0) | 03 150 12 0)
< RIM(DT))3 M(1)2 M(¢3)3.
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This "morally” suffices ; the following estimate is trivial

(q') < preld)
|3 ¢2¢3||L%(Q)NR2||¢1 ¢2¢3||L?OLX§(Q)
3 !
S R3[4 oo 1200y D2l 150 12(0) | 03 150 12 0)
< REM(OLT) I M($1)? M(¢3)7.

: 2. .
Interpolating between the above L3 estimate and the improved L!
estimate so as to cancel the power of R reveals

1087 dasal e (@) S M(DL7)) M(62) M(3)3.

with p > p(3).
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This "morally” suffices ; the following estimate is trivial

(q') < preld)
|3 ¢2¢3||L%(Q)NR2||¢1 ¢2¢3||L?OLX§(Q)
3 !
S R3[4 oo 1200y D2l 150 12(0) | 03 150 12 0)
< REM(OLT) I M($1)? M(¢3)7.

: 2. .
Interpolating between the above L3 estimate and the improved L!
estimate so as to cancel the power of R reveals

108 203 o) S M(SL7))2 M(2)> M(3)2.
with p > p(3).

This is a toy model ; more work is needed in implementing the above
argument.
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Wave packet decomposition for ¢,

1= o7

TieTh

For any qo € Q¢,(Q) and T1 € T1 we define

Mgy, T, "=
and
mr, (=
Based on this we define
(ngo) =

It is obvious that :

¢1 =

thus justifying (6).

loan Bejenaru (UCSD)

2.

qOEQCO(Q)

Z mQ07T1¢ .

1% 79201 72(g0)

Mgy, Ty -

ThieTh mn
(o)
> #
Q€Q¢(RQ)
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All that is left to prove is (8), which is equivalent to
> 1057 a3l 1(q) Se = Cr "2 TN M(8).
q€Q;(Q):d(q,90)2¢cR
Suffices to prove
Mgy, T
> > %%,Tl@%”u(q)
q€Q;(Q):d(q,q0)2cR  TiNg#D 1

The localized form of the trilinear estimate (5) gives

n+1 Mg, T,
=Y =B 617 Ralliz | 62Xalliz | 03K 12
7, Mh

\|¢gq°)¢2¢3\|u(q) Ser
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1

2
. . . . My, T me . T .
Using the obvious inequality % < %L we obtain :
1
m

NI
il

Mqo, Ty ~
> 191, Xall 2

TiNg#0 N
1

lorm Tl )
S R [N mg i (xg, t)

T mTliTl(X‘V tq) T

NI

Next we claim the following estimate

D May, X (X tg) S X s(q)b2ll22-
TieTh

Using the definition of mg, 1, we identify the function
Xs(q) = ( Z X(xq; tg)X11)Xao
Ti€Th

which makes the above hold true.
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Then we note that Y s(4) has the following decay property :
. d((x, 1), S(@)\ "
Xs(q)(x:t) S <1 + M) :

Here the surface S(q) is the translate by c(q) of the neighborhood of size
r of cone of normals at S;, CN1 := {aN;(¢),¢ € 51, € R}.
It suffices to prove the following :

1,7 %qll22
X s(q)®21l12 ——————~ | lo2Xgll2ll#3Xqll 2
Z (a) Tl%:ﬂ) mr T (Xq, tq) q q

<r2|—|3 lM((b/)

This can be broken down into the following two claims :

D lléaks(q)illosiallze S PM(¢2)M(¢3) (9)
q

and

1,7, %qll22 o
> Z OVIRGIL ) gaRglle S rM(61).  (10)

mTlXTl (Xq7 tCI)
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Proof of (10) : By rearranging the sum, it suffices to show

S 12 S 12
Z Z ||¢1,T1Xq||L2||¢2Xq||L2 <rl\/l(¢)1).

mz X7, (xg, t ~
T1 qu17£@ TIXTI( q> Q)

The inner sum is estimated as follows :

ll¢2%4ql122 <H</52>2T1Hfz
mTlX'Tl(X(P tQ) ~ mr,

S
qNT1#0

and the outer one is estimated by

> supllonnRallfe S 7Y M1 ) S M(¢1),
n 9

Ty

which is obvious given the size of g in the x;-direction is = r and the mass
of ¢1,1, is constant across slices in space with x; = constant.
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We continue with the proof of (9). Using the fast decay of Xs(q) away
from S(q) and of ¥4 away from g, it suffices to show that

D lixs() d2lliallxqsllZe S PM(¢2)M(¢3), (11)
q

where by x4 is the characteristic function of the set A.
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We continue with the proof of (9). Using the fast decay of Xs(q) away
from S(q) and of ¥4 away from g, it suffices to show that

D lixs() d2lliallxqsllZe S PM(¢2)M(¢3), (11)
q

where by x4 is the characteristic function of the set A.

We define the following relation : ¢’ ~ g if ¢’ N S(q) # 0 and note that
this is equivalent to saying that there is a tube T; € 77 intersecting both g
and ¢’ and that d(q,q’) 2 cR. We start from the obvious inequality

2 2
Ixs@@2lz £ Ixg ¢l
q'~q

which implies

S lxs@ellixedslZ S 30 S g @zl Ixadsl:
q

9 q'~q
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We continue with the proof of (9). Using the fast decay of Xs(q) away
from S(q) and of ¥4 away from g, it suffices to show that

D lixs() d2lliallxqsllZe S PM(¢2)M(¢3), (11)
q

where by x4 is the characteristic function of the set A.

We define the following relation : ¢’ ~ g if ¢’ N S(q) # 0 and note that
this is equivalent to saying that there is a tube T; € 77 intersecting both g
and ¢’ and that d(q,q’) 2 cR. We start from the obvious inequality

2 2
Ixs@)d2l32 S Y lIxgdall?
q'~q
which implies

S lxs@@elelixadslZ 33 g dalllxaesl2
q q q'~q
We are tacitly using again at this point the full dispersion property of the
set of normals A7 : the tubes T; passing through g separate inside g ; in
the absence of this property, the above inequality would fail, as we would
encounter large number of tubes Ty € 77 passing through both g and ¢'.

loan Bejenaru (UCSD) Tokyo November 30, 2016 23 /26



Next we bring the wave packet decomposition for ¢» and ¢3. This reduces
(11) to the following

SN DY M) | [ Y] M@n) | < M(2)M(¢s).  (12)

9 q'~q \TaNg'#0 T3Nq#0

The key point in justifying (12) is that, as we vary (g, ¢') with ¢’ ~ g, the
number of occurrences of a pair of tubes (T, T3) on the left hand-side is
bounded by a universal constant. Indeed, if that is the case we bound the
left hand side by

S0 Men)M(ér) S M(¢2)M(¢3).

T2€T2 T3€T3

We finish the argument by establishing an upper bound on the number of
occurrences of a pair of tubes (T, T3) on the left-hand side of (12).
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Assume that a pair (T2, T3) shows up multiple times. That means that
there are (q,q),(g,d’) such that ¢ ~ ¢, ~ § and

dNT, 40,8 NTr#0, gnN T3 #0,gN T3 # (. We tolerate repeated
occurrences coming from the setup d(q,g) < r and d(q’, ") < r, which
are bounded by a universal constant, but rule out all the others.
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Assume that a pair (T2, T3) shows up multiple times. That means that
there are (q,q),(g,d’) such that ¢ ~ ¢, ~ § and
dNT,£0,dNTy#0, gN T3 #0,§N T3 # 0. We tolerate repeated
occurrences coming from the setup d(q,g) < r and d(q’, ") < r, which
are bounded by a universal constant, but rule out all the others.
Consider the case d(q, §),d(q’,§') > r. This implies the following :

c(q) — c(g) = azN3 + O(r) for some N3 = N3((3),(3 € S3, |az| > r,
c(q") — ¢(@') = aaNa + O(r) for some N, = N2(~§2),C2 €Sy, |ozN2| > r,
c(q) —c(q’) = aaNy + O(r), c(§) — c(§') = a1 Ny + O(r), N1, Ny € CN
| ], |@1] > r.
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Assume that a pair (T2, T3) shows up multiple times. That means that
there are (q,q),(g,d’) such that ¢ ~ ¢, ~ § and
dNT,£0,dNTy#0, gN T3 #0,§N T3 # 0. We tolerate repeated
occurrences coming from the setup d(q,g) < r and d(q’, ") < r, which
are bounded by a universal constant, but rule out all the others.
Consider the case d(q, §),d(q’,§') > r. This implies the following :
c(q) — c(g) = azN3 + O(r) for some N3 = N3((3),(3 € S3, |az| > r,
c(q") — ¢(@') = aaNa + O(r) for some N, = N2(~§2),C2 €Sy, |ozN2| > r,
c(q) —c(q’) = aaNy + O(r), c(§) — c(§') = a1 Ny + O(r), N1, Ny € CN
| ], |@1] > r.
Since ¢(q) — c(q') = (c(§) — ¢(§')) = c(q) — <(g) — (c(q') — (), this
implies

alNl — 5[1[(/1 = Oz3N3 — Oé2N2 + O(r)

Since a1 Ny — lel € dspan/N71, the geometric Lemma 3 gives
larNy — G Ny — azN3 + aaNo| > max(|agl, |as|) > r

which is in contradiction with the previous statement.
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Challenges in the case k > 4.

The last bit of the argument cannot rely anymore on /?/L? techniques.

Instead a true multilinear estimate needs to come into play. This makes
the geometry of the problem far more complicated.
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The last bit of the argument cannot rely anymore on /?/L? techniques.
Instead a true multilinear estimate needs to come into play. This makes
the geometry of the problem far more complicated.

We made use of the triangle inequality at multiple levels, and we could do
that since the key inequality is an L! improved estimate.
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Challenges in the case k > 4.

The last bit of the argument cannot rely anymore on /?/L? techniques.
Instead a true multilinear estimate needs to come into play. This makes
the geometry of the problem far more complicated.

We made use of the triangle inequality at multiple levels, and we could do
that since the key inequality is an L! improved estimate. If k > 4 the key
inequality requires an interpolation with an L% improved estimate and
% < 1. This creates real difficulties in running parts of the argument.
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