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Introduction

The restriction operator

Let S be a smooth, compact hypersurface in Rn with surface measure σ.

The restriction operator is R(f ) = f̂ |S ,
where

f̂ (ξ) =

∫
Rn

f (x)e−ix ·ξdx

is the Fourier transform of f ∈ L1(Rn).
For which 1 ≤ p, q ≤ ∞ does

R : Lp(Rn)→ Lq(S , σ)

give a bounded Operator?
Adjoint Operator: R∗(g)(x) = ĝdσ(x) =

∫
S g(ξ)e−ix ·ξdσ(ξ).
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∫
S g(ξ)e−ix ·ξdσ(ξ).

Stefan Buschenhenke A Fourier restriction estimate November 2016 2 / 22



Introduction

The restriction operator

Let S be a smooth, compact hypersurface in Rn with surface measure σ.
The restriction operator is R(f ) = f̂ |S ,
where

f̂ (ξ) =

∫
Rn

f (x)e−ix ·ξdx

is the Fourier transform of f ∈ L1(Rn).
For which 1 ≤ p, q ≤ ∞ does

R : Lp(Rn)→ Lq(S , σ)

give a bounded Operator?

Adjoint Operator: R∗(g)(x) = ĝdσ(x) =
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Introduction

Trivial Results

We always have

‖ĝdσ‖∞ ≤ ‖g‖L1(S ,σ)

. ‖g‖Lq(S ,σ),

i.e. R∗ : Lq(S , σ)→ Lp(Rn) is bounded for p =∞, q = 1

If S ⊂ Rn−1 this is sharp.

1
1
q

1
p
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Introduction

Surfaces with non-vanishing Gaussian curvature

Let S be a compact hypersurface with non-vanishing Gaussian curvature.
Boundedness of R∗ : Lq(S)→ Lp(Rn+1):

Conjecture: 1
q′ ≥ n+2

np and p > 2n+2
n

Both conditions are known to be necessary

n = 1 solved (Zygmund 74).

n ≥ 2 : q = 2 solved (Stein, Tomas 75).

Other values of q : improvements in the 90’s by Bourgain’s work
(then Wolff, Moyua, Vargas, Vega, Tao (Bilinear approach)).

Confirmed for p > 2n+3
n+1 (Tao 2003).

Further progress by multilinear approach (Bourgain and Guth 2011),
”polynomial method” (Guth 2015)
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2

Stein-Tomas

Hölder: (q, p) implies (q̃, p) for q ≤ q̃

Nikishin-Maurey-Pisier factorisation: (∞, p) implies (p, p) for S = Sn
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Surfaces of finite type

Curves and surfaces of finite type

Let γ = {(x , xm)|x ∈ [0, 1]}, m > 2.

Sjölin 74, Ruiz 1983, Barcelo 1986

R∗ : Lq,p(γ)→ Lp(R2) for p > 4 and 1
q′ ≥ m+1

p .

Let Γ = {(x , z) ∈ R2×R| xz ∈ γ, 1 ≤ z ≤ 2}.

Barcelo 1986, B. 2015

R∗ : Lq,p(Γ)→ Lp(R3) for p > 4 and 1
q′ ≥ m+1

p .

Let Γ = {(x , |x |m) ∈ Rn×R}.
Stovall 2014

R∗ : Lq,p(Γ)→ Lp(Rn+1) for 1
q′ ≥ m+n

np and p such that the restriction
conjecture holds.

The proof involves affine arclength measure.
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Surfaces of finite type

Known results

Let S = {(x1, x2, x
m1
1 + xm2

2 )|x1, x2 ∈ [0, 1]}, m1 ≥ m2 ≥ 2.
By h denote the height of S , given by 1

h = 1
m1

+ 1
m2

.

B., Müller and Vargas 2014

R∗ : L(S , σ)→ Lp(R3) if

1
q′ ≥ h+1

p , p > max{10
3 , h + 1} and

1
q + 2m1+1

p < m1+2
2 .

1
1
q

1
p

1
3

1
2

1
3

1
4

1
q′ =

h+1
p[FU]

[IKM]

[BMV]
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Surfaces of finite type

Necessary conditions

Let S = {(x1, x2, x
m1
1 + xm2

2 )|x1, x2 ∈ [0, 1]}, m1 ≥ m2 ≥ 2.
By h denote the height of S , given by 1

h = 1
m1

+ 1
m2

.

B., Müller and Vargas 2014

R∗ : Lq,p(S , σ)→ Lp(R3) if 1
q′ ≥ h+1

p , p > max{10
3 , h + 1} and

1
q + 2m1+1

p < m1+2
2 .

B., Müller and Vargas 2014

Assume R∗ : Lq(S , σ)→ Lp(R3). Then 1
q′ ≥ h+1

p , p > max{3, h + 1} and
1
q + 2m1+1

p < m1+2
2 .
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Surfaces of finite type

Lorentz space?

Let S = {(x1, x2, x
m1
1 + xm2

2 )|x1, x2 ∈ [0, 1]}, m1 ≥ m2 ≥ 2.
By h denote the height of S , given by 1

h = 1
m1

+ 1
m2

.

B., Müller and Vargas 2014

R∗ : Lq,p(S , σ)→ Lp(R3) if 1
q′ ≥ h+1

p , p > max{10
3 , h + 1} and

1
q + 2m1+1

p < m1+2
2 .

By trivial considerations this gives the Lq(S)→ Lp(R3) result, for
1
q′ >

h+1
p .

When 1
p ≤ 1

q , the strong type result follows by interpolation.

If 1
q′ = h+1

p and 1
p ≥ 1

q , Lq(S , σ)→ Lp(R3) fails.
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p ≤ 1

q , the strong type result follows by interpolation.

If 1
q′ = h+1

p and 1
p ≥ 1

q , Lq(S , σ)→ Lp(R3) fails.
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Surfaces of finite type

Necessary condition 1
q + 2m1+1

p < m1+2
2

Consider subsurface Sε = {(x1, x2, x
m1
1 + xm2

2 )|ε ≤ x1 ≤ 2ε, 1
2 ≤ x2 ≤ 1},

where the principle curvatures are more or less constant

x2

x1

xm1
1 + xm2

2

1

10 1
2

ε

Rescaling: S(K ) = {(x1, x2, x
2
1 + x2

2 +O(|x |3))|x1 ∈ [0, 1], x2 ∈ [0,K ]},
K = ε−

m1
2 and

‖R∗‖
Lq(S(ε−

m1
2 ))→Lp(R3)

. ε
1
p

(
3m1

2
+1

)
− 1

q′ (
m1
2

+1)
.

Stefan Buschenhenke A Fourier restriction estimate November 2016 11 / 22



Surfaces of finite type

Necessary condition 1
q + 2m1+1

p < m1+2
2

Consider subsurface Sε = {(x1, x2, x
m1
1 + xm2

2 )|ε ≤ x1 ≤ 2ε, 1
2 ≤ x2 ≤ 1},

where the principle curvatures are more or less constant
x2

x1

xm1
1 + xm2

2

1

10 1
2

ε

Rescaling: S(K ) = {(x1, x2, x
2
1 + x2

2 +O(|x |3))|x1 ∈ [0, 1], x2 ∈ [0,K ]},
K = ε−

m1
2 and

‖R∗‖
Lq(S(ε−

m1
2 ))→Lp(R3)

. ε
1
p

(
3m1

2
+1

)
− 1

q′ (
m1
2

+1)
.

Stefan Buschenhenke A Fourier restriction estimate November 2016 11 / 22



Surfaces of finite type

Necessary condition 1
q + 2m1+1

p < m1+2
2

Consider subsurface Sε = {(x1, x2, x
m1
1 + xm2

2 )|ε ≤ x1 ≤ 2ε, 1
2 ≤ x2 ≤ 1},

where the principle curvatures are more or less constant
x2

x1

xm1
1 + xm2

2

1

10 1
2

ε

Rescaling: S(K ) = {(x1, x2, x
2
1 + x2

2 +O(|x |3))|x1 ∈ [0, 1], x2 ∈ [0,K ]},
K = ε−

m1
2 and

‖R∗‖
Lq(S(ε−

m1
2 ))→Lp(R3)

. ε
1
p

(
3m1

2
+1

)
− 1

q′ (
m1
2

+1)
.

Stefan Buschenhenke A Fourier restriction estimate November 2016 11 / 22



Surfaces of finite type

Long-stretched paraboloid

S(K ) = {(x1, x2, x
2
1 + x2

2 +O(|x |3))|x1 ∈ [0, 1], x2 ∈ [0,K ]}

1
1
q

1
p 1

3

1
3

1
q′ =

2
p

1
4

1
q′ =

3
p

On 1
q′ = 2

p : Estimates invariant under parabolic scaling.

On 1
q′ = 3

p : Apply estimates for the Parabola.

Conjecture:

‖R∗‖Lq(S(K))→Lp(R3) . K

(
1
p
− 1

q

)
+ .
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Surfaces of finite type

Necessary condition 1
q + 2m1+1

p < m1+2
2

Conjecture:

‖R∗‖Lq(S(K))→Lp(R3) . K

(
1
p
− 1

q

)
+ .

We could prove that

‖R∗‖Lq(S(K))→Lp(R3) & K

(
1
p
− 1

q

)
+ .

Thus

ε

(
1
q
− 1

p

)
m1
2 . ‖R∗‖

Lq(S(ε−
m1
2 ))→Lp(R3)

. ε
1
p

(
3m1

2
+1

)
− 1

q′ (
m1
2

+1)
.

For ε→ 0:

1

q
+

2m1 + 1

p
≤ m1 + 2

2
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Surfaces of finite type

Necessary condition 1
q + 2m1+1

p < m1+2
2

Consider the subsurface where 0.5 ≤ x2 ≤ 1.

Test the restriction operator for f (x) = ∈ Lq(S):

f̂ dσ(ξ) =

∫ 1

0
e i(ξ1x1−ξ3x

m1
1 )dx1

∫ 1

0
e i(ξ2x2−ξ3[x2

2 +O(x3
2 )])dx2
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Consider the subsurface where 0.5 ≤ x2 ≤ 1.
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− 1

q
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Proof

The bilinear method

The ”bilinear implies linear” argument due to Tao-Vargas-Vega 1997:
Let Q = [0, 1]× [0, 1] be the unit square.
Decompose Q × Q =

⋃
(k,l) τk × τl in a ”suitable” way.

‖f̂ dσ‖2
2p =‖f̂ dσf̂ dσ‖p

≤

∑
(k,l)

‖f̂ dσk f̂ dσl‖p∗p

 1
p∗

≤ . . . ,

where p∗ = min{p, p′}.
Goal: Establish a bilinear estimate

‖f̂ dσk ĝdσl‖p ≤ C (k , l , p)‖f ‖Lq(σk )‖g‖Lq(σl ).

Important: How does the constant depend on the specific pair of
subsurfaces over (τk , τl)?
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Proof

Bidyadic decompostiton

Let Q = [0, 1]× [0, 1] be the unit square.
Decompose Q × Q =

⋃
(k,l) τk × τl in a ”suitable” way.

In some cases, we need to decompose further:

1
q

1
p

3
10

The main reason for this decomposition is that the curvatures are
essentially constant.
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Proof

The bilinear method

Global bilinear estimates:

‖f̂ dσk ĝdσl‖Lp(R3) ≤ C (p, k , l)‖f ‖L2(Sk ,σk )‖g‖L2(Sl ,σl ),

Local bilinear estimates:

‖f̂ dσk ĝdσl‖Lp(Qk,l (R)) ≤ C (p, k, l)CεR
ε‖f ‖L2(Sk ,σk )‖g‖L2(Sl ,σl ).

for ε > 0, R ≥ 1 and certain cuboids Qk,l(R)→ R3, R →∞.

Induction on scales: reduce ε step by step.

Find a suitable rescaling to a ”nice” situation (”isotropic” wave
packets)

Decompose into wave packets (well localised in position and
momentum space)

Geometric argument
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Proof

Some troubleshooters

Global bilinear estimates:

‖f̂ dσk ĝdσl‖Lp(R3) ≤ C (p, k , l)‖f ‖L2(Sk ,σk )‖g‖L2(Sl ,σl ),

Local bilinear estimates:

‖f̂ dσk ĝdσl‖Lp(Qk,l (R)) ≤ C (p, k, l)CεR
ε‖f ‖L2(Sk ,σk )‖g‖L2(Sl ,σl ).

for ε > 0, R ≥ 1 and certain cuboids Qk,l(R)→ R3, R →∞.

We need a quantitative version of the classical ε-removal argument,
being sensitive to the dependence of the constant C (p, k , l).

For instance, the ε-removal uses some decay of the Fourier transform:
|d̂σk(x)| ≤ C ′(k)(1 + |x |)−s .
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Proof

Completing the proof

Let S = {(x1, x2, x
m1
1 + xm2

2 )|x1, x2 ∈ [0, 1]}, m1 ≥ m2 ≥ 2.
By h denote the height of S , given by 1

h = 1
m1

+ 1
m2

.

The initial analysis only gives a partial result Fix m1 and choose m′2 > m2,
i.e. h′ > h.
Observe

‖R∗BL‖L2(Sk ,σk )×L2(Sl ,σl )→Lp(R3) ≤ Cm1,m2(p, k , l)

≤ Cm1,m′2
(p, k , l).

1
q

1
p

3
10

1
q + 2m1+1

p ≤ m1+2
2

1
q′ =

h+1
p

1
q′ =

h′+1
p
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What else?

Related questions

Up to now, we can only handle functions of the form
Φ(x1, x2) = φ1(x1) + φ2(x2)

Curvature with different signs: Φ(x1, x2) = xm1
1 − xm2

2

Work in progress for Φ(x1, x2) = x2
1 − x2

2 +O(|x |3).

Results in higher dimensions
However, any reasonable result would imply progress for the
paraboloid as
φm(x) = x2

1 + x2
2 + xm3

m→∞−→ φ(x) = x2
1 + x2

2
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Thank you for your attention!
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