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Dirac-Klein-Gordon system
The Cauchy problem for Dirac-Klein-Gordon system (DKG):

WDy =mp+ ¢, teR, xeR,
(DKG) ¢ (9] = &+ M*)p = ¢*4°, 1€R, xER,
¥(0,x) = o(x),  ¢(0,x) = do(x), 0:9(0,x) = ¢1(x), xeR.

Solution (Unknown functions)

Y= () = (j;m RxR - C?,
¢ =¢(t,x) :RxR—R.



P —P+M)p=1¢"", 1eR, xeR,
t X

WDy =mp + ¢, teR, xeR,
(DKG) {

w(owx) = 1/10(x>7 (ZS(O,.X) = ¢0(x)a atd)(oax) = ¢l (x)a
where

m, M >0 : constants
VMD,LL = 708t + 718x7

o (1 0 L (0 1
T=\o —1) 7V =\ =1 o)

Yukawa type interaction
_ (o
(b'(/J - (¢,¢)2) )

wrto =@ (o &) (1) =k - o

x €R.



Rewrite DKG

Setuy =1 F b, forp = (Z;) Rewrite DKG as

(O + DJus = im — d)u
(0~ 0u_ = ilm — Sy,
(02 — 02)6 = —M9 + 2R(uy70),
s (0.5) = 0z 0(x), 6(0,2) = do(x), AB(0,x) = 61 (x).

Solutions

(1/17 ¢) — (u:ta (b)



Well-posedness for Cauchy problem

Cauchy problem is called well-posed if the three conditions hold
e Solution exists for r > 0 in the same space as the initial data
e Solution is unique in the space (and additional spaces)

e Solution is continuous with respect to the initial data
s = vl =0 = [ — pllx — 0.
If one (or more) condition fails, the problem is called ill-posed.
Time local well-posedness (TLW) means well-posedness on the

interval [0, T] for some T > 0. Time global well-posedness (TGW)
means well - posedness on the infinite interval [0, co).



Fourier transform and Sobolev space
Fourier transform:
FIE =F©) = [ e twax,
u(r,€) = /R 2 e Iy (1, x)dtdx.

Sobolev space norm: s € R,

Wl = 1146)° 2

Other norms: a,b,a € R,

Il oo = 1+ €)% (r — )"z
lullyoon = I146)(r + €7 — )Rl 210

where (x) = (1 + [x?)2.



Well-posed results in Sobolev spaces
(1x.0, 60, 61) € H'XH'XH'™! = (ux,6,0,¢) € C(I : H'xH"xH"™").

e M., Nakanishi and Tsugawa (2010),
TLW s > —%, Is| <r<l+4s. TGWs > 0.

r r=s+1
A




Earlirer works

(us, o, 1) € H x H x H™™\.

Chadam (1973), Chadam and Glassey (1974), TGW s =r = 1.
Bournaveas (2000), TGW s = 0,r = 1.

Bournaveas and Gibbeson (2006), TGW s = 0, % <r<l.

Fang (2004, 2008), TLW —; <5 <0, 1 <r <1425, TGWs=0.

Pecher (2006), TLW s > —%,r >0,ls| <r<1+4sr<I1+2s,
TGW s = 0.

M. (2007), TLW s > —%,r>0,2\s| <r<14+2s,r<1-+s. TGW
s=0.

Selberg and Tesfahun (2008, 2010), TLW
s>—%,r>0,|s\ <r<l+s.



More works for TGW

The charge conservation law (L? conservation):

2 \4
12 t>0

s (D72 + = (D72 = Il (0) 172 + [lu—(0)

TGW results below L?:
e Selberg (2007) —§ <5 <0, —s+ Vs> —s<r<1+s.

e Tesfahun (2009) —§ <5 <0, s+ Vs2—s<r<1+s.

e Candy (2013) —; <s5<0,s—f+/(s—3)2—s<r<l+s.



Why the rectangle is relevant?
1
(ug,0) e H xH", s> —> Is| <r<l+s.

(O £ Oy)ux = imux — idux, (0} = 02)p = —MPp + R(u, 7).

r r=s+1




Proof of well-posedness

Integral equation system corresponds to (rewritten) DKG:

wy =l + 1 ((m— p)u),
u— = ul +1_((m— p)uy),
¢ =" + 11 (M¢ = 2R(uyu)),

where F denotes the free solutions

ui (t,x) = ugo(x F 1),

_ X+t
¢F(t,x) — ¢0(x + t) —; ¢0(X t) + % ¢1(y)dy,

xX—t

and /1 stands for Duhamel term

IL(v) = —i/0 v(T,xF (t — 7))dr.



Contraction mapping principle

It O zvsrpsoo < lutrollr + N lLzorys 10 + Nllzrr a1z,

Ixr(Ou—llzonysoo0 S llu—ollms + [lusllzesnyso—1 + @z lug [l zos,
||XT(t)¢ ZrrAyr0,0 S ||¢0| g+ ||¢] | g1 + ||¢ Zr—1r—1Ayr—1,0,0
+ Nt Nl zoos =Nl o0

implies well-posedness. Moreover, fixed R > 0, for any data u, o, u_ o,
oo, @1 satisfying

[l ollrss Nl ollmss ([ dollar + N or]la— <R,

the solution satisfies

[ls || zosmys0.0, |[—||zsbnys0.0, |@llzrrayro0 < CR.
Remark the embedding

Y00 s [ g,



lll-posed results

The Cauchy problem for DKG (v, ¢, 9;¢) € H® x H" x H™~! is lll-posed
if
1. s > max(0,r),

. r>max(s+1,3),

2
3. s <min(—r,0), r < 1,
4
5

.s=0, r<o,
. s<—%, r:%.

1, 2 were shown in 2010 by M., Nakanishi and Tsugawa. 3 was
shown in 2014 and 4, 5 were shown in 2015 by M. and Okamoto.



Areas for lll-posedness

(ui,d)) €eH xH"

Al’ea 2: r > max(s + 1, %)

Al’ea 3: s < min(—r,0), r < %

r r=s+1

Area 1.5 > max(0, r)

Line4: =0, r<o



lll-posedness in the Area 1

Inthe case 0 < r < s,
(”:I:,07¢07¢1) cH xH xH ' H xH x H™!

Well-posedness in (uy, ¢, ¢,) € H x H x H™™!.
Split into the terms

7" s uy = ui + u?_ = ulj_ + I (u_),
7z su_=uf +u? =uf +1 (¢uy),
7735 ="+ P =" + I (upu),

where b > 1 and moreover

(bD c Zi‘~‘r1,l‘~‘rl7 I+(¢Du_) c Zr+l,b’ I (¢Du+) c Zb,rJrl.



uy instantaneously exits the space H*

Observe that uy ¢ H*, ¢ > 0 although u. o € H.

Uy = ui + ug
=l + 1 (¢u-)
=y + 1 (0"u) + 1 (6%u-)

where the first term and the third term have enough regularity

uf e B, I (¢Pu_) € Z7PNP — LT

Therefore  I(¢fu_) ¢ H® implies u; ¢ H'.



With some initial data ¢y, ¢1, the free part of the solution takes the
form ¢ (¢,x) = ¢(x — t) where ¢ € H". So the integrabilities hold

uy € 2 — 8L,

¢ ¢ +¢D Z2r Zr+1r+1(_)LP L+r+L
where = 5 —r, and then

duy = ¢uy + Puy € LI L, + 10 L,

Therefore ,
2] = |1 ($us)| S 1o



uo=uf 4P, WP S

Choose u_ y smooth and u_ o(x) = 1 for |x| < 1 to have
1 .
R(u_(t,x)) > > it 1+ v <1, Jf| < 1.

From o (1,x) = w(x — 1),

L (6"u) = plx — )1 (u_)

where I, (u_) is smooth and bounded from below
t
Li(u) €z — LXHY, |l (us)| > 7

to conclude
L(¢"u_) ¢ B i (H 3)p¢H



In the case r < 0 < s.
For 0 < ¥ < s, the initial data belongs to

(.0, G0, 61) € H x H x H' =" — H x H x H'™!,
but the solution exits instantaneously

up(t,-) ¢ H for t>0.



The special condition for the initial data

Chadam and Glassey observed
/|¢1rx wztxzdx—/h/}m — Yoo (x)]Pdx, t>0.

The condition 1 = v, gives
Y1 =14, andso ¥ % =[* = |1 =0,
this means, the condition Ru, o = Su_ =0 gives

Ruy =Su_ =0 andso R(uiu_)=RuyRu_ + Su,Su_ =0.



lll-posedness in Area 3

Follow the argument by Bejenaru-Tao and Kishimoto-Tsugawa.
Consider Area 3: s +r < 0,s < 0,r < % massless case m = M = 0,

(04 Ous = —iduz, (0% — 1) = Rluy ),
Ut (va) = ”:I:,O(x)a ¢(va) = ¢O(x)7 al¢(07x) = ¢ (x)

The first and the second iteration terms are given by

ug)(t,x) =ugo(x F t)
o) = REEDZNED ey,

W (1,x) = i/ot(¢(1)u$))(t’,x F(t—1))dr'.

The condition Ru o= Su_ =0 gives ¢ = ¢V



With s < so < —rand § > 0, take the initial data

Uy o=0N""Xwy_1nt1]s U—0=0,

~

$o = ON*X[-N-1,-n41], ¢1 =0.

Then
s ollms ~ ON*=0 =0, ||@o]lrr ~ SN"T0 — 0.
Estimate on
i . ~ e—2im _ -
.7:14(72) (1‘7 f) = _Eelff(/¢0(§ — U)Tinbur’o(n)dn
e*Zitg -1 R -
+ T oie / Po(§ — 77)”+,0(77)d77)
to obtain
16 (&M 2 182 1() X1z ~ 162

which immediately means that the solution map is not C2.



Consider the function vy = us — u') — u?, that is

t
va(t,x) = —i/o (Vv + 6Wul) (¢ xF (1 — 1'))ar.

Apply the proof of well-posedness with sy + (—so) = 0 for the initial
data above

u_o=o1 =0, |uygollmo ~[lgollg—s ~ 9
to obtain

Vi oo S 167

~

Since u'” =0andsov_ =u_ —u?,

[ P [ [P [ e

> [u? llgorr = V-l 2 16 — 16" ~ 167 > 0

which establishes the discontinuity of the solution map.



Review the argument
Area3:s+r <0.
The sequence of initial data with s < 5o < —r
Uy o= 0N XN=1N+1]5 Po = ONX[-N—1,-N+1]
forN =1,2,3,..., gives
\Fu® (1,6)| 2 15> for |€] < 1.
This is an interaction of the type “ Hign x High — Low ”. This allows

H3H07

R 2> Juyollmo > [luto

R = ol = [Id0
CR > HM,HL;OHVO > HM7||L7°-CHY >c>0.

Hr—>07




Thank you for your attention.



