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o Given a function f € LP(RY), does it make sense to restrict its Fourier
Transform to a hypersurface?
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o Given a function f € LP(RY), does it make sense to restrict its Fourier
Transform to a hypersurface?

o Well, where does the Fourier Transform of a function in LP(RY) live?

[~
1Pl gty < IFlliorey for 1< p<2.
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@ Therefore, the Fourier Transform of a function in LP with 1 < p <2
lives in LP". The LP spaces are defined modulo zero measure sets.
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@ Therefore, the Fourier Transform of a function in LP with 1 < p <2
lives in LP". The LP spaces are defined modulo zero measure sets.

o But f may live in a subset of LP sufficiently good so that the
restriction makes sense.
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We have, for example:

Theorem (Riemann—Lebesgue)

Let f € LL(RY), then f lives on the space of continuous functions that
tend to zero at infinity.

The continuity ensures that the restriction makes sense and we have for a
zero measure set S,
11l coo(sy < 11l 2oy
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o On the other hand, given g € L?(RY), there exists f € L*(R?) such
that f = g. Indeed, the Fourier transform is a bijection from [2(R9)
to L?(R?). The restriction can not make sense for functions in L?(R9).
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o On the other hand, given g € L?(RY), there exists f € L*(R?) such
that f = g. Indeed, the Fourier transform is a bijection from [2(R9)
to L?(R?). The restriction can not make sense for functions in L?(R9).

@ What is going on for the cases f € LP(RY) with 1 < p < 27 Well, we
can not expect continuity as in the case of L!(R?) and the restriction
to an arbitrary zero measure set may not make sense.
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If we require some curvature to surface, things change.

Conjecture
Let S =S91 if1 < p,q < oo then

[fllLags) < ClIfllo(we)
for every function and constant C independent of f, if and only if

<i and 5 dt1
PSdr1 P2gq

More generally, for every compact surface with boundary, with
non-vanishing gaussian curvature, it is conjectured the same necessary and
sufficient conditions.

The Conjecture for dimension d = 2 was proven by Fefferman and
Zygmund in the seventies.

It is open for dimension d > 3. Nevertheless, a lot of partial results have

been achieved.
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The boundedness of

T: LP(RY) — L9(S)
f — f‘s

is equivalent to the boundedness of the adjoint

T L9(S) — LP(RY)
g — gdo

To see that the adjoint is that one, we just use Parseval:

(T7.8) = [ FOR©dn(e) = [ £ [ emeg(@doe)a = (7. T'e).
Therefore our problem is equivalent to study

”gdU“Lp’(Rd) < CHgHLq’(sy
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| will focus on the following tools in the restriction theory:

i) Induction on scales
Enlarge the scale for which an estimate is valid.

i) L* Orthorgonality
Under assumption on Sy, 5>

1D fixender ) (3 B3, 0 ) 22y ~ D D Ifixdorfaxs, oz,

iii) Transversality
Under assumption on S,

| H fndUHLp’(BR) S H [EAE
n=1 n=1

Our result, as we will see, links the three tools.
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Why is the case of dimension d = 2 easy 7
i) The sum function of (a quarter of) St,

f. Stxst — R?
(a,b) +— a+b
is injective.
It implies good orthogonality
ii) Transversality
If S; and S, are f-arcs whose separation is comparable to 6, then

2 2
— 1
IT] fdolle S 672 [ 1Ifall.2
n=1 n=1

In this case, as

4
p:§ - p=4=2x2

we can use easily transversality and orthogonality.
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. . _ . . . . 3
In dimension d = 3 the objective is to push up p as close as possible to 5.

p < % =1.33... Tomas 1975 Measure decay

p= % =1.33... Stein-Sjolin 1975 Mesaure decay
p= % = 1.3488... Bourgain 1991 Kakeya
p=12=13548.. Wolff 1995 Kakeya

p= % =1.36 Tao—Vargas—Vega | 1998 Bilinear
p= % = 1.3684... Tao—Vargas 2000 Bilinear
p= 17—0 = 1.42857... Tao 2003 Sharp bilinear
p= % = 1.43478... | Bourgain—Guth | 2011 | Multilinear+Kakeya
p= %g = 1.444... Guth 2014 | Polynomial partition
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Case g = 2. The relevant for dispersive equations.
The proof relies basically in the following measure asymptotic behaviour

Proposition

If do is the surface measure of the sphere, then

e27ri|x| e—27ri|x|

g _ —d/2
do(x) = C|)<|((Fl)/2 + C|X|(d71)/2 + O(|x]| ) when |x| — oo.
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p < % =1.33... Tomas 1975 Measure decay

p=3=133. Stein—Sjolin 1975 Mesaure decay
p= % = 1.3488... Bourgain 1991 Kakeya
p=3=13548.. Wolff 1995 Kakeya

p= g—g =1.36 Tao—Vargas—Vega | 1998 Bilinear
p= % = 1.3684... Tao—Vargas 2000 Bilinear
p= 17—0 = 1.42857... Tao 2003 Sharp bilinear
p= % = 1.43478... | Bourgain—Guth | 2011 | Multilinear+Kakeya
p= %g = 1.444... Guth 2014 | Polynomial partition
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Conjecture (Kakeya Conjecture)

Let p = ﬁ, and let { Ty, }w, be any collection of R x R2 x -+ x R2

) . _1
tubes, whose orientations w are R™2 separated . Then,

N
| ZXTW, lLp(re) < CdRe(NR%)% for every € > 0.
i=1

That is, the tubes behave as disjoint (up to an epsilon). The conjecture
remains open in dimensions d > 3. The case d = 2 was proven by Cérdoba.
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In higher dimensions there have been some partial results.
We have the trivial bounds

N
| ZXTWHLOO(Rd) < GaN.

I=w
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In higher dimensions there have been some partial results.
We have the trivial bounds

N
| ZXTWHLOO(Rd) < GaN.

1=

If we interpolate it with the conjecture, we get

N
d
IS w7 legeey < CaR((NRZ )o N' 5D

1=w

d
for p > 5.
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In higher dimensions there have been some partial results.
We have the trivial bounds

N
| ZXTWHLOO(Rd) < GaN.

I=w

If we interpolate it with the conjecture, we get

N
d+1 1 1 _d
1" X7 llipray < CaRY(NRE )p N'7 7D
iI=w
d
for p > a1
In dimension d = 3, the best result asserts

N
3,1
H Z XTWHL%(IR") < CdRE(NRZ)s N 10
=

and is due to Wolff.
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Let f,, be the characteristic function of a cap in SY~1 with radio equals to

1001\/§ and centered at w € S9!, The Fourier Transform is
fpdo(x) = / e2mix0qp.
|w— 0|<100f

Observe that the cap is contained in a disc of dimensions
1/Rx1/VR x ---x1/v/R. Let T,, be the tube

Tw = {XERUI : |X-W’§ﬁRO, ‘X—W(X'W)|<\/§}.

If x € T,, and 0, w € S9! obey |w — 9\< , then |x - (w = 0)| < 135
Hence, for x € T,

27rix0d9’ — | e27rix(07W) d(9|
lw—6]<

/ d0| ~ R-(d-1)/2

fuda(x)| =

3\

\/\
=
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Informally, in general we have
fdo = Gmbjm
.j7m
where the coefficients obey ||{cj m}jmll2 < ||f|l;2, the functions ¢; n, are

adapted to a tube in the direction w; and position a,, and Fourier
supported in the cap centered at w;.
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p < % =1.33 Tomas 1975 Measure decay
p=3=133. Stein—Sjolin 1975 Mesaure decay
p= % = 1.3488 Bourgain 1991 Kakeya
p= ‘3‘—2 = 1.3548 Wolff 1995 Kakeya
p= g—g =1.36 Tao—Vargas—Vega | 1998 Bilinear
p= % = 1.3684... Tao—Vargas 2000 Bilinear
p= 17—0 = 1.42857... Tao 2003 Sharp bilinear
p= % = 1.43478... | Bourgain—Guth | 2011 | Multilinear+Kakeya
p= %g = 1.444... Guth 2014 | Polynomial partition
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Asuming that |a, — apy| ~ 1, it is an estimate of the form

lfxe s (amdo fXBﬁ(am/)dO'”Lq(Rd“) < ”fXBW%(am)”LP(]Rd)||fXBﬁ=°(am/)||LP(JRd)~

100
Of course, by Cauchy-Schwarz, a linear estimate
1£X8B 1 (am) 4Ol 20me1) S N1FXB 3 (am)llLo(r)-
100 100

implies the bilinear one.

Tao—Vargas—Vega proved that the bilinear estimate also implies the linear one.
The key of the proof is the Whitney decomposition, which is very useful when
restriction estimates depends only on the distance.

The point of the bilinear estimates is that the distance gives some help in order to
prove restriction estimates. Tubes pointing out in separated directions.
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Why are multilinear estimates interesting?

Let, for example in RY when S; is the hyperplane with normal vector e;
passing through the origin for i = 1,---  d. We have then

fido(x) = /52”i2j>15j‘xjf;(§2,... L E)dE = Al xd),
Fd\ — 270 3054 §5°% F, o & e —f e x g
U G(X) - € J 1(517 751—17614—17 a&d)dé- — I(X17 s Xi—1, Xit+1, 7Xd)a

fd/d\O'(X) = /e2ﬂ-izj<d Ej.xjﬁ'(é‘la T 7€d—1)d§ = %(XL e aXd—l)'

We have clearly that ||f;/CE’”Lq = oo for every g < ooand 1 < i <d.
However we have

d d
| Hﬁdffﬂfl < Cl:Il Iill 2(s)-
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Let's see it, for the sake of simplicity, in the case of dimension d =3
Ififafal|x :///Iiﬁr(x)@(x)@(x)|dxld><2dxe,
= ///|E(X2,X3)E(X17X2)E(X17X2)|dX1dX2dX3
=//|?1(X2,X3)|/|Fz(x1,xZ)f3(X1,xz)|dX1dXde3
< [ [ cesal( [ 1Bt ([ ea ) da) o

=/(/\fz(n,m)lzdxl)%/|€(XZ,X3)|(/\E(xl,X2)|2dxl)%dedx3
S/(/"?;(X17X3)|20'X1)%(/|7/c;(X27X3)|2dX2)%(//|)§(X1’X2)|2dX1dX2)%dX3
//|f3 x1, x2)[*dxdx2) 2 /(/|f2 x1,x3)|%dx1)2 /|f1(xz,x3 1 dXz)de3

< (//Ifs(xmz)l dX1dXz)f(//|f2(xl,X3)| dxldX3)z(/|ﬁ(X2,x3)| dadxa) 3

= [IfllzgsyllIfallizsy 131l2(s5)
= [fllizsy 2]l 2sy) 13l 2(s3)
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Theorem (Bennett—Carbery—Tao)

(d=3, paraboloid case) Let S, = {(&,7) : & € supp fn, [€|> =7}
(n =1,2,3) satisfy

[n(&1) A n(&2) A n(&3)| ~ 1

for all choices &, € S, where n(&,) is the normal vector to S, in &p.
Then there exist constants C and k such that

| H fado | 13(,) < Clogy R H 17all 2

n=1

for all R > 0.

Their theorem applies to more general surfaces. The curvature does not
appear, just transversality.
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Roughly speaking the Bourgain-Guth argument to deduce linear estimates
from trilinear ones follows the following idea:

if
[n(€1) A n(§2) A n(&3)| ~ 1

is because S1, Sy and S3 live in a small neighborhood of the vertices of a
triangle with area 1.

If we are not in that case, S1, S and S3 are close to be aligned, and we
have, as in the case of two dimensions, good orthogonality properties.
Dichotomy between transversality and orthogonality.
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p < % =1.33... Tomas 1975 Measure decay
p= % =1.33... Stein-Sjolin 1975 Mesaure decay
= 58 —1.3488... Bourgain 1991 Kakeya
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= 17—0 = 1.42857... Tao 2003 Sharp bilinear
p= % = 1.43478... | Bourgain—Guth | 2011 | Multilinear+Kakeya
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Theorem
Let Sp={(&,7): € €supp fn, [£]2 =T} (n=1,2,3) satisfy

[n(§1) A n(&2) A n(&3)| = 6

for all choices £, € S,. Then there exist constants C and « such that

| HdeHLl(B )y <0 2C(logy R H 1l 2
n=1

for all R > 0.
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Refined orthogonality:
Consider the cases when S, S5, S3 € [0,2]? are

D)
d(51,5) ~ |S1| ~|S2| ~ 277 d(S3,51) ~1 and £(51,5,,53) ~ 1
i)

d(Sl, 52) ~ C/(Sl, 53) ~ d(52,53) ~1 and 51,5,,53 C strip of width 2t
A(Sla 527 53) ~ 2_t
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7-,’;:= the square with length side 277 whose left-down vertex is placed in

the point k. t"vlv7m:= the strip in the plane of width 27/ which passes
through m € [0,2]? and in the direction w.

Definition

Let 51,55,53 C S and the transversality condition holds. We write
(51,52,53) ~ (r,j, t,w,m,0) if we can find

(r,j,t,w,m) € Nx N x N x St x R?, r < j, such that, perhaps reordering
the S, we have

S1c{(&31€?): e mf“}
So C{(&,4EP) : g er Nty
Ss C{(&316P) : erimntltt ),

for some k, k', k", w' such that m € 7‘,’( d(T[;,T{;,) ~ 27,
d(rly, fn) ~ d(7), ) ~ 27", |w — w/| ~ 27" and

6 ~2io—ro—t,

v
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'Tgn n t7‘+t

w'm

LrAREAN N

w,m w,m

Figure : Example of S1, S5, S3 with (51, 52, S3) ~ (r,Jj, t, w, m, ).
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Let 7}, 7], be such that d(r},7l,) = 27" > 274, then for every m € 7}, m’ € 7J,,
w,w' € S* with |w — w'| <27, we have

2

/¢>q3(j,t,w,m)|%*ﬂx7¢mﬂ;j;m*fzxﬂ,m”f N2 l
* e 2
< Z /‘Z’m(j,t,w,m)l% ﬁX-,J‘;mH‘,'vff"m";:ffam éxﬂ;,m’:}fmmt;f&’m,ﬂt;j,lr:j|

a, o a€2_(/+2t)Zw
&/ ez—(zj—r+2r)Zwl

| A\

Proposition

Let 7l,, 7}, be such that d(7l,,7f) ~ 27", then for every w,w' € S* with

lw—w/|S27f, me ’7‘/(,, we have

* * 2
/¢m0,r,w,m)|m AX o et R B Xor eyt ’

5 Z /¢‘B(J twm)‘% f1X7J mtﬁ—t ml\H—Zt‘ R f2X g ﬂt"” ngﬁ—t rAp—rt2t

) //m w”J-,a’
o, w,a's ac2™ (J+2t)ZW
17 ~ql
wES s
a'e2— (2j— r+2t)Z "

v
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The orthogonality implies

1
* * * * 2\ 2
/Jp(j,t,w,m) FAR LRG]S /p(j,t,w,m) (Za: % flximjv}ffnm“;ffa‘ )2

( Z }9%* 6X7-£’mlvlv+"tmt£v+ffa, ’2)

CV/

NI=

N

2
E |£R*f3x rt jtt—r ~ 2j—r+2t )
( T‘:,,ﬁtw,’mﬁgl 1" mtw/u_’a//

w'’' m
W//,O(//

it

r+t
S 277 [zl fll21 A2
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If (S1,52,53) ~ (r,j,t,w,m,0), then by definition,
|n(&1) A n(&2) A n(&s)| ~ 27U

for all choices &, € S,.
We can invoke Guth's Kakeya multilinear estimate with the transversality
condition to perform an induction on scales.

Theorem (Guth)
If (S1,52,53) ~ (r,j, t,w,m,0), then

3 1
LI ¥ meoxg)

n=1  ke2-*Z2Nsuppf,

3 1
JEr+t 5
~ra i | [ QD DR )k

n=1  ke2-27Z2nsuppf,

for all finite measure fio» .
k

v
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We denote by KC(\) the smallest constant C such that

j4r+t
Ly o P BB < 2 2 Bl
,t,w,m

for every f1, o, f3 with (51, 52,53) ~ (r,j, t, w, m,0).

K1) <1

Proposition

K(2\) < K(N).
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For a triple (51, S2, S3) ~ (r,j, t,w, m,0) we have proven the result. But
the hypothesis

n(&1) A n(&2) An(&3)] 2 0

does not imply (51, Sz, S3) ~ (r,j, t,w, m,0).
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Lemma
Let 51, S5, S3 satisfy

[n(&1) A n(&2) A n(&3)] 2 0

for all choices £, € S,. Then, there exists a collection
{8105 S2,i, S3,i, riy Jis tis Wi, mj}i=1 such that
i) It is a partition

51 X 52 X 53 = U 51,,' X 52,,' X 53,,'.
i<C(6)

ii) (517,‘, 52,,', 53,,') ~ (r,-,j,-, ti, wi, mj, 9/) triang/e type with 0 S 27(j+r+t).

iii)

> N Allzes pllfllizgs, pll Bl zgss

< C(logy 07N 1Al 2yl foll i2(sx) 1l 255
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