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Abstract

Following Getzler’s idea from the geometric viewpoint as to symbol calculus on a
spin manifold, we introduce a new symbol calculus of H-pseudodifferential operators
on a contact Riemannian manifold with contact distribution H, which will turn
out to be an effective tool for understanding the contact Riemannian structure
from the viewpoint of calculus. An explicit formula for the top grading part of
the symbol of composition of H-differential operators is presented. For general
H-pseudodifferential operators, we introduce a method of computing that of their
composition.

0 Introduction

On a spin manifold, Getzler [7] introduced a new symbol calculus of pseudodifferential
operators by unifying two kinds of ideas: that of Widom ([14], [15]) about symbol
calculus on Riemannian manifold and that of Alvarez-Gaumé ([1]) who used the Clifford
variables to propose a suitable filtration of symbol space. Getzler’s symbol calculus
simplifies the calculation of the principal part, or the top grading part (cf. [4]), of
the composition of symbols ([7, Theorems 2.7 and 3.5]) and consequently provides a
remarkably short proof of the Atiyah-Singer index theorem for the Dirac operator ([7,
§3], (8], [1))-

In this paper, on a contact Riemannian manifold with contact distribution H, fol-
lowing Getzler’s idea we will introduce a similar symbol calculus of H-pseudodifferential
operators, which will turn out to be an effective tool for understanding the contact
Riemannian structure from the viewpoint of calculus. The manifold possesses canonical
Spin€ structure, the Clifford variables associated with which provide similarly a filtration
of symbol space, so that Getzler’s idea can be applicable. The first result in this paper
is Theorem 3.5, which offers an explicit formula for the top grading part (cf. (2.13)) of
the composition of polynomial symbols, that is, the symbols of H-differential operators.
In the spin manifold case its counterpart is [7, Theorem 2.7], which was certified by
using the Campbell-Hausdorff formula. To prove Theorem 3.5, we will employ not the
CH formula but the formula (1.1), which gives an explicit expression of the connection
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coefficients of the hermitian Tanno connection. The CH formula is so daunting that
Benameur-Heitsch [4], who applied Getzler’s idea to the case of foliated spin manifold,
used Atiyah-Bott-Patodi’s formula [2, Proposition 3.7] for the proof of [4, Theorem 4.6]
which is a foliation version of [7, Theorem 2.7]. Their idea led us to the use of (1.1).
The author is actually uncertain whether the CH formula works for our case.

We have to be careful about an extension of Theorem 3.5 to general symbols. In
the spin manifold case, the formula for polynomial symbols (|7, Theorem 2.7]) and
Widom’s formula [15, Proposition 3.6] lead almost automatically to the general formula
([7, Theorem 3.5]). Since Beals-Greiner’s formula [3, Theorems 14.1 and 14.7] must
be the counterpart of Widom’s one in the contact Riemannian manifold case, it will
be natural to expect that a general composition formula will be derived easily from
Theorem 3.5 and Beals-Greiner’s one. But the situation is not so simple. The author
thinks it hard to present a concise general formula, but in fact we have a method of
computing the top grading part of composition, that is, if two general ones are given
concretely, then that of their composition can be computed exactly: refer to §4. Last
the author want to state that he has a plan to apply the study in this paper to that of
the Kohn-Rossi Laplacian (cf. [10]), the Toeplitz operator (cf. [9]), etc.

1 Preliminaries: contact Riemannian manifold and the
canonical Spin¢ structure

Let M = (M, ey, J,g) be a (2n + 1)-dimensional contact Riemannian manifold.
Here € is a contact 1-form and e is the unique vector field satisfying eg | e® := €% (eg) =
1, eg| de® := de’(ep, ) = 0, and (J,g) is a pair of (1,1)-tensor field and Riemannian
metric satisfying g(eg, X) = €*(X), g(X, JY) = —de®(X,Y) := — X (2(Y))-Y (e°(X))+
O([X,Y]) and J2X = —X + €%(X)eg. Referring to [10], [11] and [12], we will review
briefly some basic properties of the hermitian Tanno connection and the canonical Spin®
structure on M, which are tools crucial for our study.

We set H = kere’, Hy = {X € CH | JX = +y/~-1X} (CH := H ® C). Without
the assumption that J is integrable (i.e., [['(H4),T'(H4)] € T'(Hy)), we will equip M
with the hermitian Tanno connection *V ([10]), which is known to be appropriate for
the study of such a manifold and is characterized by the following conditions:

el =0, fvg=0, *VJ=0,
TV Z,W)=0 (ZeH,, WeCTM),

where T'(*V) is the torsion tensor and 7y : CTM = Ceq @ Hy ® H_ — H, is the
natural projection (cf. [10, Lemma 1.1], [12, §2]). Notice that it coincides with the
Tanaka-Webster connection ([6, §1.2]) provided that J is integrable. Near each point

P € M, we always take a local unitary frame e = (eg, e, el e(ic, o €8) of CTM
(e§ = eg, €S = €€ € H_, g(eg,e%) = 0a8, 1 < o, < n) which is #V-parallel along all
the #V-geodesics from P. Its dual frame is denoted by ex = (e%, e}c, el e(IC, o ed)
(hence, e% = eo). We assume that the Greek indices «, 3, ... vary from 1 to n, so that

26%®e%+2(e%®6%+6%®e%)
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and the connection #V can be expressed as
nVeg =0, tiVe Z €a ﬁV ﬁ,
TjVe% = Zeg . w(ﬁV %, (ﬁV)@ = —w(ﬁV)g.

The associated orthonormal frames e, = (eg,e1,---,e2,), € = (e, el,---,e?") with
respect to the underlying Riemannian metric are given by
C C o a
(e ec te
eq = = = Jeq, e*=-C__C  ento— _Je

, e
V2 e V2

Certainly these frames are also #V-parallel along the #V-geodesics from P. We denote
the #V-exponential map from P by exp = expp : IpM — M, and, as coordinates near
P, we always adopt the associated #V-normal coordinates z = Y(xo, 21 ...,79,) With
0/0x; = e; at 0 =P. Then [10, (2.2)] says that there is a Taylor expansion

> / IR (*V)%(0/0x;,0/02,)
A vaYs )= s B J )
(1) w(V)50/02) ZZ:; (¢ +1)! Zx]l i Oxj, -+ - Oz, 0
where F(*V) is the curvature 2-form of V. Further, if we set
(1.2) e = (0/0x4) - va, €* = (dze)-v* (i€, €5 =7 wvy;0/0xy, etc.),

then the matrix-valued functions wv,, v* are also expanded explicitly: Let us set zg = x,
Zo = (To + iTnia)/V2, 26 = Za, 0/020 = 0/0x0, 0)024 = (0/0x4 — i0/0Tp10)/V2,
0/0z5 = 0/0zq and (0/0zs) = (0/0z2p,...,0/02,,0/0%1,...,0/0zz). Then, in [10,
(2.4)] we presented carefully the Taylor expansions of the complex ones Vs, V* defined
by e§ = (0/0z4) - Ve, €& = (dzs) - V*. For later use, we will record here the beginnings
of that of V4, instead of that of v,:

_1 )
1 “B2 83
(0, B)-th entry (0, B)-th entry
TaO'y _7—070[; _ _7;7'?5
(13) Vo= | 2273 E, 72 T1H50 | Lo(:P),
(a, 0)-th entry (a, B)-th entry
T _%oz _;f;
D2y aow 2073 2+ 2y 2Wﬁ E,
(@, 0)-th cntry (a, B)-th entry

where we set Toys = g(T(*V)(e5, €5),€5)(0), ete.
Next, referring to [12, §2], let us recall that the hermitian vector bundle (H, g|g, J|rr)
yields the canonical Spin€ structure over M with spinor bundle

8¢ = AT M = {w e N"CT*M | X |w =0 (X € Reg U H)}
accompanied with the Clifford action of CI(T*M) given by
(1.4) o= (=1)"ti, o =V2e2A, efo= V262V,
where we set €2V = eg . Obv1ously the spinor metric coincides with the canonical one

on the right hand side, i.e., g*" = ¢”# , and [12, Proposition 2.4] says that so does the
spinor connection, that is,

VI =N (V) = Y w(V)g - ed Al v
Hence the curvature 2-form F(V#°) = F(ﬁVA%{*) is expressed as

FEVE ) (X, Y) =Y FOV)5(X,Y) ed Aclv.
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2 Intrinsic symbol spaces S77, SC3; and H-pseudodifferential
operators

Let us take a hermitian vector bundle (E, g*) over M with connection V¥ and set
0, *
F=8@QE=NT"M®FE

with canonically defined metric and connection (g7, V). In this section, we will in-
troduce two kinds of End(F')-valued symbol spaces and associated H-pseudodifferential
operators.

We set
(21) FH = FE(M;End(F)) = {f € C*(="End(F)\{0}) | f(P,AT) = X" (P, T)},
where 7 : T*M — M is the projection and AT denotes the Heisenberg dilation
T*M =R’ @ H* 5T = (T°, TH) s XT := (\*T°, \TH).

By using the V¥-parallel transport along the #V-geodesic from P’ to P

(2.2) Te = Tor (P,P) : Fpr — Fp,

the bundle F' is trivialized on a neighborhood Up of P as

(2.3) Fly, = Up x Fp, up > (P, Tp/ (upr)).

Together with the trivialization

(2.4) TUp=Up x TpM = (Up x R¥ ! (2,0)), e*(x)-0 & (x,e°(0)-0) = (z,0),

it induces naturally a local expression of ¢ € C*°(7*End(F’)), which we denote by
q(P,e®;x,0) € End(F)p.

The parallel transports for TM, T*M, etc., are similarly defined and denoted also by
T2 therefore, ﬁip(m)(e'(x)) =¢*(0).

Let us define now one of the intrinsic symbol spaces, following the ideas due to
Beals-Greiner ([3]) and Widom ([14], [15]), as

(2.5) Sy = S (M; End(F))
= {q € C®(7*End(F)) | there exist g, € F{ (k < m) such that,
for each P, ¢ ~ Z qr at ]P’}.
k<m

Here “q ~ >, ar at P” means that, for all multi-indices A, B and all N > 0, we
have B

(2.6)

0202 (4= > ar) (P, e%50,0)| < capw [y PN (lol = 1)
k>m—N

(Il = {lool? + " o |'}'/*, 1Blar := 2Bo + Y Bj = Bo+ |B ),
Jj=1 Jj=1

where capn = capn(P) > 0 are bounded functions. Further we set g7 = U,, S},
S5 =), Sii as usual.
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Lemma 2.1 The symbol space Si} coincides with the one given by Beals-Greiner
12,510).

Proof. It will suffice to show that (2.6) holds not only for (0,0) but also for any
(y,0). At the point P(y) := expp(es(0) - y), let us check the relation between the
frame (0/0xe,0/00,) induced from the coordinates (x, o) centered at P, and the frame
(0/0ws,0/0ne) induced from the ones (w,n) centered at P(y). We have

P(z) = P(y)(w) == expﬂ»@(e.(y) ‘w): w=w(y,x) = 0|z —yl),
e(0) 0 =T T T (e(0) - 0) - 0 =ny.2.0) = a(y.z) -0, aly.y) = E.

Since fVe? = 0, etc., obviously we have

B 1 (k=0),
o)™t =alpa), ol oo =alvono={ o (12
so that
i (Z — 0)7
Z 8’11)] Z aa]k . 0 0 B 8770 5
Lk a._ > -
0x; 6w] ik ox; 377]‘ Jdo; Zaﬂ (i>1)

Consequently, for example we have

0 (4= Y )@ @) = 5200, (4= 3 a) (€ B0))50.0)

k>m—N k>m—N

+ 2 %C;j,z e Oy, (q— > %) (e*(P(y)); 0,n).

je>1 ¢ k>m—N

Here (P, e®;y,0), etc., are abbreviated to (e®*(P); y, o), etc. We know it certainly satisfies
(2.6). 1

By further consideration we notice that the estimate at (2.7) is refined into
(2.8) w=""Y)(x—y) + Oz —yl*), @ =y+ve(y)w+O(w]?).

Next, let us introduce a class of pseudodifferential operators on M and associated
intrinsic symbols. We adopt another trivialization

T*UIP = Up x T[E; = (UP X R2n+17 (Zlf,f)), d:E.(IL’) ' é- A (JI,dLU.(O) ' f) = (mag)y
which gives another local expression of ¢ € C*°(7*End(F)):

q(z,8) = q(P,dxe; z,&) = q(P, e x,0(x,§)) € Fp,
hencev Q(Pa 5) = Q(()? 6) = Q(]P)7 6.; 07 0(07 5)) Q(Pa 6.; 07 5)

Referring to (1.2), we know that the transition rule between £ and o = o(x,§) is

(2.9) (dza)(z) - € = €(2) - 0(2,€) : o(x,€) = v*(2) 7€ = "va(2)€.
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For a symbol p € 87 and a smooth bump function ¢ on M x M which is supported
in a small neighborhood of the diagonal set and is equal to 1 on a still smaller one, we
define the H-pseudodifferential operator

0(p) = 6°(p) : T(F) = I(F)

as follows: For u € I'(F'), at each P € M we set

1 )
OO = Gt [ g PO o)

1 —
= W/T*Magp(o’g)up(g) dg,

Uup 1= (TPM >z ¢(P,exp(x)) ﬁzp(x) (u(exp(z))) € F]p) ,

where ﬁE is the Fourier transform of p. The set of such operators is denoted by Op S7;.
By referring to [3, §10], it is certain that Op S5, consists of operators with C*°-kernels
and, if we define the operator by using another bump function v, we have

9¢(p) = 0¢(p) (mod OpS5™).

For an operator P : I'(F') — I'(F), its intrinsic symbol (according to the idea of Widom
[14], [15]) <(P) € C°(T*M, m*End(F")) is now defined by

S(P)(P, &) (up) = P(M S exp(x) — PUCHY o(P, exp(z)) ﬁxp(m)(up)) o’

Then obviously we have
s(0(p)) =p (mod S;),
(2.10) 0(c(6(p))) = 6(p) (mod OpSy™),
e 0 . e
Sii | Sy™ = OpSji | OpSy™.

In a way similar to the idea of Getzler ([7]) (and Alvarez-Gaumé ([1])), let us define
here another symbol space SC%. By (1.4), we know there are the identifications

End($°) = End(AYy"T*M) = CI(H*) = A*CH* C A*CT*M,
ej1<>ej2<>,(,_ (_)ejl)/\ejZ A
_ 1< Jo < -+
6(%0 _ ﬂ . 6(0‘:_/\ o e J1<J2
ego V2 eV e

End(F) = End(AY'T*M @ E) = A*CH* ® End(E).

el lo]

For example, accordingly we have

(211)  FOEVAE)(X,Y) = % SOF(V)IX,Y) et Al =: %F(ﬁv; A)(X,Y),

(212)  F(VF)(X,Y) = FEVAE ) (X,Y) + F(VE)(X,Y)

= JFCV;N)(X,Y) + F(VP)(X,Y).
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We set
2n
(2.13) SCH = SCH(M;End(F)) = > SpH(M; A\"H* @ End(E)))
k=0
= Zsm k0 C®(T*M, 7 (A\FH* @ End(E))),

k=0

the element of which is said to have grading m (according to the naming in [4]). For
p € SC%, the H-pseudodifferential operator 6(p) € Op SCF is defined by regarding p as
an element of S§F via the canonical identification

S¥ — SC%
Y SETE = Y SpH(M; AFH* @ End(E)) = SC

so that (2.10) holds also for SC%, etc.

3 Formula for the composition of polynomial intrinsic sym-
bols € PC%

In this section, we concentrate on the space of polynomial intrinsic symbols, that is,
the space of intrinsic symbols associated with H-differential operators,

PCY = {p € SC¥ | p(P,§) is a polynomial in ¢},
and consider the composition
PCE x PCE — PCE, (p,q) — poq:=s(0(p)ob(q))

As was mentioned in Introduction, Getzler [7, Theorem 2.7] (and Block-Fox [5, Theorem
2.1]) derived an explicit expression of such a composition on spin manifold by means
of the Campbell-Hausdorff formula, and so did Benameur-Heitsch [4, Theorem 4.6] on
foliated spin manifold but by means of Atiyah-Bott-Patodi’s formula [2, Proposition
3.7]. Stimulated by the latter method, the author tries to examine the composition in
the contact Riemannian case by using the following formula (cf. (1.1)): Let (u1,ug,...)
be a local frame of F' which is V¥ -parallel along all the *V-geodesics from P and let us
set V0w, =Y w (VF)“(@/&CJ)UZ1 ® dxj. Then, at x = 0, the connection coefficients
are expanded as

ad IVF(VFY(8)x,,0/0x5
(3.1) w(VF)iL(9/0x;) = Z €+ 'Z Tj e a, ( 8;]2.( /a% / )(0).

=1

Let us start with calculating symbols of some H-differential operators.

Lemma 3.1 For X = X'+ X" =Y Xje; e (TM =Reg ® H), £ =&+ & =
Y &ed(P) € T M = Re®(P) & Hy:, we have

(3.2) S(VE)(®,€) = (iXp,&) =Y _iX;(P) & = (iXf, &n) + (iXE, o),
(3.3) 0((iX,€)) = VE.
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Proof. We have ¢(P,z) = 1 near = 0, so that we may ignore the bump function
¢. Since

o Xexp™ (@), 8] = 0| (exp (expltXe)), &) = S| 1(X5,6) = (X2,8),
VETE@e)| =0 (T =T,
we have
(VR (up) = Vi (00 T ug) )|
= X(ilexp™ (), )| __ ur+ VR(F ()| _ = (iXe, &) - e,
that is, (3.2) is valid. Next, we have
(O((iX, )u)(P) = > X;(P % vl / e~ V) g up(V) dY de

— . . I _ Y P _uF
=YX \Y:0<uﬂ»<y>> = | T e (ulexp(tX2))) = VE
Namely, (3.3) is also valid. 1

Proposition 3.2 We have

(35)  (VEVE)B.8) = (iXE €n) (¥ €n) + 3 POV M) (XE V)

grading 2
grading 4 gm;i,ng 3

1
FOV; N (Xp, Ya') + L F (V3 ) (X, V)

grading 2
. _ . _ 1
+ iXp(Ya(exp ™ (2), &) +iXp(Ya (exp 1(I)a§0>)+§F(VE)(XJP7YP)
grading 1 grading 2 gm(;irng 0
and
(3. X (Vo™ ), ) = 32 e (Cf Y1) = 50 e (X, Vo).

Here note that de® =i e2 AN el =Y e* AeTe.

Proof. We have

1

vEVE (e“exp‘

=0

(2):€) %x(up))
= ((VEVE (exp™ (@), ) " D0 T ()
+ (VK (exp™ (@), ) i(VF (exp™ (2),€)) €/ ) T2 ()
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1

+i(V (exp~ (), €)) P @DOTETE (up)
+i(VE (exp~(2), ) P DOTETE ()
+ el @8 yEyE Tl‘(u]p))

=0

= iV, Vi (exp ! (2), &) up + (iX, &)(iY, E)up + VXV TF (up)

and, by (3.1), (2.2), (2.3) and (2.12), we have

VEVETE (up)| = VEVETE (Y an(®rus®)|
=Y au®)VE( D w(V)i(0/02))da; (V) wi, (@)

21,7
= S a®VE (Y { - 5 S e FVL0/0;,0/00,)(P)
i1,J
o fdn (V) un ()|

= Y an®] 5 X () FVHL0/025,0/025,)(0) }ds (V) s, 0)
11.12,J,J1
=3 Y BV X)0) s, (B) = ~SF(VT)(Y, X) e

z=0

1 1
= POV (XY up + S F(VE)(X, Y Jup
They imply

<(VEVY)(P,€)
= (X, (Y, &) + (ﬁV MX,Y) +iXp(Y (exp™ (2),€)) + %F(VE)(Xv Y).

Considering the gradings of the terms, we obtain (3.5). Next, (2.8) says

XY, lo (), 6) = 5| (Valow (@), 6

et

<tX[p> —+ U.(tXP) -sY, + - ,§> = i <U.(tXP) . Yw,§>

s=0 dt lt=0

:ﬁ‘t 0ds

dt’ Ve tX]P’) Y]P’ + dt‘ exp (tXp)>» ‘£>

Hence, by (1.3) we have
XE (Ve (), €0 = (| valXE) - Vo)
= 25 {Kuss®Y5(®) - Xﬂ<P>Yn+ﬁ<P>}fo
SO de (Xp, Yp).

Thus we obtain (3.6).
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Set

280

(3.7) F(V;A) = FOOV;A) + e

deP.

Then Proposition 3.2 yields

Corollary 3.3 Denoting the grading of <(V%)(P,€) by mx, we have

(3.8) (S(VX) 0 <(V))(P.€) = (iXp, ) (iYp, &) + 7.7 (V5 A)(Xp, Yp)
+ (terms of grading < mx + my ).
This will suggest a formula for general polynomial symbols.

Definition 3.4 For p,q € PC%, we set

o ,
56 55 P(B.O N a(P.€)
0 0

= 3 FEViN0020.0/027)(B) e B, )\ gralP. )

F (VN (57

_ Z { S FEV)20/02:,0/02;) () €2(B) A () A

o,
250
\ﬁ

p(P.E) A2

4(0/02:,0/02,) ()} 5 -0(B.) A 5
J

06"

g=¢

Note that the summation in the last line is actually finite and the action of F (*V; N)(

may lower the grading (cf. [13, Proposition 1.2(2)]).

The formula (3.8) then becomes

((VE) 0 s(VE)(P,€) = ¢ 17 VNG5 (VE) (P, €) A o(VE) (P, &)

IP)? 5,)7

§'=¢

+ (terms of grading < mx + my)
and the general one is given as follows.

Theorem 3.5 There exists a series of bilinear differential operators

ap : PCx x PCx —PCx  (k=0,1,2,...)

such that
ag(PC, PCH ) € PCRH™F,
poq="Y_ ak(p,q)
k=0
-170vin (&)
(3.9) ao(p,q)(P,§) = e p(P,&) A (P, €)

g=¢

o)

E?

0

10

0
o¢7

)
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It suffices to prove Theorem 3.5 at P for p,q € PC% with
(3.10) p=g{iX,6)", q=h{iY,& ™,

where g,h € I'(A*H* @ End(E)), X = Z?Zo ¢j0/0x; and Y = Z?Zo d;j 0/0z; (the
coefficients ¢;, d; are constant) near P (cf. the comment in [4, §3]). In the following, X,
Y, p, q are such ones if not specified. The grading of (X, &) will be denoted by mx and
we will denote V" simply by V.

Lemma 3.6 We have

(3.11) s(gVR)(P,€) = g(P)(iXp, &)™,
(3.12) 0(<(9V%)) = gV¥.

Proof. As for (3.11): We have

(3.13) X™2,8)|, = X"exp™ (@).€)

=0 0 m > 2)

Indeed, (3.4) says it holds when m = 1, and we have

= Xp (Xw<exp71($)7§>)

X2, = X @).) 0

=0
(exp™ (exp((t + £2) X0)). ) )

- %’t:o(% to=0

(6 +2)%0.8)) = 2| (10.6) =0,

- %’tz[)(% to=0

etc. Thus (3.13) was shown. Hence, ignoring the bump function ¢, we have

)(P,€)(up) = Vi (e O T (up)

m 1(exp” " (x m— T
<k>(v§(€< 209 TR ()

(3.14) o(V

<3

z=0

[
Ms

=0
i x

Il
=)

= <7’X7 é-)mup

=0

I
NE

(). (72 )

e
I

0

Since the coefficients of X are constant, we have Vx 75" (up) = 0, which implies the last
equality above. Thus we obtain (3.11). As for (3.12), it suffices to show

(O((VR))u)(P) = (X" up)(0) = (VXu)(P).

First we have

(0(s(V2))u)(P) = (2)1%“ /T PMxT*Ms(f;M (X, €)™ T () dard

e 75 ZZCJ 5‘7 d.fdg

]
)12n+1 /e 8 ( ZZCJ )" up(z) dedé
ey K

e U8 XM up(z) dedé = (X ™ up)(0).
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The second equality is shown in a way similar to the last equality at (3.14).
By Lemma 3.6, we have
(3.15) poq=s(0(p)ob(g)) =s(O(g(iX, &)™) 0 O(h(iY,&)™))
=s(gVX o hVY') = gh(VXVY ),
where the last = means that the top grading parts of both sides coincide.

Proposition 3.7 We have

rmn m,m

(316) <(VEVY) = Z k'< ) iX, &)™k iy, e k<4ﬁ(ﬂv A (X, Y))k,

grading = mmx +m'my
ahere we put () = (1) (%)
Proof. It is obvious that
(3.17) \vadviid (euexp*l(x),@ uj) (0)

— 3 (TZ: Z’Ll> (ijj’edexp*l(x),&))( )(VXVYUJ)( ).

m=j+k, m'=j'+k'

We want to show

min(j,5") . A 3
(318) (X7 el @9) (0) = 3 al <“ )<iX,£>]_“<iY,£>J —a<§‘;de°<x,Y>>“,

a,a
a=0 ’

grading = jmx + j'my

1
(3.19) (v’g(v’;uj) (0) = k!(f F(V)(X, Y)) + (terms with grading < 2k)
k!
= F(*V: A)(X,Y)* u; + (terms with grading < 2k),
degree = 2k

(3.20) the grading of (vk vyu]) (0) is less than k + & (if k # &').

As for (3.18): We have

= XY exp ! (z), £)eliexP (#):4)

= X(iexp™ (), ) {Y (i exp™!(2),€) Z(i exp (@), €)
+YZ(iexp (0, 8) )| +{ XV liexpT (@), Zliexp™ (@),€)

+Y (iexp™! (@), €) X Z{iexp~!(2),€) + XY Z{iexp~!(2),€) }

Xyz(eﬂexp’l(x),f))

z=0

=0
= (iX,€) - (iY.€) - (iZ,€) + (iX,€) - Y Z{iexp™"(2).6)]
+0Y8) XZliep ™ @),8)] _ + (2.8 XY (iep™ @),
= (iX,€) - (iY,€) - (iZ,€)
X6 D0, 2) + (i7,6) - (X, 2) - (i2,€) - (X, Y)
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and, in general,

XY (eliexp™ @)6))

=0

= 2 “'(ii) (1X, €)Y, ) (XY (iexp™!(x),€))"
a<min(j,5') ’

)

= 2wl xer ey (e,

a<min(j,j")

As for (3.19), (3.20): We show them by induction. First, obviously we have
(Viw;) (@) = () (0) =0 (k> 0),
(vxvyuj>(0) - %F(V)(X, Y)u, = %F(ﬁV;A)(X, Y)u;.
Let us set F' = F(V) = F(VF). Then, referring to (3.1), we have

(3.21) VEFIIVEFL, (2)

=0

, l I'LF2(9/0x;,,Y)
_ k'+1 k . . 11 J1» )
= V(Y D IRy Faver P D)

=0
l k, K
— VX<Z (¢+1)! 2. (f@,n’)
-~ A'1F2(9/0x;,,Y) ,
k—kxgk'—kK e (51 Ji K x7K (o).
Vx "y T (g ag,) dx;, - Oz, xVy (Um(x))) o0
14 k, K
N (Z (£+1)! Z (H,K’)
_ Iyt 8271FZ2 (8/830 ,Y) ,
VR ) g g VRV (i (1)
J2 Je

¢ k, k!

+ (Z L+ 1) Z <I€,/€/>
It 8£71F22(6/8ZL’ Y)
k—kx7k'—kK e i1 J1»
VX "Vy "z g,) Bz, - Oz,
o k+k/+1—/€—ﬁ}, k,k/ k4+l—k K —k!
_Z(k+k/+2—f£—/£/)!</€,/§;/>v‘x Vy " (@

8k+kl*i€7ﬁ/ﬂi12 (8/6[13]1 7 Y)

8:% o -al'jk+k,

VIV (i, (1))

o xjk«kk’«l»lfnfn’ )

/
X VY (uip(2))]
+1—k—r' z=0

k+k’l—/€—/ﬁ]/ k’,k’l k—rk! —r'
t2 (k+k +1—k— &) </—@, ﬁ’) VX TV @ @)

O R 00, Y)
aij e axjk-&-ld—ﬁ—n’

k+kK+1-r—kr kakl k+l—rwk'—k
_Z(k—Fk’—i-Q—H—H)!(H,H)vX Vy e

VATV (uiy (2))

=0

o xjk«kk’«l»lfnfm)

13
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ak+k’ff£anii2 (a/ax 1Y)
; - XV (uiy (2))

3$j2 cee axjk+k,+17’€7m =0

grading =2k+2

]{—F k‘l + 1— K — Hl k,k’l kt1—rk' —k
+;/ (k+k/+2—ﬁ—/£/)!</€,/£/>VX Vy T

xjk+k/+l—m—rc/)

ak+k’_n—n’Fii12 (a/axh 7 Y)

856j2 e axjk+k,

RO

+1—.~c—.~t’

grading <rk+r'+2

k+k/7,{7ﬁ-/71 k?,k/ k—rkw—k' —k—1
+ Z (k+k'+1—k—k—1)! <,‘-€7 K+ 1) Vx "Vy (- 'xjk+k/7nfnfl)

QK —R=r=2[2(9 /0, V')
i1 Jis ktlok+l,,
Dy, - Oz, VYTV (@)|

—k—Kk—1

grading =2k+4

k+k/—/€—f€, k7k/ k— K —k!
+ Z k -+ k/ + 1 — K — l‘i/)' (H Hl) VX HVY i (le o xjkﬁ*k’fnfnl)
K1k )

A SRS VIV (g, (2))
3333'2 T 8xjk+k’7mfm/ * s =)

grading <k-+r'+3
Hence, we know

VkHVk'Hu,-l (:C)‘ »

S Vil F2(0/0, Y) Vi T i (2)

* 21'<k; - 1> > V(@) Fi2(0/01,, Y )VE VY (uiy (2))

= (k+ 1) Fi2(X, Y) TV (i ()

z=0

=0

)

=0

which inductively implies (3.19). Further, in the case k # K/, it is obvious that the
grading of each line on the last side of (3.21) is less than (k + 1) 4+ (k' + 1). Notice that
some terms in the third and fourth lines may not seem to be so at a glance but in fact
such ones vanish. Thus we obtain (3.20). Now (3.17)-(3.20) yield

c (vgvg&’)

_ m]-‘rb,ZWl’J"i‘b Z a' g m, m/ j?j/
— T 4b b b a,a

b<min(m,m’) a<min(j,j’)
50

(iX,€)77° (i, &) (e’ (X, V) F(EV A) (X, Y)Y

LELLEL e

b<min(m,m’) a<min(m—>b,m’—b)
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(X, Y, € (e (X, V) F (V) (X,

min(m,m’) i

= ’f‘(k h ><X£>m HOSI k(49(ﬂV;A)(X,Y)> .

k=0
Namely, (3.16) was proved. I

Last, let us prove Theorem 3.5.
Proof of Theorem 3.5. We have

FEVNGeaw) (i, )™ A hiiY, €)™

§'=¢

1 0 0 \F /
—gAhZ S(- 70w A)(el,enawgz) (X, 0™ (Y, €)™

§'=¢

m'

=g A hk . k;' m k;)' ( 7 k;)' < 4 ( /\)(6117631)ZX$11Y71>

min(m,m’) ,
m,m
=gAh kz::o k! ( bk

;gAhg(wvgy’),

F (V5 N e 01X, 1Y5, ) (X, €)™ H (Y, €)'

»-lk\}—t

§'=¢

Jax. oty gt (F TN )

which, together with (3.10) and (3.15), implies the formula (3.9). The other parts will
be obvious. I

4 Beals-Greiner’s formula and the composition of general
intrinsic symbols € SC%

As was mentioned in Introduction, in the spin manifold case (Getzler [7], Block-Fox
[5], Benameur-Heitsch [4]) a composition formula for general symbols was derived almost
automatically from the one for polynomial symbols and Widom’s formula ([14], [15]). It
will be thus natural to expect that, in the contact Riemannian manifold case, so can be a
composition formula for intrinsic symbols € SC% from Theorem 3.5 and Beals-Greiner’s
formula ([3]) for symbols € S7. But the situation is not so simple. To compute such
a composition, it seems that, added to Beals-Greiner’s one, not Theorem 3.5 but an
extra computation is needed. In this section, referring only to their formula reviewed
below we will give another proof of (3.9), by which we want to show what kind of extra
computation is required.

With reference to [3, §9-§14], let us review Beals-Greiner’s formula. Referring to
(1.2), (1.3) and (2.9), we set

1 V2Re(z3%) = 252 V2Im(z5) = -3
(0, B)-th entry (0,n + B)-th entry
0/, — 0
Ve (x) B (o, 0)-th entry En O ’
0
O E,

(n + «, 0)-th entry
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& (1=0),
’:L'TL .
oz, &) =0 ¢, ie., O‘?(.ﬁ(),f) = &t ;650 (J=258).
s — 260 (1 =n+B).

Here a?(x,g) are the symbols of certain operators written in the 0-coordinates (cf. [3,
(11.28), (11.29)]). Next, referring to (2.1) and (2.5), we put

SH — (h e S | h(P,\T) = A™h(P,T) (|T| > 1)}.

Notice that, for f € FI there exists a symbol h € S with h ~ f (at each P), and,
conversely, for h € S there exists such a unique symbol f € FH. For hj € Snffj
(1 =1,2), we set

1 —i(x
() (B8 = my [ e (6 ) (B0, 6)) dadr
) TpM x Ty M>(z,n)

In fact this is a kind of oscillatory integral (cf. [3, (12.17)—(12.19)]) as in the case of
classical symbol calculus and we know hij#hs € Sgl +my- Consequently, we obtain the
well-defined bilinear maps

H H H
‘Sm1 x Sm2 - Sm1+m2’ mi

FA xFl - 7l

mi1+ma*

For more detailed explanations, refer to [3, (12.14), (12.82), (13.7), (13.9)].

Proposition 4.1 (Beals-Greiner [3, Theorems 14.1 and 14.7]) For p € S}},
q €Sy with

P~ P g~ Y ar (at eachP), prqr € Fi,

k<m kE<m/

we have po q:=c(0(p) 0 0(q)) € S}}”m, and

pog~ Y. (poq) (ateachP), (poq), € F,

r<m-+m’

(p © Q)m-i-m’ (]Pv é) = (pm#Qm’)(Pv 5)7
(poq):(P& = ﬁ (DSupc)(P) (3(}4+ka # (D;“@qu,)ac)

((U(:U,f) —0%z,6))P = Z upc(z) Uo(x,g)c).

|Cl=|B]

(a:,cr):(IP’,g)

The multi-indices A, B, ... run only in the region given by r =k + k' — |Alg — |B|lg —
|G|y +|Cly and —|Cly + |G|y + |Bly > |B| = |C|, so that the summation is finite.

Let us derive the formula (3.9) from the proposition.

Proposition 4.2 We have

(A1) V) (@,0) = (0*(2) iXen0) + 3 w(VIGXL) - B ALV,

(4.2) awjg(ﬁvﬁf )z, 0) = (0,0 (2)iX, ,a)—iF(ﬁV;/\)(X,O/ﬁxj)(P).

x=0 =0
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0, _ _
Proof. We have ﬁV;\(H =X+ Zw(ﬁV)g(X) “eg A eg V and, referring to (2.8), we
have

S(X) (), T () (T (up)) = X (!PT T (Tt (g )|
_x (ei<expﬂz(;><zf>,7af<sp>> 7313(“”)

_ Z Xjaay. (el(exppm T (&) >
J

z'=0,y=x

TI U]p

— ZX]U]k(J:) aik( l(expp( ("), T8 (f]P’)>) . 7EP’ (up)
=3 X ()07 (@)i(T& (&) - Té" (up)
= ("0*(2)iXo, TE (p)) - TE (up)-
Hence, we get (4.1), which, together with (1.1) and (2.11), yields (4.2) certainly. 1

Another proof of the formula (3.9). Let us check it only in the case of (3.10)
with ¢ = h = 1. Further we assume X = X Y = Y¥ (ie.,, mx = my = 1) to simplify
the argument. We have

Z Al (8Apm #D; qm) (z,0)=(0,€)
_ Zk: = (5% ++ 0o pmH# Day -+ Da, Qm/) (£.0)=(0)

1 1 :
R —iem g, o, (X )™
Z k! (27r)2n+1 /6 85]‘1 8§jk <ZX’ €> ‘gﬁg_i_n

/\O,* m
D, ---Da, (g(ﬁvYH )(z, 0))

’

dzd
(z,o):(o,ao(x,g)) g

and (4.2) implies

’

AL "
ij ((( VY )(.’L’, U)> (z,0)=(0,09(x,£))
= —im/ (iY, UO(:U,£)>m1_1{z’<(8wjtv°(x)Yw) :O,Uo(x,£)> — iF(ﬁV; N(Y, 8/8@)}.

Hence, recalling the definition (3.7), we know that the top grading part of (p o ¢)(IP, &)
is equal to

m,m’ 1 o . mek - ' —
Z kl( k-, k ) (27T)2n+1 /6 ) <ZX7£ + 77) k<ZY7 UO<$7£)> kd%d??
1 k
AZF(v:
(3PCV:NX,Y))
’
_ Z Kl <ma m )eggdeo(,%:aaé/)@X, §>mfk<iy7 £I>m’fk

FEVN) (Zergr)— $2de® (2, 227) (

. (GFevine )

= o¢>o¢’

iX, &) iy, )™

e 17V Geae) (X, gy iy, €y

§=¢

g=¢
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The first equality is shown as follows:

i, 0°(x,€))™ dxdn

—~

(2m)znri / e (i X, €+ )"

e UM (i X ) (iY, 0 (2, €)™ dwdn

a+b=m /

= Y X, ! e~ {em (i X, D) (1Y, 0% (z, €))™ dud
> 'b' ) (277)2n+1 I x I ) T,
a+b=m

m! . a . . m’

= D o X8 > (X, Do) (iY@, )|
a+b=m b<m/’

_ m a m"\ . m'=b/; . 0 b
> g X o’y )rem (X v @ o),
a+b=m b<m/
max(m,m’) ) , ¢

= D bl( ’ ><ix,§>m‘b (1Y, €)™ (21de’(X, )"

— b,b 24
14 ’
= e Geae) (i gy €y
§'=¢
Hence we get (3.9). 1

To express the composition of symbols € SC% explicitly, added to Proposition 4.1
thus we need to calculate the differentials D492q.,. Such a calculation is easy in prin-
ciple and accordingly so is to compute exactly at least the top grading part of the
composition. But, as was stated in Introduction, it will be hard to summarize them in
a clear and concise formula.
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