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Abstract

On a contact Riemannian manifold, we study the heat kernel associated with a
non-elliptic CR conformal Laplacian which controls the conformal behavior of the
scalar curvature of hermitian Tanno connection, particularly deriving a formula for
the asymptotic expansion coefficients on the basis of adiabatic expansion theory.
One can compute them by using only basic calculus added to the formula. Conse-
quently, associated Green function and zeta function are explicitly understood, and

some CR conformal invariants are obtained.
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0 Introduction

Let M be a compact manifold of dimension 2n + 1 equipped with a contact form 6,
ie, O A (dF)™ # 0. We have hence the Reeb vector field £, which satisfies §(£) = 1 and
Le = 0. In addition, let us equip M with a Riemannian metric g and a (1, 1)-tensor
field J satisfying g(¢,X) = 0(X), g(X,JY) = —df(X,Y) and J?X = —X + 0(X)¢
for any vector fields X, Y. (In this paper we adopt such a notation as df(X,Y) =
X)) -Y(@(X)) —0(]X,Y]).) To the manifold M = (M,0,¢,g,J) called a contact
Riemannian manifold we will attach the hermitian Tanno connection V ([7, §1]) defined
as: Let V9 be the Levi-Civita connection and *V be the Tanno connection ([12]) defined

by *VxY = V%Y — 10(X)JY — 0(Y)V%E + (V40)(Y)E. Then we define V as its
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hermitian part, i.e.,

"Vx(f§) (Y = f5),

VxY = 1
5(*ny — J*ijY) (Y S F(HM)),

where we put HM = kerf. In terms of the Tanno tensor Q defined by Q(X,Y) =
(VLI)(X) + (V50)(JX)E+ 0(X)JVEE, it is described as VxY =*VxY — 2JO(Y, X)
too. Canonically we decompose the complexified bundles CHM = HM ® C, etc., into
CHM = H;oM ® Hyo1M, CH*M = HYM & H"'M (H, oM := {W € CHM |
JW = iW}, etc.). Notice that, if the almost complex structure J is integrable, i.e.,
L(HyoM),T'(HioM)] C I'(Hi1oM), then both V and *V coincide with the Tanaka-
Webster connection.

In this paper, we consider the non-elliptic Laplacian

1
0 = ~Ap+ —

2 ms(v),

which will play an important role in studying the CR conformal behavior of the scalar
curvature S(V). Here Ap denotes the sublaplacian dj;dy, where dp is the exterior
differentiation d followed by the natural projection to I'(H*M). Though the elliptic
theory does not work, in §2 we will carry out an investigation into the heat kernel,
which will be applied also to some basic subjects subsequently. In §3 we will indeed
describe explicitly the behavior of the Green function G?(P, P') when P — P’

Consequently, in §4 and §5 we show that the coeflicient afl(P) of the asymptotic
expansion e~ (P, P) ~ 3°5° ¢~ (D +kaf (P (given in Theorem 2.2.3) is a CR con-
formal scalar invariant of weight 2n, i.e., afffg(P) = ¢ 20/(P)gf% (P), and the integral
of afl 41(P) over M is a global CR conformal invariant. In §5, properties of the zeta
function will be summarized as well. In the Riemannian case these results are proved
by Parker-Rosenberg [8, Theorems 3.1 and 2.1] and Branson-Orsted [2, Corollary 3.7]
(for the integral of a?,,(P)). In a way similar to [8], Stanton [10, Theorems 2.2 and
3.3] proved these results in the integrable contact Riemannian case. Our research in the
general contact Riemannian case follows also the idea in [8].

In terms of the Kohn-Rossi Laplacian Oy = 5}'2151{ where Oy is d followed by the

projection to I'(H%'M), the Laplacian (1Y is described as

(0.1) 0 = Oy — \/Tlgg + ﬁsw)

(refer to Proposition 1.2). The author ([7], [3]) studied the heat kernel e "*7# associated
with Oy (= 050m + 0gd};) acting on (p,q)-forms (0 < ¢ < n) on the basis of the

adiabatic expansion theory developed in [6]. Though [ acts on functions, yet the



theory, which is a key tool, works well. It exhibits its ability particularly for studying
such abnormal Laplacians, and particularly offers a striking formula for the coefficients
ai(P), Using only a basic knowledge of calculus added to the formula, one can describe
them explicitly up to an arbitrarily high order. Also to the Riemannian case ([8]), the
theory can be applied and such a formula for the asymptotic expansion coefficients will
be derived. This argument will be developed fully elsewhere.

We take a local unitary frame o = (£0,&1,---,&n, &7y - -5 &n) of CTM (& :=¢&, &5 :=
&y € Ho1 M, g(fa,fg) = 0ap, 1 <, < n) and the dual frame 6* = (6°,6",.. .,0m, 01,
..., 0™) (6° := 0). As usual the Greek indices a, 3, ... vary from 1 to n, the block Latin
indices 4, B, ... vary in {0,1,...,n,1,...,n} and the symbol }_ may be omitted (in an
unusual manner). It is known (refer to [7, Lemma 1.2]) that the hermitian connection
is described as V€ =0, Vs = &o - wg, V& = &a 'wg, wg‘ ——

1 CR conformal change of contact Riemannian structure
and CR conformal Laplacian
Let us recall that the (pseudohermitian) scalar curvatures of V = V?, etc., are defined

as S(V) = g(F(V)(&s,85)8a,8a) (F(V)(X,Y) :=[Vx,Vy]| = V[xy]), etc. Referring to
[7, Lemma 1.2], [12] and [1], then we have:

Proposition 1.1 We have
(11) SV =SV =5V = S(V)) = 2(n + DAY S ~ lduf17),
1
SV =SV =719 &)l

In particular, we have le(S(*VGQfe) - S(Ve2f9)) = S(*V%) — S(V?), that is, the differ-
ence S(*V?) — S(VY) is a CR conformal (scalar) invariant of weight 2.

By setting ¢?/™ = €2/, (1.1) for V is equivalent to
S(VEO) = 19 2b,0%  (g=bp =2+
Changing 6 to €2/6, hence, transforms 0% to
(1.2) 00 = e=(F2)f o 10 o en/

Proposition 1.2 (cf. Lee ([5, Theorem 2.3]) We have Oy + Oy = Ay, Oy —
O = V—1n¢, %AH = 0Oy — V=15 and the formula (0.1), where we set Oy = 05 0m.

Proof. Let us show the second equality. We have the Weitzenbock-type formula
O = =) (éaéa — Ve &a) ([7, Proposition 1.3]). As for the torsion T'(V) we have
T(V)(€as&5) = i0ap . Hence, we obtain Oy — Oy = Y T(V)(€as&a) = V—1nE. 1
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Proposition 1.3 (cf. [7, Remark 2.2]) The Laplacian (9 is a self-adjoint hypoel-

liptic real operator and has Weitzenbock-type expression

0 _ o a _ E n
(1.3) 07 = =) aba = ) wh(8a)Ss — V=156 + gy S(V).
In addition, there is a constant C > 0 such that
(1.4) el < C{IPela+llell} (0 € C2(00)),

where || - ||s is the Sobolev norm of order s.

Proof. (1.3) is obvious. As for the hypoellipticity and the estimate (1.4): We know
(see [7, Remark 2.2]) that those hold for the Kohn-Rossi Laplacian O acting on (p, q)-
forms when 0 < ¢ < n. Though [0? acts on functions, those still hold for it because of
the existence of the term /—1 5&. 1

2 The heat equation for the CR conformal Laplacian

This section is devoted to the study of fundamental solution of the initial value
problem for the heat equation

(2.1) (2+0)6=0, lmo)=¢ (peC=(M),

where the convergence is in the L?-norm. The author ([7]) discussed the problem relative
to the Kohn-Rossi Laplacian g acting on forms. Following the argument ([7, Theorems
2.1, 2.3 and 5.3]), we will show the unique existence theorem (Theorem 2.1.1), the
asymptotic expansion theorem (Theorem 2.2.3) for (0°. A formula for the asymptotic

expansion coefficients is also derived.

2.1 On the existence of heat kernel

Theorem 2.1.1 (cf. [7, Theorem 2.1]) The initial value problem (2.1) has a
unique heat kernel et (P, P'). As to the initial condition, added to limy_,o [ dVy(P")
e~ (P, P)o(P") = ¢(P), we have limt_,odeg(P)cp(P)e_tDe(P, P) = p(P'), where
dVy is the volume element, i.e., dVy =0 A (d6)™/n!.

The proof is similar to that of [7, Theorem 2.1] (for Oy acting on forms). It follows
from Proposition 1.3 that this can be shown by functional analysis method. But, for the
study of asymptotic expansion of e‘tDG, it will be more desirable to actually construct it
by Levi’s iteration method. It is crucial to find out an appropriate first approximation,

which is introduced carefully below.



We fix a point P? and take local unitary frames &,, #® neat P° which are V-parallel
along the V-geodesics from P°. In addition, let z = (zg, 21, -, 2,) be V-normal co-
ordinates centered at P defined by exp" (& (P°) - zo(P)) = P: to be precise, first
we set & = & 8 = (&4 + &)/V2, f,ﬂira = JE® next take real V-normal coordi-
nates z = (xg,21,---,%2,) centered at P satisfying expV (¢X(P%) - 2(P)) = P and
put 2o = %0, Za = (Ta + iTnia)/V2, 2a = Zo. The frames (0/0z) = (0/0zs) =
(0/029,0/0z1,-++,0/021,--+), (dz) = (dze) = (dzg,dz1,- - ,dz1,- - -) are then defined as
0/0zy = 0/0x0, 0/0zq = (0/0xa — 10/0Tn1a)/V?2, etc. (The symbols z and z, origi-
nally mean (zo, 21, ..., 2,) and (20, 21, ..., 2n, 21, - -, 25) respectively. But they may be

used indiscriminately.) Then, by [7, Proposition 2.4], we have

(2.1.1) & =(0/02) - Va(2) (i, €4 = Via(2)0/0zp), 6° = (dz) V*(2),

— ! 9" 1T(V)4, (9/928)
(2.1.2) VBA(Z) =0paA+ Z m Z FAL T RA 0z 4, A 0za, : ©

(-1 a€_2F(V)ﬁ1(3/32A2,8/323)
+ZQ E—f—l'z A 024, -+ 024, (0),

where we put T(V)(£p, X) = &a - T(V)3(X), F(V)(X,Y)ép = €4 - F(V)3(X,Y). Also
the connection coefficients wg(9/024) := 9(V/a.,&p,Ea) are formally expanded as

00 af—lF(V)g(a/8ZA,8/8ZA1)
(2.1.3) w3(8/024) (2 Z 0 +1 s IE Dons Oon, (0

=1

Hence, the coefficients of the Taylor expansions of VB4 Vpy, w§(0/0z4) are all ex-

pressed as polynomials made of

0'*g(F(V)((0/0za4,0/024,)0/024,,0/024,)
0za5 -+ 024,

9" 39(T(V)(8/024,,0/024,),0/0z4,)
0za, -+ 024,

RA1A2A3A4A5"~A4 = (PO)7

(2.1.4)

TA Ay Az Ay Ay = (PY).

Indeed, for example we have (by [7, Corollary 2.5])

0 = dzp + dzg - ZB; +dzz - 2[3% +0(]2)?),

—Ta05 Ts Ta
0% = dzo +dzo - 25 207—1-6126 { 2054- 5 275}+O(|z|2),

€ = 0/0z20+ 0020 - = 5T 4 o),
— /025 4 8/0%0 - 25+ /0 _Taoﬁ T8 | o122
§ = 0/025 + /020 755 + /za-{zO 2L 2228 4 0(12P),

14 9/024

which say that the structure of M near P is roughly approximated by the standard
structure of the Heisenberg group H, = R x C™ near the origin. Here H,, is the Lie



group, whose element is denoted by z = (z0,21,...,2n) = (20,2a), With the group
action zz' = (20 + 2z, + Im Y 242}, za + 24 ), and with the standard contact Riemannian
structure (0, &8, JH gt . ¢B 0%,) given by
O = dzo + dzg - 23%2 +dzg - 25%, 0% = dzq,
= 0/0z, & =0/025+0/0% - zB%.

In terms of the transition functions of frames, this is described as

= (0/024) - E(=2), 0%y = (dz.)-"E(2),

1 215 2’1%
E(z):=|0 E 0
0 0 E

Notice that the two kinds of coordinates z — 2’ and 2/~1z near 2’ are related to each

other as
(27 '2)e E(Z)(Z—Z) = E(2)(z — ),
(2= 2)e = B(=2')(z""2)e = E(—2)(z'2)s.

Now, the almost complex structure J¥ is integrable and H,, is a typical strictly pseu-

(2.1.5)

doconvex CR manifold. Further we have wg = 0 and the CR conformal Laplacian is
simplified to L = — Y ¢H¢l — /=12 ¢H. Tt is evident from the work of Stanton [9]
(see also [7, Lemma 2.6] and [11, (1.8)]) that the problem (2.1) with ¢ € C§°(H,,) has

a unique fundamental solution r(t, z, 2’) defined by

r(t,z,2) =r(2712), 1(2) = / ds e 220/ @, (s, z4),

O1(s, 2a) : < J )n ( - )
S,2a) 1= exp | — :
Ho A (27t)n+1 \sinh s P ttanh s

Here ®,(s,za), r¢(z) are rapidly decreasing with respect to the variables z,, z respec-

tively.

Remark 2.1.2 Stanton [9] showed that, if —n < a < n, then the problem (2.1)
relative to the operator L, = — ZfH _/-1 e M on H, has a unique fundamental
solution r{(z'~1z) with r{(z) = [ _ds e (220/) ®(s5, 2, )e. On H, the problem
relative to the Kohn-Rossi Laplacmn Op = Ly—2q acting on (p, q)-forms (0 < g < n, i.e.,
—n < n—2q <n) has, thus, a fundamental solution 91{{[{(2) X QLK(Z,) . rf_zq(z’_lz)
(refer to [7, Lemma 2.6] and [11]). Relying on it, the author actually constructed the

ta?

heat kernel e ™1 on M. The reader will, hence, agree that e~ can be constructed

stmilarly.



Referring to the argument following [7, Lemma 2.6], let us take the explanation fur-
ther. Near PY we want to adopt a first approximation more geometric than r(t, 2, 2/).
Let © : U x U° — H,, (P',P) = ©(P',P), be a V-normal coordinate system with
respect to & defined on a neighborhood U of P, i.e., exp" (& (P')-©O(P', P)) = P. Set
0(0)k = 0(10(P', P)%) (|2|g := {22 + |zal* +|2a]|*}'/4). Then, in a way similar to [7,

Lemma 2.6], we can show that, near P°,

0 o 0
=L+ > 0Oz +> 0O)aa o
AL0 D40 8@,4 005 B;éO 00y 00p

0
1 2 1 0
+0<@>H0<®>H5@ a@ +Zo Ha@ +0(O)ir g +0©)ir,

where L® is L calculated in the coordinates © = ©(P’, P). This asserts that, near P°,
r(©(P’, P)), which is certainly more geometric, approximates the heat kernel closely
enough for constructing it by iteration method. An appropriate first approximation
r(t, P, P') is now given as follows: We cover M by a finite number of small open sets U’
centered at P?. Each U/ is equipped with unitary frames fz, 0% which are V-parallel
along the V-geodesics from P’ and the V-normal coordinate system ©7 with respect to
52 . Let ¢; be nonnegative C*° functions such that {qﬁ?} is a partition of unity subordinate

to the cover {U7}. We set

r(t,P,P) =Y ¢;(P) ¢;(P")ri(&7 (P, P)).

The heat kernel is then constructed as follows: We set ¢(¢, P, P") = ( % + 0% (t, P, P
and ¢' = q, ¢* = q#q¢*, ¢® = q#q>, --- (# = #¢), where the convolution hi#phsy of
functions is defined by (h1#¢h2)(t, P,P’) = fg ds [, dVo(Q) hi(t — s, P,Q)ha(s,Q, P').

The sum
o0
p=> (-Dfr#g" (r#q° =)
k=0

is now a unique fundamental solution of (2.1). Referring to [7, Proof of Theorems 2.1
and 2.3], here we present an estimate of Ry, (p) := Zkzk()(_l)k""#qk: For every integer
m > 0 and multi-indices A = (A1, A2, ..., Aja|), A, and, further, for every integer £ =0
or £ > 2n+2, there exists a constant C(ko, m, A, A’, ¢) > 0 such that, on (0, Tp] x M x M,

(2.1.6) S |@ronmel el pRiw)it PP
UisP, U3 5P’

< Clko,m, A, AL, ) tlom Ml =Wl Zmm /2=t D (pr, Py~



where we set fi = 5%1 ~--§i“A|, |Alg = 2#{A; = 0} + #{A4; # 0}, and, taking a
neighborhood U of the diagonal set in M x M, we set
min (|®/ (P, P)|g, |0’ (P, P’ P'.P)ecU),
o | (ORISR (P e
1 (otherwise).
There are other various estimates similar to those in [7, Proposition 4.2]. All of them

are proved in a similar way as in [7].

2.2 On the asymptotic expansion coefficients of the heat kernel

We want to investigate the behavior e when t — 0. First, let us localize the
argument near the point P?. For the sake of distinction, here the contact form, etc.,
on M are denoted by #j, etc. Let us consider the Heisenberg group H, = (H,,w)
with the standard contact form 0 (= dwg + dwg -wg%i + dwg - wgt), ete., and identify
a small neighborhood U of the origin with a small neighborhood U°® (C M) of PY via
the VM-normal coordinate map U° 3 P + w = z(P) € U. Referring to [7, §3], we
may take a new contact Riemannian structure (60, &, J, g) and the associated hermitian
Tanno connection V on H,, which coincide with those of M near 0 (= P°) and with
those of (H,,w) a little apart from 0. The space H, equipped with the structure
and the connection, denoted by H,(PY), may be assumed further to satisfy: The V-
normal coordinates centered at the origin are globally defined, i.e., z : H,(P°) & H,,
w2z = 2(w), (exp¥ ((0/0wse) - ze(w)) = w). Thus H,(P°) has two kinds of global
coordinates, w and z. The V-parallel frames 6°, &, are also assumed to be given globally
and we regard the formulas (2.1.1)-(2.1.3) as the ones on H,(P"). We denote the CR

conformal Laplacian on H,,(P°) by qu( poy- Then we have:

Proposition 2.2.1 (cf. [7, Theorem 3.4]) The initial value problem (2.1) on
H,(P°) (¢ € C°(H,(PY)) has a unique heat kernel e_tDZ(PO)(Z,z’). As to the ini-
tial condition, added to limg o [ dVp(z') eitDZ(PO)(z,z’)cp(z’) = ¢(2), we have limy_ [
V(=) plz)e T 2, 2) = ().

Careful argument for the proof is required because H, (P) is not compact. Once an
appropriate first approximation is find out, such a heat kernel is constructed in a way
similar to §2.1, however. (Refer to [7, §4], which was devoted to the construction of the
Kohn-Rossi heat kernel on H,,(P?).)

Let ©M (2, 2) be a V-normal coordinate system with respect to & which coincides
with that on M near the origin (= PY), and let us set ©7(2,2) = w(z) 'w(z). In

addition, let pas(w), pu(w) be non-negative C*°-functions such that {52, (w), 5% (w)} is



a partition of unity subordinate to the cover {{w € H,(P°) | |w| < 2r}, {w € H,(P) |
|w| > r}}, where r > 0 is sufficiently small. Then, setting pps(z) = par(w(z)), ete., we
adopt

(2.2.1) r(t.z,2') = par(2)pn (2) (M (2, 2)) + pr (2)pr (') (O (2, 2))

as a first approximation. Notice that the support of (¢, z, 2’) := (% + D%(PO))r(t, z,2)

may be assumed to be contained in {(z,2') | |z|g < ro}. Now, by setting ¢! = ¢,
¢* = q#4q', @ = a#4*, -+ (# = #), the sum

0o

p=Y (D r#d" (r#q" =)

k=0
is a unique fundamental solution of (2.1) on H,(P°). Referring to [7, Proposition 4.2],
here we present also an estimate of Ry, (p) := 3 >, (—1)kr#q¢*: For every integer m > 0
and multi-indices A, A’, and, further, for every integer £ = 0 or £ > 2n + 2, there exists
a constant C(ko, m, A, A’,£) > 0 such that, on (0, Tp] x H,(P°) x H,(P°),

(222) ‘(8/at)m£A,Z£A’,z’ Rko (p) (ta Z, Z/)‘
< C(k‘o,m,A,A/,f) t(ko_IA‘H_‘A/‘H)/2_m+£/2_(n+1)5(2/’Z)_Z’

where we set §(2', z) = |w(2’)"'w(2)|g. There are also other same estimates as those in
[7, Proposition 4.2].

Duhamel’s principle works properly because of (2.1.6) and (2.2.2) so that it is enough
to investigate the behavior of e_tDiI(PO) at (0,0) when ¢ — 0. On the basis of the
adiabatic expansion theory, which is a key tool for our study as stated in §0, we will

investigate the latter. Though abruptly, let us consider the transformation of H,(P°)

defined by z — 1.(2) = (e20,€"%21,...,e22,), € > 0, which induces a new contact
Riemannian structure (9('5)75?)79(6)’ JEY o= (1202, 0565, 1297, 12 J°) with

OA = el 2pA e = M2y gt =00 w0l e =i
(Thus 6 = 6. is a kind of CR conformal change.) Obviously (2.1.1) produces

& = (0/020) - VD, VL (z) = AP0 2y (1 (2)),

(2.2.3)
b = (dza) V), V' (z) o= P Am 2y BA( ).

To the structure (02, &5, g%, J°) the hermitian Tanno connection V© := V and the Lapla-

cian D%}E(PO) = 65%(130) are attached. Those for the structure (0('5),&5),9(&)’ J©)) are

V() = *Ve and Di}(ézo) = L;Dif(Po) The coordinates z are then V()-normal co-

ordinates centered at 0 with (0/0zs)0 = fﬁs)(()), and 555) is V()-parallel along the



V(a)—geodesics sz (0 < s < o0) as well. In addition, the heat kernels are described as

—te1?

0,
td7° H(Po>(z’ Z/),

e HPO(z,2) =¢"e

_m0s(e) _ 0
¢ tDH(P())(Z,Z/) _ €n+le tEDH(PO)(LE(z),La(Z/)).

0,(e)

Beware that DH((ILO) and ¢ "H(PO) act on C°-functions on (Hn,dVp,). We define D?E)

eftD?E) as the operators acting on C°°-functions on (H,,dVy, ). Since just only the
volume element dVp (2) = dVp, () det V*(.e(2)) is changed to dVp, (2), certainly we

have D?a) % ((8) oy but the heat kernel is changed to

—t° —teO

(2.2.4) e ) (2, ) = e B0 (1 (2), 1) det Vo (1o ().

On the other hand, the formula (1.3) induces adiabatic Weitzenbock-type for-

mula
(225) Oy = - 696 = Y wp(eD)ef) - v=12¢@ + e +1>
Wi (EF)(2) = e 2wf (€a) (1e(2)), 5(v<€>)(z) =*28(V)(1e(2)).

Hence, by (2.1.2), (2.1.3) and (2.2.3), the operator D?g) can be extended smoothly up

————S(V),

to €!/2 = 0 and has a formal power series expansion

O = Z ey 00y =L,

which we call the adiabatic expansion of [’ at PY. Crucially the coefficients can

be described explicitly up to an arbitrarily high order by using only basic calculus.
M0

Suggested by the equality (% + D?a))e e = 0, let us construct now a formal power

series

tzz Zem/me/Qtzz)

so as to satisfy (% + D?E))p?s) = 0. Namely, we define it inductively by
p8/2(t, 2,2") =r(t, 2,2,

m1>0

mi1+mo=m
mi,...,mi>0

= Z (—1)k<pg/2# Dﬁll/ng/Q# 2 Dzmk/ng/Q) (t,z,2") (m>0),
S me=m

where # := #g,,. The function p?n/Q (t,z,2') is well-defined and, as is expected from the

construction, we have:

10



Proposition 2.2.2 (cf. [7, Proposition 6.1]) The double form p?g)(t,z,z’) =

T
e tD(E)(z, 2"} can be extended smoothly up to el/2 = 0. As to the Taylor expansion

Ptz )= Y el otz )+ el (P2, ),
0<m<mes«

we have pfn/Q(t,z,z’) = pfn/Q(t,z,z’) (0 <m < my).

In [7, §6], the proposition for Oy (acting on forms), i.e., [7, Proposition 6.1], was
proved. It is easy to alter the argument to fit it for (0. Refer also to Lemma 3.1.1,

Propositions 3.1.2 and 3.5.2, which offer more detailed information on pfn /2 (t,z,2') and

pfn*/g (61/2, ta 2 ZI)'

Let us set
P?E)(t7 2 Z/) = p?z—:)(tv Z,z ) det ‘/0 La Z €m/2 ,Pgl/2 t z, Z/).
Then the formula (2.2.4) and Proposition 2.2.2 induce a formal power series expansion

—te1?
entle PO (1 (2 Z gm/2 po /2 (t,2,2),

m

which yields the asymptotic expansion
¢ Dhrpo) (0,0) Zt (i tm/2pl (1,0,0).

Further, considering the series expansion

DR/ (9)02)M 002V T ) (1c(2), (1)

S (0/02)4(8/02')¥ P, 5t 2, 2')

m=0

and recalling Duhamel’s principle, in general we have:

Theorem 2.2.3 (cf. [7, Theorems 2.3 and 5.3]) There is an asymptotic expan-
ston
(8/8z)A(8/8z’)A’e—tDO(PO,PO) ~ Z t—(n+1)+m/2 agl/2<P0 : A,A/)
m>—(|Alg+|A 1)

when t — 0. If we set sz/z(tv 2,2t AJA) = (8/82)‘&(3/82’)‘&/73%/2(25, z,2'), then
(2.2.6) af, jo(PY s A, A") =Pl argy/2(1,0,0 0 A A",

which vanishes when m is odd. In particular, we have

1 o n
afn/Z(PO) = agz/2(P0 : (Z)’@) = Pgl/g(L(),O)’ aO/Q(PO) (27T)n+1/ood8< - i ) .

sinh s
In general, (2.2.6) is expressed as a universal polynomial made of (2.1.4), which can be

described explicitly by using only a basic knowledge of calculus.
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It is easily shown in a similar manner as [7, §6.5] (see also Lemma 3.3.1) that

(2.2.7) Ph otz 2 AA) = (1) IR R Pl 2 0 AL A,

m

where, for z = (20, za), we set £ = (2o, —za). This ascertains that (2.2.6) vanishes when

m is odd.

3 On the Green function

taf

Since e”"-" is a compact self-adjoint real operator (by Theorem 2.2.3), the spectrum

of [ consists of eigenvalues Ay < Ay < -+ (— +00) with P e N < oo. Let us take

corresponding real eigenfunctions ¢1, ¢o, - - - which form a complete orthonormal basis
of L2(M,dVy). Then we have
(3.1) =Y N @ar (=3 o),

4719 _
t P P Ze t)\3¢] ( )
— ()" +<e—ﬂe>0 ()= YD
A <0 >0

We are interested in the Green function (or the Green operator) G? = G?(P, P'), which
is characterized by GY oy = 0 and 7y + 0% 0 GY = I where 7y : C°(M) — ker (1 is the

Ai=0

canonical projection, and described as
=Y Nleea =Gl Gl =Y 4>,
i #0 <0 ;>0

GL(P,P) = A\ '6i(P)di(P), Gi(P,P’):/ dt (e~ 2"y (P, P').

Ai=0 0

Lemma 3.1 The kernel GY (P, P') is smooth on M x M and G%(P,P') is smooth
outside the diagonal set of M x M.

Proof. We examine GY (P, P'). By (2.1.6), for any § > 0 and integers k and K/,
1(8/0P)k(9/0P")¥ =12 (P, P')| is bounded on (0, 1] x {(P,P") | 6(P',P) > 0} where
(0/0P)* is a differentiation of order k at P, and

1 1
/0 dt (e YF (P, Py = /0 dt e (P, P')
+ 3 AT e = De(P) 6i(P') — Z $i(P) 6:(P).

Ai<0

Hence, (e~™™")*(P, P') is certainly integrable on (0,1] when P # P’ and the integral
is smooth on {(P,P’) | P # P’}. On the other hand, by (1.4), for any k, there is a

12



constant C' > 0 such that [¢[|3 < ngzo H(DQ)K@HE for any ¢ € C>°(M). Let us take
a > 0 such that \; > a for all \; > 0. Then, for any integers ¢, ', there is C’ > 0 such
that H(D?D)f(D%,)‘/(e—tDQWHO - Hzmo A =i ¢Z~HO < Ce ' when t > 1. Hence,

by the Sobolev lemma, for any k, &/, there exists C' > 0 such that

(3.2) ‘(a/ap)k(a/apf)k’(e*ﬂg)ﬂp, Pl < et (t>1).

Thus (e~™")*(P, P') is integrable on [1,00) and the integral is smooth on M x M. |y

The purpose in the section is to describe explicitly the behavior of G?(P, P') when
P — P’. We follow the work by Parker-Rosenberg ([8, Theorem 2.2]) in the Riemannian
case. By virtue of the argument relying on the adiabatic expansion theory in §2.2, our
result is much explicit, however. (So will be also in the Riemannian case as stated in
§0.) Recall that we have set |z|g = {22 + |2a|* + |2a[*}/4, where z is the V-normal

coordinates centered at P°.
Theorem 3.2 Let 2° belong to {2 | |z|g = 1}. Then pfn/Q(t, 20,0) (0 < m < 2n)
are integrable on (0,00) and the Green function has an expansion

(33)  GM(0,0= 3 gn+m/2/ dtp?, ot 2°,0) — afl(P) log= + O(1),
0

0<m<2n

where O(1) is a bounded function on {e'/? > 0} which satisfies (8/0e'/?)'0(1) =

O(e7"?) for any i. In addition, we have

(3.4) g nAm/2 /O dt py, o (t, 2°,0) = /O dt p), ot 12(2°), 0),
(3.5) /0 dtpfn/z(t,zO,O)—(—Um/o dtph, o(t,2°,0) (2% := (20, —20)).

The proof requires a long argument. In general, let us denote by O, a smooth
function defined on a neighborhood of z = 0. By Lemma 3.1 (and its proof) and

Duhamel’s principle,
00 1
GO(2,0) = / dt (™'Y (2,0) + One :/ dt (") (2,0) + One
0 0
o

1 1
_ / dte ™ (2,0) + Ono = / dt e 1P (2,0) + One
0 0

Further, by (2.2.4),
1 e 1/e

(3.6) / dte tDH(PO)(LE(ZO),O) 25"/ dte_tlj?8>(zo,0).
0 0

_+M
We will summarize some properties of p?g) (t,2°,0) = e ) (2°,0) (0 <t <e1)in §3.1

and then prove the theorem in §3.2.
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3.1 On the function p?g)(t, z,2') = e_tD<g5>(z, ) (0<t<et)

By recalling the definition (refer also to the proof of [7, Lemma 6.9]), it is expressed
as p?g) = Zzio(_l)kr(s)#q/é) = Zogk<k0(_1)kT(s)#Qé€5) + Ry, (p?g)) (# = #BH) with

(3.1.1) r(t,2,2") = el (te, 1o(2), e (z'))det Ve (e(2"))

=" IZPO Le(z )’C(Ll/tg (e )( z)),
0o (t, 2, 2') = " q(te, 1c(2), 1(2)) det Vo (1 (2) = Y " "2qy () (t, 2, %),
(3.1.2) b>1

G (o) (t, 2, 2) = TIN5 (1(2), 16(2)) K (114079 (2, 2)),

(3.1.3) (—=DFr#taly = (—1)F D eX02rdhay, o #t - #y, )

b;>1
Here all the summations are finite. We set o = M or H, and po(Z,2) is a func-
tion with support in {(¢/,z) € H, x Hy, | |w(z )| < 2rw(z)] < 2r} (o = M) or
in {(¢,2) € H, x Hy, | |[w(z')] > r,|w(z)| > r} (o = H), and [£x .6 »pu (2, 2)| is
bounded for every (A,A’). In particular, p,(2’,z) appearing in (3.1.2) have supports
contained in {(z,2') | |z|lg < 7o} (see (2.2.1) around). Further, (O) are rapidly
decreasing functions and we set ©°C)(2/, z) = 11760°(te(2), te(2)).  There have ap-
peared many po(ts(2'), te(2)), etc., which are different from each other, so that g, () =
tT 225 oy i (1e(2), 1e(2)) ’Cj(bl/t@O(a) (2, 2)), etc., might be reasonable expressions.

Now, in fact, Proposition 2.2.2 is guaranteed by:

Lemma 3.1.1 (cf. [7, Lemma 6.9 and §6.4]) FEach (—1)’“(7“(5)#(]?6))(15,2,2’) can
be extended smoothly up to [0, 55/2] x (0,00) x Hy x Hy (3 (eY/2,t,2,2')) and has a series
expansion

(—l)kr(g)#Qé) = Z 8m/2pf,;’;2+ ms/2 6k/2( 172y, pg’/OQ =r(t,2,7).
kE<m<ms
In addition,

(3.1.4) pm/Qtzz Z pm/Qtzz —pm/z(tzz) (0 <m < my),
0<k<m

1 o1 Omy—1
3.1.5 pe’k 51/2,25, 2,7) = doy doy--- dom,
my /2
0 0 0
 (0)0M 2 (1) (rioy b)) (1, 2, 2)

/220, £1/2
and

1/2tzz Z p /2 1/2tzz) m*/sz*(p(E))(t,z,z')

0
pm*/Q(
can be extended smoothly also up to /2 = 0.
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The proof, which we wish to leave to the readers, is similar to that in [7]. In the proof
of the lemma we may assume that ¢ is in a bounded region chosen independently of .

But, for the study of (3.6), it is necessary to consider their behavior when 0 < t < ¢!

Proposition 3.1.2 There is a formula
(3.1.6) po,o(te, 1e(2), 1 () = e~ (EDAM2p0 (8,2, 7).

In addition, for any 6; > 0 (i = 1,2), N > 0 and (A,A’), there exists a constant
Bk (= B (a,an) > 0 and by > 0 such that, on the domain {(eYV%,t,2,2/) | e > 0,0 <
t < 6717 ’Z‘H S 517 ‘ZlilZ‘H 2 52}7

(3.1.7) (0/02)(0/02 )X )12 1,2, 2)

vtV (0<t <),

<B
=) D m 2 (Al /2 (] <t < o).

This holds canonically also in the case e'/2 = 0 and becomes an estimate for pi;%(t, z,2').

This proposition will be proved in §3.3 and §3.5.

3.2 The proof of Theorem 3.2

By (3.1.7) with £'/2 = 0 and (3.1.4), pm/2(t, 20,0) (m < 2n) are certainly integrable
n (0,00). The formulas (3.4) and (3.5) come from (3.1.6) and (2.2.7). Referring to

Lemma 3.1.1, we have

1/e tD9 1/e
. / dt e (29, 0) Ze*“m/? / dp? (2, 20,0)
0

1/5 1/6
+€1/2/0 dt Z P2n+1 )/2 1/27t,20,0)+/0 thinR?”H(p(s))(t’2070)‘

0<k<2n+1

For the proof of (3.3), it is enough to prove the following:

Proposition 3.2.1 When /2 — 0,

1/5 /Oodtpfn t72’0’0 +O En*m/2 m<2n 7
(321) / dtpfn/2(t’ ZO,O) — 0 /2( ) ( ) ( )
0 az(PO) loge +O(1) (m = 2n),

1/e
(3.2.2) 51/2/ at p(2n+1 12 (Y2,1,2°,0) = 0(1),
0 0<k<2n+1

1/e
(3.2.3) / thinRgn_H(p(s))(t,zo,O) =0(1).
0

15



Proof of (3.2.1). By (3.1.6), in the case m/2 < n,

0

1/e
851/2/1 dtpfn/z(t,zojo) = —2573/2pm/2(1/€, 20,0)

—2e"" m/2= 1/2p /2(]‘ LE( )70)7

1/e 0
/1 dtpfn/Q(t’ ZO’O) - /1 dtpfn/Q(taZOaO)

1 1/e 0
_ 61/2/ do 8.[ dtpm/Q(t’ z 70) _ O(é‘n_m/Q)
0 651/2 61/2:>o'51/2
and, in the case m/2 = n,
Lo oph(1,6s(2°),0)
0 0 _ 0 1/2 nll; ts(27),
pn(leS(Z )70) —pn(l,0,0)-i-S /O do 881/2 sl/2541/24

= p2(1,0,0) + O(s'/?) (s —0),

P (t,2%,0) = £ Pl (L, 014(2°),0) = 7P (1,0,0) + O(t™*?) (¢ = o0),

1/e
[ et 22.0) = ~p1(1,0,0) oge + O(1) = ~al () loge +O(1)
1

It is easy to show that (9/0e!/2)! fll/s dt pfn/2(t, 29,0) = O(e"~™/274/2)  ete., for any i.
Thus we obtain (3.2.1). 1

Proof of (3.2.2). By (3.1.7), we have fol dt Zogk<2n+1pﬁéi+1)/2(5l/2,tuZouo) =
O(1) and

1/e 1/e
E1/2/ at S e 0,0)| < 0151/2/ di (D2 < o
! 0<k<2n+1 1
It is also easy to check the differentials of the left hand side of (3.2.2) by referring to
the expression (3.1.5). 1

Proof of (3.2.3). By (2.2.2), we have

1/e

1/e
/ dtginRzn-‘rl(p(e))(tv 207 0) = dtR?n-H(p) (t€7 23 (20)7 0)
0

0

1/e
< C(2n+1,0,0,0,0) 5/ dt (te)@nH0/2=00F) < ¢
0

and the differentials are also estimated as are desired. 1

3.3 The proof of (3.1.6)

Considering the differentiations of (2.2.5) by /2, we can show:
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Lemma 3.3.1 (cf. [7, Proposition 5.2]) We have

|B|=0,1,2

D= > Dnp®.0)-250/02)° (:°:=20,200),
2+(Cla=[Bl#+m

where Dfn/Q(IB%, C) is a constant.

By recalling the definition, (3.1.6) with m = 0 is correct. If (3.1.6) with m = m
holds, then, by Lemma 3.3.1,

(O, 2Pyt (), 12(2)) = ™27 o (7, o(te, 1(2), 12(21))

— o (n+2)+(mi+m)/2 (Dgn/gpfn/z)(t7 z,2').

Hence, (3.1.6) can be shown inductively.

3.4 Change of variablesl preparation for the proof of (3.1.7)

We will examine the integrand of (3.1.5). For the sake of the differentiation by
/2 it will be better to regard (—1)k(r(€)#q‘é))(t, z,2') as a function of the variables
(t,0°) (2, 2),2), etc. We will describe the features of the changes of variables (2/, z) =
(2/,0°), etc., which has been examined roughly in [7, §6.3]. Since we intend to estimate
pz;%(slm,t, 2,2') when 0 < t < ¢!, we will describe the changes more in detail here.
Referring to (2.2.1) around, we assume that the domain of the function ©°(Z/,z) is
{(7,2) € Hy, x Hy | |lw(2")| < 2r, |w(z)| < 2r} (ifo = M), {(2/,2) € H, x H,, | |w(Z')| >
rw(z)| >r} (if o= H).

Lemma 3.4.1 The changes (2',2'7'2) = (¢/,0°(%,2)) have quasi-bounded finite

sum BZEpT’&SS’L'O’I’LS

(Z,, GO)A _ Z (Z,,Z,_IZ)((C’D)h(Z,, Zl—lz) _ (Z,,Z,_IZ)A + Z ’

[(CD)|g>|Alg [(C.D)|g>|Alx
(Z/,Zlilz)B _ Z (2/760)(C,D)h(z/790) _ (Z/7@O)B + Z ,
[(C.D)|g>|Blu |(C.D)| g >|B|u

where the functions h are different from each other in general. The modifier “quasi-

bounded” means that each function h(z',2'~12) (and each h(2',©°)) is quasi-bounded in
Oh(z' 2'~1z)
0(z',2'~1z)p

SN, 212 CDI (| 21712, ete., where again each h(Z',2'~2) on the right hand side is

the sense: it is bounded and each (high order) differential is described as

bounded and so forth, successively. A quasi-bounded h(z',2'~12) is also quasi-bounded as

a function of (z/,©°), and so is the converse. Further, also the (high order) differentials

! o ! 1—1
8?;,2’91);)‘3, 8((;(;@023 , etc., have quasi-bounded finite sum expressions.
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Proof. In the case o = M the lemma is obvious because the domain of ©M is
bounded (see also [7, (2.15)]). In the case o = H, ©f has a quasi-bounded finite sum
expression

0l (7, 2) = (w(z) " w(2)a = w(z'12)4 + Z 20(2 7 2) ph(z, 2/ 712)
(27 12) 4 + Z (), z’flz)(C’D)h(z’, 27 12).
I(C.D)|a>]Aln
Each (high order) differential of w(z) by z is bounded ([7, (3.13)]). Note that a differen-
tial of w(2')"tw(z) = w(2') tw (2 + E(=2')(2'712)) by (#/,2'712) has such a divergent

part as (2/,2/712)(©P) in general. Similarly, (2/"'2) = E(2')(w™ (w(z")0H) — 2') also

has such an expression. I

By (2.1.5), the changes (2',z) = (2/,2/7!2) also have quasi-bounded finite sum ex-

pressions
(2,7 2)a=(B(Z)z=Na= D ()P, 2),
[(C.D)| =] Al
(Z/,Z)B _ (Z,, P + E(—Z/)(Z/_lz))B _ Z (z’,z’_lz)(C’D)h(z’,z’_lz),
(C.D)[a>|Blu

which, together with Lemma 3.4.1, imply such expressions
(2/,0%)4 = Z (', 2)CPIn(, 2),
(CD)|m>|Aln
(Z.2)p= >  (£,09)CPh 0.
I(C.D)|#>|Blu

Hence we obtain:

Proposition 3.4.2 (cf. [7, §6.3]) The changes (2',z) = (2/,0°©)) has quasi-

bounded finite sum expressions

(0= > dOPMmAAR HEDR( (), 1e(2)),
(C.D)|u>|Alm
(7, 2)p = Z lCDr/2-1Bl/2( 1 o) (CP) b, (o), 1.0°C)),
[(C.D)|a>|Blu

Here, “quasi-bounded” means that functions h(z', z) (not h(te(2'),12(2))), ete., are quasi-
bounded. A quasi-bounded h(%',z) is also quasi-bounded as a function of (2',0°%)), and
so is the converse. The (high order) differentials also have quasi-bounded finite sum

expressions such as

0.0 Na_ 5 JED /2 (alBla) 2

o(#,

L e ey (2, 2)CD R (), 1e(2)),
o7, 2)p Z (CD)s /2—(1Blu—|Aln) /2

(z',0°) 4
(=, )4 (CD)| 1 =|Bla—|Alu x (Z’7@0(€))(C,D)h(%(2/)vLg@o(e))'
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Further, so have the other changes, fixing one of the variables and alternating the other
with some variable, such as (#,z) = (z,0°0), (2/,0°)) = (z,0°0)), etc., and also

their composites

3.5 The proof of (3.1.7)

We want to differentiate by /2 the functions po(rc(2'), LE(Z))K(LI/t@O(e) (2, 2)) ap-
pearing in (3.1.1), (3.1.2). By Proposition 3.4.2, we have:

Lemma 3.5.1 Let K(©) be a rapidly decreasing function and h(Z',z) be a quasi-
bounded function (defined on the region of ©°). Then we have a quasi-bounded finite

Sum exrpression
(3:5.1) (9/0"*)" (h(1e(), 1e(2)) - K(1100°9(, 2)))
— Z c(CD) | —[B|r)/2—m/2
(ERIElmm=0 5 280/02)® (h(1e(2),12(2)) - (6°F)PK (1410°9)),

(that is, the functions h(z',z) on the right hand side are quasi-bounded). Also we have

such expressions

N

(352) #C(0/02)% (h(1=(+),12(2)) - (€°F)P K (11,,0°)

c(CD) | —B|m)/2—((C" D) |z =B 1) /2

(]

((C.D) 1 =B ) — (|(C D) r =B | 1) 20

x 28(0/92)B(h(1(2), 12(2)) - (0°))PK (11,,0°6)))
= S(CD) i —[Blr)/2—(1(C' D) 1~ B 1) /2

((C,D)| 7 —|B|rr)—

—~

(T, D) —B| ;1) 20
X h(bg(zl), te(2)) Zc(a/az)B((@0(8))DIC(L1/t@o(6))>'

Further, we have similar expressions, replacing 25(9/92)® with 2C(0/00°)B ete.
Proof. As for (3.5.1): Using the changes (2, 2) = (z,0°%)), we have

(6/651/2)h(06(2/)’ te(2)) = Z 5(|(C7D)|H_1)/2zmhl(LE(Z/)7 Ls(z))zlc
= Z5(‘(C1D)‘H_1)/22Dh1(LE(Z’)’ 1e(2))
x UCLPOlE=IClH)/2(; o)) CLPU Ry (1 (2),1.0°))

= Z @D =D/2.Ch(, (), 1e(2)) - (NP
[(CD)[—120

and

2059 o

1/2 o(e) (1 __-A . _ =
(0/0e )R (1 €° (', 2)) = S5 907"

’C(H/t@O(E))
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= Y @Bl =D/2( | @o(E))CBD (1. (2), Le@O(E))a@ajf) (11,0°C)
= 3 € D)l Bl -1)/2
x 2/%2(0/00°))% (ha(1e(2'),1:0°9)) - (6°)P2KC (1 ,©°¢)))
®) 3 e((C.Ca Do)l —IBsl—1)/2
x 25(0/02)% (% hy(1(), 1e(2)) - (©°O)P2K (11, ©°¢)))
— Z £(I(Ca,D4,C5,D3) | —[Bs|p —1)/2 ,Cs (8/82)B3 ((z, @O(s))(C4,D4)
X a(1e(2), 10N h3(1c(2), 1e(2)) - (O°)PK (11, 0°1)))
_ 3 L(CD) | —[Bl—1)/2
(CD)r—[Blr-120  x 25(0/92)B(h(1(2), 1=(2)) - (O°)PK(11/,0°9))),

where, at (;), we use the changes (2/,z) = (2/,0°®). Hence, (3.5.1) with m = 1 is
correct and, for general m, it can be shown inductively. As for (3.5.2): Again, using
the changes (2/,z) = (z,0°®), we have
Z(0/02)% (h(1e(2'), 1e(2)) - (O K(11/,0°)))
= Z EI(C&JD>’1)|H/2*(UD>’1’\H*UB%’IH)/2(Z7 @O(E))(C’pﬂ)i)hl(%(z)’ 1.0°())
x (0/00° NP (h(12(2),1.0°9)) - (©°)) 'K (11,,0°)))
=T Z 1 (Co.D9) 1 /2= (1D | =B | 1) /2
x (0/00°)PE ((2,0°) 22y (10 (2), 1.0°9)) - (©°) YK (1,,0°)))
= ¢ Z (C5D5) 1 /2—(ID5 | 1 — B | 1) /2
x (0/00°9) (2!, ©7) E 2y (12(+'), 1:09)) - (0°))P K (11,0°6)))
- ZE(KCLDQ)‘H*UDXUH)/Q*(‘(C/’D/)|H*|B/|H)/2
x 2%1(9/00° )P (hy(1e(2'), 1:0°)) - (©°)P1K (11,0°)))
- Z c(CD) | —B|m)/2—((C" D) | — (B 1) /2
((C.D) | —[B| )~ (|(C D) r =B | ) =0
x 28(0/02)° (h(12(2'), 1(2)) - (©°)PK(11,,0°))).

Thus we get the first expression. The second one is shown by

e Balit/2(9/02)% ((1e(2), 1e(2))) = l CPVIH/2C P (1 (), 1 (2))
= lCaD2)ln/2(z, ) CoP2) (o (1), 1.(2)),

etc. Other expressions are similarly shown. 1
In general, let K(O) be rapidly decreasing, h(z’,z) = ho(Z, z) be a quasi-bounded

function (defined on the domain of ©°) and let us set

K2, 2,2') = 7D (1 (2)),00(2)) K (11 1©0°9) (2, 2)),
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called an (¢)-kernel of type b. Then, referring to (3.1.3) and (3.5.1), we have a finite

sum expression

(3.5.3)  (9/0' )™ (= 1) (r#afy)) (1. 2, 2)
_ Z e(2is00i—m) /243 2(1(C5. D) [ 1 — (B —m) /2
x 200(8/0z)BobotPolu (/24 .. 2Cr (5/02)Br OxFIPrla (£1/2),

where by = 2 and # = #y,. Here we take non-negative integers my, mo,....my sat-
isfying my + > m; = m and ) . b; — m, > 0, take, for each m;, a finite number of
2C3(0/02)Bi kbitIPslu (£1/2) (|(C4,D;)|g — Bjlg — m; > 0), and sum up all the terms
made of them, where the quasi-bounded functions h;(z’, z) = ho;(2’, z) appearing in the
(¢)-kernels kbi+Pilu (1/2 2 2") (j > 1) have supports contained in {(#',2) € H, x H, |
2lm <o}

Proposition 3.5.2  Suppose k% (/) are (¢)-kernels of types b; (> 1), where the
supports of the corresponding quasi-bounded functions h;(2',z) (i > 2) are contained in
{(#',2) € Hy x Hy | |zl < 70}. Then 251(0)02)Brkb (1/2)# ... #2Ci (0/02)Bi kb3 (e1/2)
is well-defined, and there exists constants B(£) > 0 ({ =0 or £ > 2n+2) and C > 0
such that, when 0 <t < &1,

(35:4) |5 @/0:)P R (/) 425 (0025 (V) 2, 2)
< B(() 12-(Cila—Bil ) /2432 bi/2+f/2*(”+2)5(5)(2’, z)fe Z ’Ll/t(Z)E‘

(355) (51 (0/02)" K ()t #2500 (N (12|,
< O t2\Cilm—[Bilm) /243 bi/2—1 Z |L1/t(Z)E’

where we set 6 (2, 2) = e V2w (1e(2")) Tw(1e(2)) |y (see (2.2.2)). Here S o1 /4(2)E] is
a finite sum independent of ¢, which can be chosen to be 1 when (C;,B;) = (0,0) for

)

all i. The norm ||- - '||L1(z/) is the L'-norm with respect to the variable 2, and another
one ||| 1, s similarly estimated too. All the estimates hold canonically up to € =0

(hence, e=* = 0o and 6O (%', 2) = |2/~ '2|g).
Proof. Let us show (3.5.4),—¢ and (3.5.5) by inductive argument. By Lemma 3.5.1,

(3.5.6) 251 (0/02)B (=TT 2Ry (1 (2)), 12 (2))K(0140°)))
= Z cUCD)a—[B|m)/2—=(ICi|a—[B1|m)/2p—(n+2)+b1/2
x h(1z(2),1:0°9)25(0/00° ) ((0°) K (1110°)))
= > (te) (1 CP) = [Blr)/2=(Culi ~[Brlw) /2

(1(CD) g —IB|g)—(ICt| g —IB1|r)>0
% t(|C1|H_|IBl‘H)/2+b1/2_(”+2)L1/t(z)(c

X h(LE(Z), Ls@O(E))(a/aLl/t@o(e))]B((Ll/teo(s))D]C(Ll/t@o(e))).
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Hence, (3.5.4)¢=0 with j = 1 holds. As for the volume element dV = dVj,, = (vV=1)"*
dzo Ndzy N\ --- Ndzp Adzg A -+ - A dzp, we have

=gy (o) = =42 gy (©°6)
% det (Z€|(C,D>|H/zf<\A|H—|B|H>/2(Z7 0° D, (2), LE@o(@))

=71V (1,0°)) - Y () EPI2 (1 y(2),00,0° ) EP (1 (2),0.0°0)).

AB

Thus, also (3.5.5) with j = 1 holds. Next, by (3.5.2) and integration by parts, and then
by (3.5.6),

(z51(0/0=)" K (1 2) ¢t - 425 (0/02)Pa k" (£112)) (8, 2, 2)
_ Z ClE+22 Di = [ Al ) /2=32(1Ci = Bil 1) /2
(ICla+3 IDilg— A7) —3>2(ICs | m—[Bil ) >0
% ZCklerIDl\H*\AlH(51/2)#kb2+|D2\H(51/2)#...#kijr\Dj\H(gl/?)
= Z (ClE+32 D —|Al1) /2= 32(1Cil 5 —Bil o) /2
(Cla+>2 1D | — Al ) =352(1Ci | —|Bil 1) >0
% chblﬂm’l\H(51/2)#kb2+\D2\H—\A\H(51/2)#...#kijDj\H(gl/?)’

so that

(z51(0/02)F kP (V%) - # 259 (0/02)P K (/7)) (8, 2, 2)
— Z UCIE+22 il —|Alr) /2= (1Ci | —Bil 1) /2 ,C

X {/Ot/Q ds/dV(z”)(kblHDllH|A|H(51/2))(t—s,z,z”)
x (KviPeli (/2 bt Pili (1/2)) (s, 2", )
+ /t : ds / AV (2" (kb Ple (1/2)) (8 — s, 2, 2"
/ x (bt el Al (1) it Pl (1/2)) (s, 2", 21) .

Hence, (3.5.4)—p and (3.5.5) in the general case are proved inductively in a manner

similar to the proofs of [7, (4.15),—¢ and (4.14)]. Indeed, if they hold when j =1,...,j—

1, then

(35.7)| (54 (0/02)P KN (V/2) -4 259002 K (112 1, 2. )
< ZE(|C|H+Z|Di|H*|A|H)/2*Z(|(Ci|H*|Bi|H)/2‘ZC‘

/2
X {/ ds max
0 Z//

(Kbl (c1/2)g il (£1/2)) (5, 27, )

(Pl =8l (22 ¢ — 5, 2, 2")

X

L1 (Z//)
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t
+/ ds H(kb1+|Dl‘H(51/2))(t _5,2,2")
t/2

X max ’(kb2+|D2|H*|A|H(€1/2)# o kDDl (12)) (5, 2 z’)’ }

< Z Cla+22 “D)i|H_|A|H)/2_Z(|(ci|H_|Bi|H)/2‘ZC‘

Ll (Z//)

t/2
« {// dsB(o)(t_S)(b1+UD1|H*|A\H)/2*("+2)CSZi>1(b¢+|D¢|H)/2*1
0

t
+/ dsC(t — S)(b1+|D1|H)/2*1_B(0)S(b2+‘D2‘H*‘A‘H)/2+Zi>2(bi+‘Di‘H)/2*(n+2)}
t/2
< Z ’Z(C’E(l(C\H-i-Z Di| = [Al ) /2= 32(1Cil = Bil 1) /2 22 (bitDil 1) /2= Al 1 /2—(n+2)

1/2
« B(O)C{// do (1 — o) br+Dala=lAlm)/2=(042) 3 iy (bt IDil ) /21
0

1

+ / do (1 — a)(b1+'D1'H>/2fla<b2+lﬂ>2IH*IAIH>/2+Zi>2<b¢+|Di|H>/2f(n+2)}
1/2

< B/(O)]z(c] . (tg)(\CIH-FE\Di\H—\A\H)/2—E(\Ci\H—\Bi\H)/Q

w t2Cilm=IBilm)/2+32bi /2= (n+2)—|Clr /2

Thus (3.5.4)y—p with j = j holds. (3.5.4)¢>2,+2 is also proved similarly (refer to [7,
(4.15)g>2n42]). Indeed, we take a constant v > 1 such that the inequality [w'~lw|g <
y(Jw" " w| g + [w' = w”|g) holds, and put 6 = §¢)(2/, z) and Bj o, = Bj o, (2) = {<" €
H, | 6©)(z,2") < 6/27} (hence, if 2’ € Bs )y, then 6©) (2", 2') > 6/2v). Instead of

(3.5.7), under a similar inductive assumption here we consider
(z51(0/02)P K (V2)# - 25 (0)02) B kY (£112)) (8, 2, &)
< ZS(|C|H+Z |Di|H—|A|H)/2—Z(|Ci|H—|Bi|H)/2|ZC|

t/2

X { ds max
0

]{jbl+|D1|H_‘A|H 1/2 t_ "
el | (2t = 5,7, 2")

X

(0Pl (112 bt Bl (1120 5, 27, 2

LY(2"€Hn—Bj,,,)

t/2
+// dsH(kb1+|D1|H—\AIH(51/2))<t—s,z,z")
0

LI(ZIIGBS/Q»Y)
x  max | (kP2 HIP2le (/2 g batIPsla (1/2)) (5 2" 2
ZHGBS/QW
t
+ ds max (kb1+|D1|H(€1/2))(t — 52,2

t/2 Z”GI{nfBg/27

% H(kb2+\D2\H—\A\H(51/2)# i #kijDj‘H(El/Q))(S» 2", 2")

LY(2""€Hp~Bj )

t
+/ ds H(kb1+lﬂ>llH(el/2))(t —5,2,2")
t/2

I (211635/27)

% max (k:b2+|D2|H_|A|H(€1/2)#...#kb.7+|Dj|H(51/2))(s7Z”’z/)‘}

2"€Bj )y,
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t/2
< Z 25| // ds{B(é)(t — §)(IPrlr—[Fla+b1)/2+6/2=(n42) §=L 0 gD iz (IDil tbi) /21
0

+ C(t— 5)(|D1|H*|F|H+b1)/2*1B(5)821'22(|1D>i|H+bi)/2+f/2—(n+2)(§*f}

+ Z |ZE| ' ds{B(f)(t _ 8)(|D1|H+bl)/2+5/2—(n+2)g—gcszizz(mi\H*\Fi|H+bi)/2*1
t/2

+ C(t— s)(UDl|H+b1)/2*1B(g)szizz(lmi|H_|]Fi‘H+bi)/2+z/2_(n+2)g*€}

Y

which can be estimated desirably. 1

Proof of (3.1.7). By (3.5.3) and (3.5.4),

‘(8/82)A(8/8z’)A/ (0/0 )™= 1) (re) #a() ) (t, 2, )
< BY (im0 bimme) /24X 1Cs D) ot~ By —ms) /24 (A /2
x 420G B 1) /24 (b D3 ) /2= (2500 (o 2) = $ ™ oy (2
_ tm/2—(n+1)—\(A,A’)|H/2+Z/25(a) (Z,, Z)—Z Z |L1/t(Z)E|
x B'Y(te) Sizo bimme)/ 24 (s D)l 1By 11 =my) 248 A ) /2,

Hence, referring to the formula (3.1.5), we obtain (3.1.7). 1

4 CR conformal Green function and the local coefficient

a, (P)

n

In this section, following the idea due to Parker-Rosenberg [8, Theorem 2.1], we will
show that the coefficient a? (P) is a pointwise CR conformal (scalar) invariant of weight
2n, that is, dVp(P) al (P) is such an invariant of weight —2.

Let us consider the k/(2n + 2)-density bundle LF = | A2*+1 T M|F/(2712) with the
trivialization igy : LF = M x R, |dVp(P)|¥/ (32 s (P,1). By (1.2), we obtain a
Laplacian 0 : T(L™) — I'(L"*?) which depends only on the CR conformal class, and
a commutative diagram

(6]
rier) 22 pnte

i@,nlg %lie,m&

o
Co(M) ——— C=(M)
for each 8 in the CR conformal class. On the other hand, in general it is not correct

that an operator G : T'(L"*2) — I'(L™) which makes the diagram

ée
r(Lnt?) —— T(L")
i@,n-&QJ{g = i@,n
G9

o) —E oo (M)



commutative depends only on the class. But we have:

Proposition 4.1 For each €?/0, let us consider a function G.2ry which makes the
diagram
) L (o)
= iomoidy, ,
)~ (M)

commutative, that is, set Go25o(P, P") = e "UPIH(PNGO(P P'). Then

1%

(M
19, n4207 . 2f9 "+2l
(M

(4.1) G='(P, P') = G ay(P, P') + Oce,

which means that, modulo Os the function G? depends only on the class [0]. In partic-
ular, if ker 0% = {0}, then Ge2f0(P, P') = G 219(P, P'), that is, the function G® depends

only on the class in the original meaning.
Proof. We have
ker OF = ker 070, s 7™ = (i21,, 0 iy 1),

(4.2)
(ker DG)L(G) (ker Dgfg)L(lee ¢ e (T p = (ie276,n+2 © i9_,711+2)¢

and DereoGe2f9 = I—e~ ("2 omgoe27 which imply |:|€2f00G62f9 = OY0qe0 = 1
n (ker 0 L0 j 6o (G arp — G 0) (ker 09 0) L 0) ¢ ker O, Putting 00 =

ST X @ ¢; in a manner similar to (3.1), hence we have

(Geatg =GN s o Z@ ) [ AV(Q) Garg(P Q) 3:(@).

where dV := dV,2¢5. On the other hand, obviously we have

(Garg — G0

-y / AV (Q) Gs9(P, Q) $:(Q) © di( P').

=

ker (Je27 6

Thus, we obtain

Gorg(P,P) — G'0(P, P
= 3 {aP) [ aV(@) Gons (P, Q) 5:(@) + 6:P) [ aV(@) Goons(P. Q) (@)}

- Y AP [[a@dNQ) Gan(@.Q) 3@ 6(Q).

which is certainly smooth. 1

Theorem 4.2 We have %' 9(P%) = =20/ (F)gf (PY) that is, the coefficient af (P°)

is a CR conformal (scalar) invariant of weight 2n.
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Proof. Changing 6 to 6 = ¢2/0 transforms e tO 5. = & - Uy with 50 = e 2 {g —
2i85(f)8p + 2i8p(f)Ez} and & = e ¢, Let Z be V0-normal coordinates defined by
expV’ (£4(P?) - Z4(P)) = P. We take a curve ¢(¢) = 12(z°) (0 < & < 1) in the coordinates
z, and set &(e) = (20 27 1) (c(€)), € = &(e) = |é(e)|%4 and &(g) = 12(é(¢)?). By (4.1) and
(3.3), the function G? can be described in the coordinates z, Z as

(4.3)  GY(c(e),0) = e M PNGO(¢(2),0) + O
= S0 e [T 6200 - (P og + O(),
0

0<m<2n

@4) @), 0= Y amm? /0 h dtp? (1, 6(2)°,0) — af (P°) log & + O(1),

0<m<2n

where O = Oso(e/?) is a function smooth up to /2 = 0. (We could describe the
2
variable £, we obtain the expansion (4.3). We examine the coordinate change. Let us set
Ea(e) = (30271 4(12(2%) = ¥ Cap(e/2)12(2°) 5. Then Cy(0) = 2E2 e (0) = U, (0)
because of €, = &, - U, and (2.1.1) for &, and &,. Hence, &,(e) = Lle(po)E(ZO +e72040)e,
g =e{e2/P") 1 £1/20} and

functions p, /., (t,2°,0) concretely.) If we change (4.4) to an expansion relative to the

et [ gl 660,00 = [ el (e 0.0

_ /2 g 2nm)f(P) /O T atp?, (120 + 1204,0)

= 2ol ) /0 gl o(t.20,0) + €20}
Note that, to obtain the last expression, we use (3.1.7). Consequently we have

0<m<2n

— af(P){ log e +10g (¢2) 1 £120,0)} + O()

. . e _ 0
which, compared with (4.3), implies a? (P?) = e=2*/(F")qf (PY). 1

5 The global coefficient [, dVy(P)a,(P) and the zeta func-

tion

In the Riemannian case Parker-Rosenberg [8, §3 and §5] investigated the zeta function
to get global conformal invariants. We will present here the corresponding study in the

contact Riemannian case.
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First, we will show that [,, dVy(P)a? | (P) is a CR conformal invariant, by computing
the variation of the functional f — [ dV,274(P)a$ fe(P). It will be troublesome that the

volume element varies together, so that we consider the operator
O@-F) .= emtDf o Q0 6 o=t Df = o~f o f 0 e/ acting on L?(M,dVp).

If we express [0°°/? acting on L3(M,dV,2sy) as O° i =S Nidi @ ¢*(e 2 , then we have
00N = S X et g @ (et 3) 0. Further, the heat kernel e tD(e n (P,P) =

/ e2f
e DU P)HI(P)) =0 (P, P') has an asymptotic expansion

o0

im0 ) _(n 0, 0, n o2f
e P P) ~ 3D RGEI(P), D (P) = BB p)
k=0

and, hence, deg(P)a,(f)’f)(P) = deezfg(P)aizfe(P). Thus, it is enough to compute
the variation of f — deg(P)a,(f’f) (P). The study in §2 (with some extra argument)
implies that the functions e‘tD(e’éf)(P, P’) and ag)’&f ) (P) are also smooth with respect

to 0 near § = 0 and there is an asymptotic expansion

,tD(G,éf)(P? P) ~ Z ¢~ (nt1)+m/2 i a(e’éf)(P).

|
6 ls—o° 46 |50k

Hence, it follows that fol dtts—1 fd‘/g(P)%’(S Oe*tD(g’éf)(P, P) is analytic for Res > 0
and has a meromorphic continuation to C with only simple poles at s = n+ 1 — k
(k=0,1,...) and

' d ©.59) d 0
51) R ate =t [ avy(p)o| e (pp) = /dV Py a9 (py.
( )sznffk/o /M ol )dé 5—0° ( ) délo=o /i o(P)ay"(P)
By calculating the left hand side, we know:

Theorem 5.1 We have
oo [ P P) =201 k) [ avi(P) FPIA(P).
d(5 =0 M

In particular, [,; dVy(P)al ,,(P) is a CR conformal invariant.

Proof. It follows from an argument similar to [8, Lemma 1.1] that there is a varia-

tional formula

da —t(8:81) / / / —(t—s)0¢ ﬁ —s° /
=l e (P, P ds | ava(Q) 1(Q){e (P,Q) 5-e (@, P)
0 0
—(t—s)0% ( pr Y —sO
+ e IPLQ) e (@, P
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which implies that
! d (6.5
s—1 - —ta\®
/O dtt /dVg(P) d5‘6:0e (P, P)
1 t
=2 [ e [avp) / ds / Wo(Q) F(Q) e I (P,Q) e (Q, )
- _2/ dtts/dVg —tD"(P p).

Since (by Theorem 2.2.3 with an argument added) there is an asymptotic expansion

8 —t° - k—1_6
at td P P ~ Z n + 1 (7"H—1)+ 1ak(P),
k=0
the theorem is shown. 1

Next, let us consider the zeta function associated with (17

CO:8)=> N[ =D "IN+

X0 ;<0

e /M dVe(P) (e ™) (P, P).

Theorem 5.2 The function ((0 : s) is analytic for Re s > 0 and has a meromorphic

continuation to C with only simple poles at s=n+1,n,---,1 and

1
Res C(es)zr(n—i—l—k)/Md%(P)ai(P) (n—}—l—k:n—l—l,n,,l),

Res c(0:0) = Sontl [ as ()"
[ Py (P) - # =0} (=0,
s (DM [ V(P al P+ (1= (1Y) 3TN (k=)

Ai<0

and, thus we have

F(n+1_k)s:§f1s—kC(9:S) (k=0,1,---,n),
C0:0)+#{Xi =0} (k=n+1),
dVa(P) a(P) = )kl
/M o(F) ai(P) ((k_l)n_l)!{C(Q:n+1—k)
B Z <1 o (_1)k—n—1> |)\i|k7n71} (k’ >n+ 2)
Xi<0

Proof. Since, by (3.2), there are constants a > 0 and C' > 0 such that

[ a
1

ts—l/ d‘/g(P) (e_tD9)+(P, P)‘ S/ dttReS_lce_at,
M 1
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the function [°dtts~! [, dVy(P) (e=™™")*(P, P) is analytic on C. Besides, 1/T(s) is
analytic on C and I'(s) is a meromorphic function having only simple poles at s = n+1—k
(k=n+1,n+2,...) with Rese—p 41 I'(s) = (=1)* 71 /(k—n —1)!. Hence, (0 : s) is
analytic for Re s > 0 and has a meromorphic continuation to C with only simple poles

at s=n+1—k (k=0,1,...,n) and, referring to (5.1),

1 1 0
R 0:s)=—— R dtt*=t [ dVy(P) (e ™)t (P, P
s:nfls—kg( 8) F(n+1—k) s—nfls—k/o /M 0( )(6 ) ( ’ )
1 Re /ldtts‘l{/ aVy(P)e ™ (P,P) - Y —Mﬂ}
o F(n—i—l—k‘) s=n+1—k 0 M 0 €
;<0
1
:/ dVy(P) aj,(P).
In addition, we have
1 1 0
0:0) = #{N <0+ —— dets=t [ dVy(P) (e )T (P, P
C0:0) = #00 < 0} + g Res [ e [ ey () (p)
1
= —#{\i =0} + Res / dtt*~1 / dVe(P) e ™™ (P, P)
$= 0 M
= —#A =0+ [ (P al (P
and, for —-N = —-1,-2,...,
1
. — (N s—1 —t[l‘9 T
C0:=N) = > |\ S P NF Re§v i dtt Mdv9 )H(P, P)
Ai<0
1
_ 0
— Z(M N AN+ %/d / (P, P)
Ai<0 0 M
=S (1- ¥ )mN 55w || anren(0:P)
Ai<0 M

Corollary 5.3 #{)\; < 0}, dimker (1% and ¢(6 : 0) are CR conformal invariants.

Proof. By (4.2), dimker (17 is such an invariant, and so is (@ : 0) because of Theo-
rems 5.1 and 5.2. In addition, since O®9/) = 37 S\f(fﬁf ® (ZS? (6 > 0) form a holomorphic
family (in perturbation theory), #{5\? < 0} is continuous with respect to d so that
#{\; < 0} is also such an invariant. 1

Parker-Rosenberg [8, §5] considered also the differential of zeta function at s = 0 and
the functional determinant. Unlike in the Riemannian case, we may not withdraw any
invariant from the investigation of them in our case. Note that M is odd dimensional

and we have:
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Proposition 5.4 (cf. [8, Proposition 5.1 and Theorem 5.3]) We have

dé‘(s =0 26f9 0) :/Mdve( )2f(P {n+1 Z|¢z }7

d 26fp 0/
g5 ([ = — O P
dd’azodet det MdVG( )2f(P)a n+l( )s

where ¢; are given at (3.1).
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